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ABSTRACT 


in  new  of  the  present  satellite  and  space  travel  devolopsients,  a  study  of  vehicle 
structural  vibration  was  daeiied  necessary.  Continuous  exiposure  to  vibration 
environiaents  may  cause  serious  structural  and  equipiasnt  failures  resulting  in 
irapainaont  of  function  or  oonplets  mission  failure.  The  scope  of  the  stuijy  is  a 
ineliminary  investigation  of  the  forcing  funetitwts  and  their  clfiaratiteri sties »  ths 
methods  of  estimating  a  coBh'lned  response,  and  the  proof  tests  rei^tiired  to  qualify 
structure  and  equipment.  The  study  owes  its  timeliness  and  in^rtmee  to  it  fundap- 
mental  concern  with  structural  integrity.  The  general  fatigue  prciblsm  has  beoone 
mere  iiaportant  while  simultaneously  ths  acoustic  fatigue  problem  crosses  the  thres¬ 
hold  at  %diich  ordinary  structure  no  longer  withstands  the  repeated  acoustical 
forces.  Since  developed  power  will  continue  to  rise  with  tims,  fatigue  due  to 
acoustic  excitation  is  certain  to  become  an  increasingly  important  design  problem. 

This  report  is  presented  in  three  parts.  Sources,  Responses,  and  Simplified  Com¬ 
posite  Response  for  Testing. 

Part  One  discusses  the  various  sotirees  of  vibratory  energy  which  can  result  in 
vehicle  vibration  including  rocket  noise,  aerodynamic  pressure  fluctuations 
(boundary  layer,  base  pressure,  wakes,  eavitiss,  projections,  oscillating  shock, 
separate  flow  and  panel  flutter),  wind  shear  and  gust,  msterorites  and  direct 
msehanical  coupling. 

Part  Two  discusses  the  prediction  of  vibratory  response  through  both  omplrieal 
and  analytloal  approaches,  and  lncl\ides  a  thorough  discussion  of  the  single  degree 
of  freedom  system,  resonance-on-rasonance,  pansla,  shells,  mobility,  |{enerallsed 
force.  Joint  aeeeptanee,  correlations  and  other  statistical  tools,  and  in  addition, 
eoiuparisons  of  empirical  data  from  a  variety  of  aircraft  and  missiles. 

Part  Three  contains  a  discussion  of  fatigue  and  malfunetlon,  the  properties  of  an 
ideal  test,  implications  of  and  methods  for  obtaining  a  simplifisd  oeoposlte 
response  and  an  examination  of  various  test  equivalences. 
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PART  I  -^-SOURCES  OF  VIBRATIONS 


I.  OQgafSJSSICR 


It  is  nsll  kaom  that  tha  noisn  tvm  vodksat  aotoM  doriBS  lauaeh  oftsn  xssu2.1»  in 
hl|^  •BpS.itate  n^lels  sUmtloas.  Al'^ou^  i.’ookst  iiolss  Is  ssnaxally  respsiiBltae 
fosr  tbs  aost  ssswm  ▼i1WKti<ai  aaviyoMaact  la  aissilss,  otber  sources^  sath  as  tbs 
aeToflynsalff  boundSRy  lagfsr,  thrust  oseUlatlon*  aotor  rssoasaess,  wind  shsar  sa& 
gust^  iafamaal  sqvliasBt^  ste*«  affset  tbs  Titeation  smirooHsat  la  trwjriag  dsgrssa, 
dspanOlag  upoa  tb«  aissloa  pcraf  Us  mA  stblela  assign. 

Bw  anjor  rlbratlaa  aouress  axs  suassrlasd  in  fbbils  1,  togsttasr  with  a  brlsf 
dsseriptien  of  thsir  sbaraetsristie  forsias  fttastions^  tbs  porttaa  edt  flii^t  idisrs 
tbsjT  xagr  eeeur«  aai  aa  sstiaats  at  tbsir  zslatiss  ssssritj. 

It  wBif  bs  fairly  statsd  at  tbs  outsst  that  aaagr  at  tbsss  sonress  saanot  bs  qpaati- 
tiasd  vilb  tbs  dsgxss  of  pcaelsioa  oftsa  dssirad  by  aa  snginasr*  Bhis  rssults  both 
froR  tbs  eoagisx  aatura  of  sons  of  tbs  souress  aad  tbs  abort  historical  traasitioo 
idiieb  is  oeoarrlag  froa  eubsoaic  Mtiral  aixesatt  to  suporsonle  aai  hypsrsonie 
aSasUas  sad  apaes  vAielss.  yortunatsly*  tbs  ralatiss  ^■iif*******"*  ot  ^ss  souscss 
can  bs  rsadily  dstsmlnid  aad  tbsir  saraastars  can  bs  rooifialf  sstiaated.  VUztber* 
aad  paztaaps  aors  laportaat,  tbs  fUadsasatals  of  tbs  aajor  souress  ars  bseoaing  bsttsr 
uadsratood. 

Biia  kDQslsdgs  of  tbs  fuadaawtal  faetora  gossraiag  soures  ebaraetsristies  is  fait 
to  Isa  of  paraaonat  iaperteaes  to  tbs  dasigDar^  as  it  eaa  provlds  lbs  fraaiworb  for 
saalyais  of  lbs  rslatiss  asrits  of  various  ecopstiag  Bission  aad  vabiels  eoaespts 
ia  tsxas  of  tbsir  potsatlal  vibration  savimaasats.  It  should  bs  aotsd  ‘ttiat  this 
iitatsaait  appliss  partleularly  to  tbs  launcb  configuration  lAicb  oftsn  ocoasions 
tbs  aost  asvars  ▼ibcatioa  sarironaBats. 

I'os’  tbsss  rsasoas  tbs  following  cbi^tars  will  strsss  tbs  fundsasatsl  factors  affeet> 
iag  saeb  soures.  Bm  dssoriptions  will  bs  sapllfisd  by  availSbls  sspariasatal  data 
aid;  whsrs  possiblSf  gsssraliasd  to  saabls  dsslga  sotiaatss. 


.Manuscript  rsleassd  by  authors  on  June  3,  1961,  for  publleation  as  a  WADD  Technical 
Report. 
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TABLE  I 


Sourca 

Roekat  noise 

(generated  in 
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TABLE  I  (Continued) 


MAJOR  SOURCES  OF  VIBRATORY  mMSZ 
IN  MISSILBS  AljD  SPACE  VEHICLES 


Source 


Type  of  Forcing 
Function 


Relative 

iMPortant  Purina  Severity* 


(b)  Inbem&l 
equipMnt 
(e)  Fuel  aloshing 


PriJiarllj  diecrete 
frequencies 
Priaarlly  low 
frequency 


Whenever 
operating 
Whenever  fuel 
tanks  are  par¬ 
tially  filled  & 
vehicle  alters 
direction 
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«Thls  estiaate  is  very  ainplifled  and  priaarily  qualitative » 
««Oecurranee  and  severity  depend  upon  design  and/or  mission  profile « 


Relative 

Pressure 
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II.  KS8S1S  Hoisi  msmssim 


Tbe  Doiie  geitsmted  bjr  tb«  •xhauat  ttxoaai  of  ft  roekftt  aotor  Is  ataszftUy  responsi¬ 
ble  for  the  Bost  severe  vlbrAtion  envlrooMnt  occurring  in  vehicles  idiiCh  are 
Isunehed  froa  earth  or  soy  other  solcr  body  which  has  an  atnospbere.  Shis  noise 
fros  the  rocket  exhaust  is  chameterised  ^  a  very  broad  spectral  distribution 
throufl^oout  the  entire  audible  and  auboudible  frequueney  range.  As  a  result,  it 
contains  energy  at  aost  of  the  freqoeneies  idMre  vehicle  structure,  skin  and  eqbip- 
aent  have  resonances. 

Fortunately,  as  viU  be  seen  in  Fart  H,  although  the  rocket  noise  extends  into  the 
subaudible  freqiuusncy  range  idiers  the  fundsnental  vehicle  vibration  nodes  axe  usually 
found,  these  andes  are  not  strongly  excited  because  the  vehicles  diaensions  are 
relatively  snail  conpexed  to  the  wave  length  of  the  very  low  frequency  noise. 
Therefore,  the  change,  in  pressure  along  any  vehicle  dlsension  is  snail  and  very 
little  energy  is  absorbed.  However,  at  the  hi^r  freqieacies,  on  the  order  of  100 
to  10,000  CFS,  where  skin  and  equipasnt  resonances  are  encountered,  nost  vehicles 
are  no  longer  snail  in  coaporison  to  the  acouatic  wssre  lengths  idiich  ars  of  the 
order  of  10  to  .1  feet.  Consequently,  nueh  of  the  acoustic  energy  incident  on  the 
vehicle  is  absorbed,  particularly  at  the  resonant  frequencies  of  the  outer  skin  and 
its  substructure.  Bius,  at  these  frequencies,  ehe  skin  and  substructure  have  a 
conslderal^e  vibration  response  and  this  vibration  is  nechaaically  transnitted 
througheut  the  vehie]Le  to  cquipnsnt  and  othsr  intsmal  structure. 

The  noise  resulting  fron  suboonie  and  sonic  Jets  and  turbojets  hes  been  extensively 
studied  during  the  last  decade,  both  in  Hagland  and  in  this  country.  However,  the 
noise  fron  rockets  has  bsen  investigated  only  since  about  19$6.  Althowq^  this 
reaeareh  baa  answered  neny  funflaaental  questions  regarding  Jet  and  rocket  noise 
generation,  there  are  still  aevkxel  questions  which  are  waonewsred.  Tbese  areas 
udiere  knowledge  is  lacking  will  be  diaeusesd  as  they  arise  la  the  following  sections. 

CHARACTHRISTICS  AHD  CSOOII  OF  OS  AID  ROCKIT  HOISB 

Figures  1(a)  and  (b)  illustrate  tbe  near  field  contcurs  of  over-all  sound 
pressure  level  (SFL)  neosursd  for  a  typical  turbojet  (Haference  l)  and  for  a  typical 
rocket  (Befsrence  2).  Ccepariaon  of  tbs  two  figures  illustrates  a  significant 
dlffsrenec  between  the  nolae  generation  of  the  sonic  sad  supersonic  flows  in  that 
the  naw^sBlal  noise  levels  occur  nueh  further  downstrsan  in  the  supersonic  rocket  flow 
than  in  tbe  sonic  turbojet  flow.  Tbs  reason  for  this  difference  beeones  evident 
when  the  actual  flews  ars  eoatpared. 

Figure  2(a)  Illustrates  a  scheaatic  of  a  oubsonic  or  sonic  Jet  and  Figure  2(b) 
gives  a  ainilor  sketch  of  a  supersonic  rocket  flow.  It  can  he  eeSn  that  the  sonic 
Jet  is  characterised  by  a  conical  core  in  which  tbe  Jet  velocity  is  equal  to  the 
nosxle  exit  velocity  (v^).  The  shear  tetween  hiA  velocity  Jet  stream  and  the 
quiescent  atnospher?  produces  a  turbulent  boundary  layer  surrounding  the  core  almost 
innedlately  downstrean  fron  the  nosxle.  This  turbulent  boundary  layer  grows  in  slse 


U 


X 

Axial  Disfance 

Figure  lo  laical  Contours  of  Equal  Overall  SPL  in  db  re  .0002  djme/cm^ 
for  a  Turbojet  at  Military  Power  (Reference  1,  and  WADC  Unpublished  Data) 
and  a  Rocket  (Reference  2)j  with  Distance  Expressed  in  Terms  of  Moszle  ESxit 
Diameter  (dg)o 
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as  isoM^ttm  Is  tTSDsfarred  froa  the  Jet  core  to  the  turbulent  eSdies  and  is 
used  to  ae@@lef8.te  the  entrained  air.  As  this  process  eontiauss  downstrean,  the 
turbulent  Jet  ea^ands  at  the  one-half  angle  of  about  T*$*  aad  beyond  the  tip  of  tltia 
eore«  the  centerline  yelocity  decreases  rapidly  with  increasing  distance. 

She  supersonic  rocket  strsea  in  Figure  2(b)  has  been  found  to  be  stallar  to  the  sub- 
sonic  Jet  at  all  loints  downstrseai  froa  'the  tip  of  its  core  (Reference  3)>  HGweirer« 
It  is  clear  fron  the  figure  that  tbs  two  are  very  dissiallar  upstreea  of  the  core 
tip  for,  uhlikt  the  subeonle  Jet,  the  rocket 'e  eylinOrleal  sttpereonie  core  extanda 
for  a  considerable  distance  froa  tha  nossls  bafoie  it  begins  to  taper  and  only  a 
thin  turbulent  boundary  layer  is  fosBid  along  the  cylindrical  portion.  It  also 
should  be  noted  that  tha  flow  inside  the  superecnie  core  is  not  unifoni;  rather,  it 
is  ehazmeterlasd  by  a  eoiplex  shook  wave  structure  which  extracts  Bechanical  energy 
frcai  the  flow,  converting  it  into  heat  essrgy.  Shus,  after  eonnlderable  distiuacc 
dowaatsean,  the  internal  ehocks  slow  the  flow  and  the  nixing  beeoMs  slallar  t>o  that 
of  the  sonic  Jet. 

A  eangparlsan  of  the  Jet  structures  Just  described,  with  the  eontours  of  equal  noise 
level  In  Figure  1,  clearly  denonstrates  that,  in  each  case,  the  naxlMni  noise  is 
generated  near  the  tip  of  the  Jet  core.  Laurence  of  HA8A  (Reference  k)  has  found 
tha  anount  of  turbulent  energy  In  this  sesn  location.  Additional  ccnparl- 

son  by  Bowes  at  al  (Refereaee  l)  of  the  noise  neasursnente  along  the  boundary  of  a 
turbojat  sAaust  atxean  and  tha  aaasuranents  of  turbulence  in  a  cold  Jat  (Refer¬ 
ence  a)  denonstratas  cxeallant  eorrelatiort  between  tha  fre^ianey  epeetra  of  noise 
and  turbulenoe  at  atnllar  positloos.  Here,  it  was  conclusively  proved  that  the 
high  freqpeneles  asre  generated  near  tlia  baglnnlng  of  the  flow  where  the  ■iirtwe  sene 
is  thin  and  the  turbulent  eddies  are  irelativaly  OBll,  wSaaxmss  the  low  fre^iencice 
are  generated  further  downstreaa  the  turbulent  eddies  have  a  auch  larger 
charaeterletlc  else. 

She  factors  which  govern  the  coovezelon  of  the  turbulent  energy  in  the  Jet  to  noise 
in  Bubaoaic  flows  have  been  tbaoretlcally  ezaulned  by  LlghthiU  (RsfersBcee  ^  d  6). 
Tram  an  analysis  of  the  dlnensional  and  phnical  relatloushipa  expressed  in  his 
general  theoretical  eolations  (Refarenee  5)  he  suggeeted  that  the  total  acoustical 
power  should  be  proportion^,  to  the  eharaeteristlc  Jet  flow  pasranetere,  as  ea^ressed 
by  the  following: 


^  ^  €0  a," 

^diere  V  is  the  total  acoustical  power, 

?c  is  e  cbaracterletlc  Jet  density 
J(c  Is  a  chaxaetaristlc  Jet  dlaenslon 
Vc.  is  a  chesactsristic  Jet  velocity 
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is  the  aablont  dsnsity  in  the  a\UfTcuBdiiag 

ataiOBSihere 

sM  a«  is  the  aoiblent  speed  of  sound  in  the  surrounding 
a'taosphere 

CallagMi  of  XACA  (Reference  7)  and  others  have  correlated  the  results  of  an  exten¬ 
sive  series  of  cold  aodel  Jets  and  turbojets  vith  a  Modified  font  of  this  relation¬ 
ship.  Ihls  aodlfled  LighthiU  paraaeter« 


Ao* 

vhere  is  the  noscle  exit  area  and 
V.  is  the  nossle  exit  velocity 

gives  excellent  correlation  for  all  sKxlel  and  turbojet  noise  data  vith  the  excep¬ 
tion  of  afterburning  turbojets,  vhere  the  neasured  acoustical  power  is  always  lover 
than  the  predicted  power.  However,  the  early  use  of  this  nodlfled  Ll^thiU 
paraaster  in  the  prediction  of  supersonic  rocket  noise  led  to  values  lAieh  were  as 
■ueh  as  100  tines  greater  than  those  actually  neasured. 

As  a  result  of  the  apparent  inability  to  extend  the  theory  to  supersonic  flows, 
several  enpirieal  relationships  between  the  Jet  stnan  power  and  its  radiated 
acoustical  power  were  developed.  A  revised  venion  of  one  of  these  relatloni^lps 
(Reference  8)  illustrating  data  froei  rockets  in  the  thrust  range  between  1000  and 
133«000  poun^  is  given  in  Figure  3>  It  is  felt  that  this  enpirieal  relationship 
can  be  used  for  prellnlnary  prediction  of  the  total  acoustical  power  of  convention¬ 
ally  fueled  rockets  at,  or  near,  sea  level.  However,  because  of  its  saqpirieal 
derivation,  it  cannot  be  trusted  for  prediction  of  noise  froa  unconventional  super¬ 
sonic  flows,  or  vhere  the  atnospberic  conditions  differ  substantially  from  the 
standard  sea  level  conditions. 

However,  it  is  possible  to  relate  rocket  noise  to  the  LighthiU  theory  as  was 
acconpllshed  above  by  RASA  for  cold  and  hot  subsonic  and  sonic  Jets.  In  the 
previous  discussion  of  supersonic  ani  subsonic  Jet  flows,  it  was  seen  that  they  are 
essentially  sinilar  downstream  of  their  cores.  Further,  in  both  eases  the  region 
of  naxlaun  noise  generation  was  in  the  subsonic  turbulent  iflow  near  the  core  tip. 
therefore,  it  ml^t  be  suspected  that  a  sonic  flow  could  bs  defined  which  would  be 
sinilar  to  the  rocket  flow  in  all  eharacterletics,  except  that  it  would  not  have 
the  long  cylindrical  supersonic  coze  surrounded  by  a  very  thin  turbulent  boundary 
layer.  However,  it  would  mix  with  the  ctnospbexe  in  the  sane  nancer  downstream  of 
the  core  as  does  the  rocket,  producing  eisdlar  turbulence  and  noise. 

Ihe  reasoning  baa  been  followed  in  Reference  11,  to  detexnine  the  physical  simi¬ 
larities  of  these  two  types  of  Jet  flows  and  their  noise  generation  neChaaisaa. 
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figure  3«  Total  Acoustic  Power  for  Rockets  as  a  Function  of  Rocket  Stream  Power 
Data  from  WADC  and  NASA  (References  2,  9»  10 ). 


results  Indicatei  tliat  the  noise  frooi  the  supersonic  rocket  is  aseentially 
slailsr  to  that  of  a  sonic  Jet  whose  characteristic  (v^)  is  eq^sl  to  the  critical 
speed  of  sound  (a«.}  in  the  rocket  flow,  end  whose  characteristic  dleuaeter  (dc)  is 
detemlned  hy  continuity  of  mass  flow  In  the  rocket  streaa. 

Figure  4  sho^rs  the  noxvalized  acoustical  power  spectrum  for  sU  types  of  Jet  flows 
as  a  function  of  the  dimensionless  freqiusncy  i>sr«Dster, 


f  dg  a* 

^c  ®D 

where  d^  is  the  characteristic  diameter  of  the  Jet 

a^  is  the  critical  speed  of  sound  in  the  Jet, 
the  speed  of  Bound  in  the  throat 

a^  le  the  speed  of  sound  in  the  ataosi^re 
f  is  the  freqiieney,  and 

Vq  is  the  characteristic  velocity  of  the  flow, 
velocity  at  the  throat 

It  can  be  seen  that  this  dimensionless  frequency  parameter  is  reduced  to 

t  dg 

when  the  flow  is  sonic  or  supercoz^c,  for,  in  this  ease  Vg  «  a^.  She  data  in 
Figure  4  from  subsonic  cold  and  heated  air  Jets,  turbojets,  afterburner  and  rockets 
esdiiblt  good  correlation  over  a  wide  freqpeney  range.  Hote  that  this  acoustical 
power  spectrum  is  fairly  constant  over  almost  a  decade  of  frequency,  and  contains 
considerable  energy  throughout  several  decades. 

Ihis  correlation  demonstrates  tbit  the  freqiusncy  spectrum  of  the  aecustical  power 
of  sonic  and  supersonic  Jets  is  dependent  only  on  the  characteristic  diameter  of 
the  Jet  flow  and  the  speed  of  sound  in  the  surrounding  medium.  Hence,  the  freqiuexiey 
region  of  maalmum  acoustic  energy  will  shift  to  lower  freijasneieB  as  the  character¬ 
istic  flow  diameter  is  Increased,  but  will  shift  to  higher  fre^iencies  when  the 
speed  of  sound  In  the  surrounding  atmosphere  is  increased.  characteristic 
diameter  for  the  rocket  flow,  which  conforms  to  continuity  of  mass  flow  where  the 
velocity  is  a^,  is  given  by  ^  , 

- 'It  [(ifr) ('^)] 
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ybere  is  the  total  preasuxe  of  the  rocket  at  the 
rocket  throat 

is  the  atBospherlc  pressure 

V  le  the  ratio  of  specific  heats  for  the  rocket 
streea,  suod 

is  the  nozzle  throat  diaaeter. 

Hence j  the  frequency  region  of  aariwuB  acoustic  energy  is  dependent  upon  the  rocket 
pressure  ratio  as  well  as  its  nozzle  geonetry. 

When  the  value  of  d^ii  coaputed  ahove^  and  v^;  which  equals  a  for  supersonic  flows 
and  Vq  for  subsonic  flows,  are  substituted  in  the  NACA  aodlfled  Lighthill  paraneter 
the  acoustic  power  appears  more  linearly  related  to  the  paraneter,  as  shown  in 
Pigure  3*  However,  it  is  evident  that  the  rocket  and  afterburner  data  depart  fron 
the  curve  at  its  highest  endo  This  is  prinarily  a  teaperatuxe  effect  as  discussed 
in  Reference  11  and  Illustrated  in  Pigure  6. 

Ihus,  the  total  acoustic  power  can  be  calculated  approxlaately  from  the  relation¬ 
ship 


where  P(t)  can  be  evaluated  from  Pigure  6. 

Cie  prcicedlng  baa  discussed  the  relationships  between  the  rocket  flow  character¬ 
istics  and  its  generation  of  acoustical  power.  However,  the  acoustical  power 
Incident  on  the  missile  and  exciting  vibration  is  generally  only  a  snail  fraction 
of  the  total,  acoustical  power.  Figure  7  illustratee  spacial  distribution  of  the 
noise  radiated  by  a  cold  Jet,  turbojet  suad  rocket.  It  is  apparent  that  the  noise 
is  quite  directional  with  the  greater  proportion  of  the  energy  radiated  to  the 
rear  of  the  nozzle.  Ihls  Illustrates  the  desirability  of  placing  the  engine 
nozzles  at  the  aftermost  position  on  the  vehicle  to  minimize  the  vehicle's  noise 
envlroiment.  The  figure  also  shows  that  the  angle  of  naxiaun  noise  radiation  is 
very  close  to  the  Jet  boundary  for  the  cold  Jet,  but  is  further  forward  for  the 
turbojet,  and  still  further  forward  for  the  rocket.  This  change  in  directivity 
for  these  sources  is  considered  to  result  from  the  refraction  of  the  acoustical 
energy  within  the  flow  in  accordance  with  the  change  in  the  local  speed  of  sound 
encountered  as  the  acoustical  energy  is  propagated  toward  the  Jet  bouxidary* 

Hence,  in  the  figure  this  effect  is  most  noticeable  for  the  conventional  rocket 
which  has  the  highest  characteristic  sound  velocity.  It  should  also  be  noted 
that  the  directional  characteristic  of  the  noise  in  Jet  flows  is  a  function  of 
frequency.  Ibe  angle  of  maximum  radiation  for  the  higb.  frequencies  is  forward  of 
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valocity 


Chwactorittic  Jet  Tannperature  (Tc)  in  Degrees  Rankin 


Figure  6.  Coefficient  for  the  revised  Lighthill  parameter  of  figure  5 
as  a  function  of  throat  temperature. 


the  eagle  of  ■axlsun  radiation  for  the  over-all^  vhereaa  the  angle  of  MLy-iimini  radi¬ 
ation  for  the  low  frequencies  is  aft  of  the  angle  of  the  over-all.  ^is  is  con¬ 
sistent  with  the  refraction  effect,  for  the  high  freqiuiency'  noise  is  generated  up- 
stxeaa  where  the  local  speed  of  sound  is  high,  whereas  the  low  freqvieneies  are 
generated  further  downstraesa  where  the  Jet  has  been  insrtially  cooled  "by  the  mixing 
process  and  the  local  speed  of  sound  is  ouch  closer  to  the  sabient  speed  of  sound. 

One  of  the  implications  of  Figure  7  is  the  difficulty  encountered  in  attempting  to 
duplicate  noise  environment  on  a  model  scale  with  the  use  of  cold  supersonic  flows, 
since  their  directional  characteristics  would  bs  radically  different  from  those  of 
the  full  scale  hot  flow.  On  the  other  hand,  the  correlation  of  the  spectra  of 
Figure  h  and  the  total  power  of  Figures  5  utd  6  indicate  that  the  noise  can  be 
exactly  scaled  using  nossle  dimensions  alone  to  define  the  scale  factor  as  long  as 
all  other  rocket  flow  parameters  (pressure  ratio,  specific  heats,  temperature  and 
density)  are  held  constant. 

KTmTION  OF  NOISE  ENVIRONMBIiT  DURING  LAUNCH 


In  order  to  estimate  the  noise  environment  of  a  missile  or  space  vehicle  during 
launch  in  the  atmosphere,  it  Is  necessary  to  supplement  the  previously  developed 
generalised  relationships  with  experimental  data  pertaining  to  the  launch  configuration. 
This  results  from  the  fact  that  the  launch  pad  and  deflector,  etc.,  actually  modify 
the  rocket's  flow  during  the  first  few  critical  seconds  until  the  vehicle  attains 
sufficient  altitude  to  allow  the  flow  to  behave  as  indicated  in  Figure  2.  These 
modifications  of  the  flow  affect  its  basic  noise  generation  and  its  directional 
radiation  characteristics.  Consequently,  the  noise  environment  surrounding  the 
vehicle  during  the  first  phase  of  launch  depends  upon  the  launch  configuration. 


For  the  purpose  of  preliidnaxy  estimation  of  environment  and  a  general  understanding 
of  the  launch  effects  it  is  convenient  to  consider  first  the  noise  environment  of 
a  vehicle  which  is  launched  from  a  point  well  above  the  ground.  Figure  8  gives 
the  estimated  external  noise  environment  at  various  forward  positions  along  a  typical 
vehicle  which  has  its  rocket  motor  mounted  aft  and  which  is  at  an  altitude  of  at 
leant  30  nozzle  exit  diameters.  The  estimated  mean  square  pressure  per  cycle  is 
given  for  three  values  of  the  rocket  characteristic  flow  velocitien  as  a  function 


of  the  dimensionless  freqjuency  pararotcr 


fde 


which  was  found  earlier  to  be  appli¬ 


cable  to  the  rocket  power  spectra.  The  estimated  levels  are  given  for  several 
positions  forward  of  the  nozzle  at  various  non-dimensional  distances  (x/d^)  where 
dx  is  the  nozzle  throat  diasieter.  The  solid  curves  have  heen  derived  from  Cole 
(raferexice  lU)  and  other  data  applying  to  single  nozzle  rockets.  The  dashed  curves 
in  the  low  frequency  region  of  Figure  8a  were  taken  from  Dyer  (Reference  13)  and 
apply  to  one  case  of  dual  nozzled  rocket  propulsion  plants.  They  illustrate  the 
general  effect  of  multiple  nozzles  on  the  generation  of  rocket  nolae  idtere  the  high 
freqpency  spectra  are  generally  controlled  by  the  individual  rocket  flows,  whereas 
the  low  frequencies  ere  generated  prissrily  is  the  ecabined  flow.  Thus,  depending 
on  the  number  of  nozzles,  their  spacing,  and  the  axial  distance  prior  to  the  mixing 
of  the  individual  streams,  the  high  frequency  portion  of  the  noise  spectrum  is  best 
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(c)  Characfaristie  Flew  Velocity  v  «  a  «  3500  ft/s«c. 


Diinensionlesi  fr««|iMrincy  (f 

id  Mean  Square  Pressure  Per  Cycle  as  a  Function  of  a  Dimensionless 
at  ^ious  Axial  Distances  Forward  of  the  Rocket  Ibzzle  :or  a 
Sea  Level  with  an  undisturbed  Flow. 


predie-t^ed  from  the  individual  flow  eharaeteristics  of  the  eoatoinsd  flows.  This 
reaultu  in  the  tendency  toward  two  peaks  in  the  spectruai.  ilote  that «  since  the 
actual  positioning  of  aultiple  nossles  will  influence  the  mocitude  in  this  low 
frequency  region,  these  curves  should  he  used  with  caution. 

In  addition,  experience  dictates  '^t  the  wording  "tentative”  he  applied  to  all  of 
the  curves  shown  in  Figure  8.  !niis  results,  both  froa  the  saiall  body  of  reliable 
rocket  noise  data  forwaard  of  the  nozxle  idiich  are  available,  and  froa  anticipation 
that  variation  of  certain  nozsle  paraaeters  will,  in  general,  vu^y  '^se  estiaates. 

Although  Figure  8  considers  the  stagnitude  of  the  change  of  noise  level  forward  of  'Use 
rocket  nozzle  resxilting  as  a  function  of  characteristic  velocity  (vq  ■>  a^),  there  is 

evidence  that  the  distance  between  the  apparent  noise  source  and  the  nozzle  is  also 
affected  by  nozzle  exit  velocity.  9ie  data  of  Reference  3  show  that  the  distance 
between  the  nozzle  and  the  tip  of  the  supersonic  core  is  given  approxiaately  by 

6.5  d^  [^1  (from  Reference  3  data,)  where 

d.  is  the  nozzle  exit  disaster  and 
M  is  the  nozzle  exit  flow  Mach  number. 

therefore,  it  is  expected  that  the  distance  froa  the  nozzle  to  ac^  apparent  source 
will  be  a  function  of  the  sqioare  of  the  exit  Mscb  number  or  exit  velocity.  Ibis 
would  suggest  that  this  distance  is  also  a  function  of  the  over  or  under  eiqpanslon 
of  the  nozzle  and  pressure  ratio.  Unfortunately,  the  available  data  do  not  enable 
any  clear  gexkcralizations  of  these  factors. 

Rxaaination  of  the  near  field  data  of  Reference  9  discloses  that  the  re ignition 
of  the  gases  in  the  rocket  flow  was  responslbls  for  a  large  incresae  in  the  noise. 
This  increase,  on  the  order  of  10  to  100  tiaes  the  mesa  square  poressuxe  asasured 
without  relgnition,  was  attributed  primarily  to  unstable  oscillations  of,  and 
turbulence  associated  with,  the  flame  front.  Consequently,  the  stabilization  of 
the  flame  front  by  a  flame  holder  such  as  the  Jetavator  of  Reference  9,  materially 
reduced  the  near  field  levels. 

Relgnition  and  other  unexpected  phenoasna  may  often  acccapsay  the  developaant  of 
successful  rocket  propulsion  units.  Because  of  the  considerable  import  of  these 
phenomena  on  any  estiaates  of  near  field  noise  forward  of  the  nozzle,  itt  is 
desirable  to  obtain  full  scale  noise  data  for  the  basic  rocket  which  is  intended 
to  be  used  for  the  boost  of  a  vehicle.  These  data  should  be  obtained  as  early  as 
practicable  in  the  vehicular  design  slukge  to  supplement  the  preliminary  design 
estimates  of  noise  environment. 

IraroCT  CF  MCnCR 

The  environment  given  by  Figure  8  pertains  to  a  stationary  vehicle.  However,  as 
the  vehicle  begins  to  move  and  as  its  forward  velocity  increases,  several  factors 
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combine  to  reduce  its  rocket  noise  environment.  Among  these  factors  are  the 
increased  time  required  for  the  noise  to  travel  forward  frcmi  its  source  in  the 
flow  behind  the  missile  axtd  the  reduction  in  total  acoustic  power,  resulting  from 
a  reduction  of  the  relative,  velocity  between  the  Jet  flow  and  the  stmos^ere. 

Other  factors,  such  as  the  decrease  of  pressure  with  altitude  which  increases  the 
characteristic  diameter  of  the  flow  and  lowers  its  total  power,  will  have  minor 
effects  on  the  frequency  spectrum  of  the  noise. 

However,  the  first  two  factors  are  eiqpected  to  predominate.  Figures  9  and  10 
sumsariee  the  steps  for  applying  the  correction  resulting  from  the  first  of  these 
motion  factors  to  any  vehicle.  As  shown  in  the  sketch  in  Figure  9>  vhen  the  vehicle 
is  in  motion,  sound  radiated  at  the  source,  S,  does  not  reach  the  receiver,  R,  at 
its  geoaetrieal  position  relative  to  the  source  which  is  defined  by  the  an^e  Oq. 
Instead,  the  sound  radiated  from  6q  reaches  the  receiver  when  it  has  moved  from 
Ro  to  R^.  niese  relationships  for  the  moving  source  and  receiver  are  given  hy 
Figure  9.  In  add.ition  to  the  change  in  the  angle  of  source  radiation,  the  addition¬ 
al  distance  traveled  by  the  sound  in  the  undisturbed  medium  when  both  source  and 
receiver  are  in  notion  results  in  a  greater  inverse  square  loss  than  in  the  station¬ 
ary  cMe.  This  additional  inverse  square  loss  is  given  as  a  function  of  source 
angle  for  various  vehicle  Mach  nunibers  in  Figure  10.  Rote  that  for  a  vehicle  which 
has  a  conventional  cylindrical  missile  configuration,  the  geoaietrical  angle  (Oq)  and 
the  angle  of  source  radiation  are  both  esaentially  zero  degrees.  In  this  case. 
Figure  9  is  unnecessazy  and  Figure  10  or  the  simple  formula: 

A  m  *  20  log  (1  -  M«,) 

can  be  used  directly.  It  is  easily  seen  that  no  sound  reaches  the  vehicle  when  the 
flight  Mach  number  equals  or  exceeds  vuaity. 

The  second  major  factor  affecting  the  noise  radiated  when  the  vehicle  is  in  motion 
results  from  the  decrease  of  the  relative  velocity  between  the  Jet  flow  (Vq)  and  the 
atmosphere.  Unpuhlisbed  data  from  HADD  Aero-Space  Medical  Division,  and  from  Refer¬ 
ence  ik  for  a  10,000  Ih.  thrust  Jet  engine  demonstrate  that  the  variation  in  noise 
resulting  frea  a  variation  in  nozzle  velocity  and  temperature  for  the  stationary 
Jet  varies  as  a  function  of  angular  position.  This  variation  is  illustrated  in 
Figure  11  which  la  compiled  from  the  two  references.  Hie  curve  shown  for  rocket 
flow  is  estimated  from  knowledge  of  rocket  directivity  and  at  present  has  little 
experimental  support.  Thus,  the  total  forward  speed  effect,  combining  both  the 
change  in  relative  Jet  velocity  and  the  change  in  angle  and  distance  previously 
discussed  can  he  estimated  from 


where  is  the  mean  square  acoustic  pressure  at  a 
point  on  the  moving  vehicle, 

p 

Ps  is  the  mean  square  acoustic  pressure  at 
the  e.  angle  aource  radiation  when  stationeury, 
n  is  evaluated  from  Figure  11,  and  and 
f  (M  ae)  are  evaluated  from  Figures  9  and  10 
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Figure  9  c,  Relationship  Between  the  Geauetric  Angle  Between  Moving 
Source  and  Receiver  and  the  Angle  of  Source  Radiation 
for  Various  Vehicle  Mach  NunsberSo 
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Fi/iuru  10.  liiiductxun  of  l\ioi.so  l.ovol  as  a  Ar.otxon  of  the  Angle  of  Source 
liacnatlon  for  Various  Vehicle  .lacn  Nun'berso 
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Figure  1 1 .  Variation  of  exponent  n  os  a  function  of  angle 
of  source  radiation  far  jetsv^ith  maximum 
t  otal  temperature  of  approximately  1460”R 
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The  preceding  estimation  of  the  rocket  noise  environment  of  the  vehicle  which  is 
above  an  altitude  of  at  least  30  nozzle  exit  diameters,  is  stBipllclty  itself,  when 
collared  to  estimation  of  the  environment  of  altitudes  less  than  30  nozzle  exit 
diameters.  These  difficulties  result  frcm  the  iaq^ingement  of  the  rocket  flow  on 
the  ground  or  flow  deflector.  Figure  12  Illustrates  the  rocket  flow  ^n  the  nozzle 
is  a  few  diasMters  above  a  flat  ground  plane.  As  can  be  seen,  the  supersonic  core 
impinges  directly  on  the  ground  or  on  some  type  of  deflector,  losing  much  of  its 
kinetic  energy.  After  the  Implzigsaent,  the  now  turbulent  flow  spreads  radially 
along  the  ground,  slowing  rapidly  with  increaaed  distance. 

It  bes  been  shown  by  Cole,  et  si,  of  UADC  (Reference  13)  that  the  rocket's  total 
acoustical  power  is  considerably  less  than  that  generated  by  a  normal  flow  because 
of  this  tiiq;>ingeaient.  However,  it  was  also  shown  in  these  experiments  that  the 
sound  pressures  at  any  point  along  a  vertical  vehicle  were  increased,  mils  apparent 
anomaly  can  he  resolved  by  considering  the  directional  characteristics  of  rocket 
noise  previously  mentioned  in  connection  with  Figure  7.  In  the  normal  flow,  the 
angle  of  naxlnum  radiation  is  approximately  120*  from  the  nose  of  the  vehicle,  or  60* 
from  the  direction  of  flow.  Assuming,  for  a  first  approximation,  that  the  refraction 
effects  in  'ttie  graund  flow  are  similar  to  those  of  the  nonaal  flow,  the  angle  of 
maximum  radiation  would  remain  at  60*  to  the  flow.  But,  since  the  flow  is  now  at 
90*  from  the  vehicle 's>  nose,  the  angle  of  maxiaim  radiation  would  be  only  30*  from 
the  missile.  In  addition,  it  can  also  be  shown  that  the  decreased  area  for  acoustic 
energy  radiation  perpendicular  to  the  rocket  flow  results  in  an  additional  increase 
in  the  sound  pressure  along  the  vehicle's  axis,  maese  effects  ccnbine  to  give  the 
Baxlnim  angle  of  radintlon  at  0*  along  the  vehicle's  axis,  as  shown  by  the  experi¬ 
mental  curve  in  Figure  12.  Thus,  although  the  total  acoustical  power  from  the 
rocket  is  reduced  by  the  launch  eonf Iguratioo,  the  change  in  directivity  increases 
the  proportion  of  this  power  which  is  interoftp<!wd  by  the  vertical  standing  vehicle 
and  may  actually  increase  the  sound  pressursd  «»  the  vehicle. 

A  few  examples  of  the  Increase  in  noise  along  the  vehicle,  taken  firom  VA3C  eaqperi- 
ments  with  many  launch  configurations,  cie  given  in  Figure  13*  It  can  be  seen  that 
the  noise  increase  is  of  considerable  magnitude.  Further,  the  increase  is  greater 
men  the  flow  is  syBSwtrical  about  -the  base  than  when  a  deflector  is  used  to  con¬ 
centrate  the  flow  to  one  side  of  the  vehicle.  This  result  could  also  be  anticipated 
from  the  above,  for  the  diversion  of  the  flow  to  the  side  will  result  in  an  euigle 
of  maxlisaB  radiation  about  30*  away  from  the  vehicle's  axis  and  the  axial  concentra¬ 
tion  of  the  noise  from  the  syk ~etrieal  flow  outward  from  the  base  will  not- exist. 
Hence,  the  increue  in  noise  exposure  for  the  vehicle  is  less. 

Another  launch  configuration  ^Ich  is  being  given  much  consideration  Is  the  uxider- 
ground  silo.  Conparison  of  the  silo  configuration  of  Figure  Ih  with  the  surface 
launch  of  Figure  12  shows  that  the  base  of  the  silo  affects  the  3Kx:ket  stream  in  a 
manner  similar  to  the  flat  ground  reducing  ita  momentum  and  energy.  Therefore,  it 
would  be  expected  that  the  total  acoustic  power  frcm  the  rocket  would  be  least 
idien  the  nozzle  is  at  its  minimum  height  close  to  the  bottom  of  the  silo,  and  would 
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Figiirs  12o  Illustration  of  ths  Turbulent  Flow  Resulting  from  Impingement  on  the 
Ground  I  'lrinii  Surface  Launch,  with  &  Far  Field  Contour  of  Equal  Sound  Pressure 
Superimposed c  The  Ratio  R/Rjyj  is  the  Ratio  of  the  Radius  of  the  Contour  at  any 
Angle  to  thf.^  Reference  Radius  at  the.  Angle  of  Maximum  Radiation^ 


increese  as  the  distance  hetwsen  the  sysszle  and  the  haae  increases  to  about  30 
nocsle  exit  diaa^ters^  until  the  base  no  leaser  absorbs  a  sie^iificeat  p^icn  of 
the  streaa  energy.  Because  the  silo  coapletely  surrounds  the  Tebiele,  t^iis  acoustic 
power  Bust  either  be  absorbed  in  the  silo  walls  or  radiate  toward  toe  opening. 

An  exsnple  of  the  noise  levels  which  nay  be  esqpeeted  on  a  missile  in  an  unlined  silo 
of  the  "W"  configuration  is  given  in  Figure  ll(-.  Biese  data  were  obtained  for  an 
experimental  1/6  scale  eilo  in  Reference  l6  and  hare  been  scaled  in  fre^Muey  to 
full  scale  for  presentation  in  Figura  l4.  Aa  would  ba  axpactad,  tba  low  fre^ieney 
noise  increases  as  the  vehicle  eaerges  from  the  silo>  whereas  the  high  fra^Mney 
noise  on  the  missile  decreases  as  tha  mlcrophane  amergss  from  the  silo.  Goviarison 
of  this  estimated  silo  environment  with  that  for  ottwr  launch  configurations 
(Figiuws  8  and  13)  indicates  that  a  aignificant  inersasa  in  noise  results,  particu¬ 
larly  for  forward  positions  on  the  vehicle.  However,  this  noise  could  be  sub¬ 
stantially  reduced  by  a  variety  of  meana,  including  incorporating  absorbent  walls, 
increasing  silo  diameter,  separating  the  bettom  of  Has  ailo  from  the  portion 
occupied  by  the  vehicle  with  a  moving  ring  partition,  ate. 

In  fact,  the  addition  of  a  thick  Fiberglas  duct  liner  gives  reductiona  of  as  much 
as  24  db  at  the  forward  position  and  l6  db  at  the  aft  position  in  the  frequency 
range  of  30  -  100  eps,  as  measured  by  the  authors  of  Refaranee  l6  on  the  scale 
model.  However,  the  B3aa\ureaents  also  showed  that  tba  noise  reduction  given  Iqr 
the  liner  decreased  markedly  at  freQiancias  above  100  epa  to  the  order  of  3  -  6  db 
at  1000  cps,  as  correctly  predicted  by  Reference  17*  Bence,  the  use  of  a  liner, 
alone,  without  auxllllary  baffles  to  scatter  the  beamed  high  freymney  sound  offers 
little  reduction  at  fre^ieBcias  idiere  panel  resonances  and  e^iipment  malfunction 
nay  be  moat  serious. 

Trcm  the  foregoing  discussion,  it  is  clear  that  the  large  variation  in  the  noise 
environment  during  launch  which  can  result  from  launch  geometry,  eaphaaisas  that 
the  design  and  concept  of  the  launch  configuration  for  any  vehicle  are  controlling 
factors  in  its  final  launch  noise  enviroaasnt.  Hence,  these  factors  are  subject 
to  study  from  the  initiation  of  any  vehicle  design.  Although  it  is  felt  that  the 
development  of  optimim  configurations  for  specific  purposes  can  be  guided  Iqr 
calculatioas  based  on  the  principles  of  rocket  flow  characteristics  and  noise 
generatloas,  experimentation  is  necessary  for  precise  definition  because  the  casqplex 
flow  defies  accurate  prediction.  Fortunately,  the  correlation  of  rocket  noise 
generation  with  flow  parameters  demonstrates  that  very  small  scsle  rockets,  such  as 
the  JATO  rockets  of  Reference  13,  may  be  used  for  this  purpose,  as  long  as  aU  flow 
parameters  except  sosxle  diameters  are  naintaihied  constant. 

IVirtbennore,  phenomana  such  as  reignition  in  the  flow  with  its  oscillating  flame 
front  (Reference  9)  may  substantially  increase  the  vehicle's  noise  envlrciBmnt 
above  that  \Aich.  would  otherwise  result.  Therefore,  it  is  desirable  to  perform 
acoustical  measuremsnts  on  each  basic  type  of  rocket  engine  during  ita  final 
developaent  stage  to  provide  the  vablcle  designer  data  which  either  subatantiates 
his  estimates  or  warns  of  unexpected  increases  in  the  estimated  acoustic  and 
vibration  enviroasBnts. 
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Ill  AERODINAHIC  EXCITATICM 


There  are  several  aerodjrnasBic  phenoatena  associated  with  high  speed  flight  in 
the  ataosphere  which  can  excite  vehicle  vibration.  These  phencmna  incliidet 

(a)  Turbulent  boundary  layer  flow 

(b)  Separated  flows  and  oscillating  shocks 

(c)  lap^jugeaent  of  Jet  turbulence 

(d)  Flow  over  cavities 

(e)  Flow  past  projections 

(f)  Base  pressure  fluctuation 

(g)  Panel  flutter 

Wiv,h  the  exception  of  the  pressure  fluctuations  associated  with  t^bulent 
boundaiy  layer  flow,  each  of  these  phenoaena  nay  be  controlled  by  the  deslsner. 
This  CMitrol  is  not  necessarily  an  ea^  task,  particularly  when  (me  considers 
the  treaendous  range  of  flow  velocities  fron  s\d>sonlc  to  hypersonic  which  are 
enccaqMkSsed  by  the  corridor  of  continuous  flight  shown  in  Figure  15.  Further¬ 
more,  although  model  testing  can  be  extremely  valuable  in  investigating  some 
of  these  factors  for  a  particular  vehicle,  it  is  probably  unreliable  at  present 
in  the  hypersonic  regime  for  the  investigation  of  (iynamic  phencaena  encountered 
in  (piasi  steady  state  flight. 

Regardless  of  these  and  other  difficulties,  it  is  ia^rtant  that  the  aero¬ 
dynamic  design  and  flight  profile  of  each  new  vehicle  be  investigated  analytically 
and/or  experimentally  for  each  of  the  phenomena  discussed  in  this  section,  to 
insure  that serious  vibration  probLeau  are  not  accidentally  designed 
into  the  vehicle. 

TURBULENT  BOUNDARY  LAYER  FLOW 

The  tiirbulent  boundary  layer  which  forma  along  the  skin  of  any  body  moving  at 
high  speed  in  an  atmosphere  is  a  source  of  skin  vibration.  This  source  has 
been  often  referred  to  as  "aerodynamic  noise,"  "boundary  layer  noise,"  or 
"pseudo  sound,"  As  will  be  seen,  the  strength  of  this  source  is  proportional 
to  the  freestream  dynamic  pressure  (q_  )*  and  hence  it  generally  is  of  most 
Importance  during  the  high  q  portion  u  the  flight. 

The  boundary  layer  external  to  the  vehicle  is  a  region  of  retarded  flow  irtiich 
forms  about  any  surface  moving  through  a-  fluid  medium.  As  illustrated  for  the 
smooth  flat  plate  in  Figure  16,  the  boundary  layer  slowly  develops  from  the 
leading  edge  of  the  plate.  If  the  freestream  turbulence  is  negligible,  the 
leading  edge  relatively  blunt,  and  the  plate  smooth,  the  inltlAI  portiim  of 
the  boundary  layer  has  laminar  atreamline  flow.  Homver,  as  tbs  distance  fromi 
the  leaciing  edge  increases,  the  laminar  bc'usdary  layer  becoees  unstable  and  the 
flow  changes  from  laminar  to  turbulent. 

The  dynamic  pressure  is  given  by  1^-  U^  where^  is  the  freestream  density 
of  the  atmosphere  and  Uco  is  the  freestream  velocity. 
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The  distance  between  the  leading  edge  and  the  transition  region  for  a  strean- 
Uned  body  Is  dependent  on  the  turbulence  in  the  atmosphere  and  upon  Rejniolds 
number.  The  Reynolds  nisaber  (Re),  which  is  a  dimensionless  ratio  of  the 
Inertia  forces  in  the  flow  to  the  viscous  forces  in  the  flow,  an  important 
similarity  parameter  for  all  fluid  flow  phenMena,  and  is  given  by 


when  U  is  the  fluid  velocity 

L  is  the  length  firam  the  leading 
edge  of  the  vehicle 

'V  is  the  kinematic  viscosity  of  the  fluid 

Generally,  if  there  is  little  atmospheric  turbulence  and  the  flow  along  the 
vehicle  is  aikooth,  the  transition  regim  in  the  boundary  layer  will  begin  at  the 
distance  from  the  leading  edge  idiere  the  Reynolds  number  becomes  3  x  105.  It 
should  be  noted  that  this  distance  is  relatively  amall  for  high  speed  vehicles. 

The  physical  thickness  ( € )  of  the  boundary  layer  can  be  defined,  as  shown  in 
Figure  16,  as  the  distance  from  tliie  surface  at  which  the  meaui  velocity  is  99$ 
of  the  freestream  velocity.  For  a  flat  plate  this  mean  thickness  is  given 
approximately  by  (References  1  and  2): 

S  .  .37  L  Re‘^5 

Although  this  formula  is  strictly  applicable  only  to  a  msooth  flat  i^te,  it  can 
be  used  approximately  with  many  types  of  adrcraft  surfaces,  because  the  sxirface 
dimensions  are  much  greater  than  the  boundary  layer  thickness.  However,  in  an 
actual  vehicle,  many  additional  factors  including  pressure  gradients,  angle  of 
attack,  flow  separation,  etc.,  ccobine  in  detemining  the  boundary  layer 
parameters. 

The  turbulent  boundary  layer  can  be  considered  as  an  assoirtmBnt  or  randoid.y  sized 
eddies  or  vortices  which  flow  past  the  vehicle *s  skin  at  a  mean  convection 
velocity  (Up).  Esq^rimental  data  (References  3  and  4)  indicate  that  is 
approximately  .8  tines  the  velocity  external  to  the  boundary  layer.  As  would 
be  expected,  the  individual  eddies  lose  their  identity  in  a  relatively  short 
distance  as  they  shed  fluid  and  energy  as  a  result  of  interaction  with  the  skin 
or  with  other  eddies.  Thus,  each  large  eddy  irtilch  is  formed  taking  energy  fr«a 
the  shear  in  the  boundary  layer  between  the  vehicle  and  the  surrounding 
atmosphere,  decoi^ses  into  successively  smaller  and  smaller  eddies.  It  was 
found  in  Reference  3  that  a  large  eddy  begins  to  change  si^lficsntly  after 
it  has  travelled  a  distance  of  only  two  boundary  layer  thicknesses  and  has  lost 
all  identity  when  it  reaches  a  distance  of  10  5  .  Therefore,  it  can  be  seen 
that  the  pressure  fluctuations  associated  with  these  eddies  are  in  phase,  or 
correlated  for  only  short  distances  over  the  vehicle's  surface,  and  that  these 
distances  8u:*e  generally  much  smaller  than  those  associated  with  normal  acoustic 
pressures  of  similar  frequency. 
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Beoftucc  tha  akin  ia  alaoat  In  diract  contact  with  the  couToctad  awirling  vorticea 
charaotarlaa  the  turbulent  boundarj  layer,  the  fluctuating  ineaaarea  at 
the  akin  are  actually  the  direct  dynaaie  preaaurea  of  the  velocity  fluctuationa 
nonud  to  the  aklno  The  overall  Man  aquare  value  of  thaae  fluctuating 
presaurea  haa  bean  found  pi'oportional  to  the  freeatrean  dytuuaic  preaaurc  by 
the  theoretical  inveatigatora  (Beferenoea  5,  6,  7,  8)  and  by  Mat  of  eiqperiaentera 
(Referenoea  3,  4>  8«  9,  10,  11,  12).  ThLa  relationahip  la  lllMtrated  in 
Figure  17  ehere  ^ta  fren  aeveral  typea  of  ezperlMnta,  Including  aircraft, 
wind  tunnsla  and  rotating  cyllndera,  have  been  plotted,  ia  can  be  aean,  the 
■ajorlty  of  the  data  eonforu  to  a  linear  relationahip  between  the  overall  root 
man  aquare  fluctuating  preaaure  and  q.  It  ia  interesting  to  note  that  the 
■ajor  departure  iriiich  ia  ahoun,  resulta  fron  data  tsdean  at  a  forward  poaition 
oa  the  F102i.  It  is  felt  that  thia  my  be  typical  of  areaa  toward  the  nose  of 
an  aircraft  or  apace  vehicle  where  the  develoimnt  of  the  turbulent  boundary 
layer  nay  be  delayed  hy  the  negative  presettre  gradient  formd  longitudinally 
along  the  akin  by  the  velocity  incroaao.  It  le  aleo  interoating  to  note  that  the 
overall  levels  calculated  fron  Sandbom*a  maauremnta  of  velocity  fluctuations 
ia  the  boundary  layer  of  a  low  speed  wind  tunnel  (Reference  13)  eleo  fit  on  the 

curve 0  The  mean  value  ofVp^^q  for  these  pressure  data  tn  Figure  17,  not 
including  the  four  Sandbom  velocity  points  or  the  F102A  position  3  data  in 
the  average.  Is  5°2  x  lo3  with  a  standaixl  deviation  of  1.3  x  10~3. 

nie  mjority  of  these  data  are  United  to  the  eubsenio  and  transonic  speed 
range .  Preliainary  data  fron  Jordan  and  McCloud  on  a  FlQi4  and  by  Berth  Amrlcan 
on  an  FA3J  indicate  that,  for  sem  caaes  at  least,  the  pressure  fluctuations 
are  lower  at  supersonic  speeds  (above  M  1.5)  than  at  sid>aonle  speeds  idien 
conpared  at  the  sam  dynaude  pressures*  Also,  current  work  of  Iletler  and 
Laufer  at  CIT  Jet  Prop^slon  Labomtory  indicates  that  the  ratio  of  decreases 

to  approximtely  2  x  l(r3  at  Mach  4*  Thus,  utilisation  of  the  subsonlcSelatioo- 
sbip  for  prediction  of  the  overall  value  of  boundary  layer  pressure  fluctuations 
at  Mach  nunbers  exceeding  approximtely  1.5,  my  reault  in  ocneervative 
estinatea. 

The  spectrun  of  these  pressure  fluctuations  has  been  found  to  correlate  with 
the  dlmnslonlaas  frequency  paramter: 


idisra  f 

•o 

Vo 

and  U«o 


fS  a,  . 

is  fraquan^  (epa) 

ia  boundary  liiyer  thlcknaas  (ft.) 

la  sea  level  ^^tandard  speed  of  sound  (ft/see).^  . 

is  sea  level  standard  Idnanatie  viscoelty  (fWsac) 

is  fraeatraan  Idnnaatic  visooalty  (ftvsac) 

is  frasstraiMB  velocity  (ft/aec). 


Figure  IS,  from  Reference  15,  gives  the  mean  square  fluctuating  pressure  per 
cycle  &8  a  fraction  of  the  overall  mean  square  fluctuating  pressure c  As  can  be 
seen,  the  normalized  data  appear  to  fom  a  general  curve  with  a  constantly 
increasing  negative  slope  with  increasing  frequency*  This  effect  is  the  result 
of  the  increased  viscous  damping  associated  with  the  high  frequency  small  scale 
eddies  idiich  have  correspondin^y  amall  Reynolds  numbers. 

The  factors  iriiich  ordinarily  will  have  the  greatest  effect  on  the  spectrum  are 
the  velocity  and  the  boundaiy  layer  thickness.  As  the  velocity  Increases,  the 
ener^^  at  high  frequencies  tends  to  Increase  more  rapidly  than  the  total  energy, 
which  comes  from  the  steep  slope  at  the  high  frequency  side  of  the  Figure  13, 
whereas  when  the  boundary  layer  thickness  Increases,  the  low  frequency  energy 
increases.  It  is  noted  that  for  many  applications  to  high  speed  vehicles,  the 
frequency  range  of  interest  will  extend  below  that  given  in  Figuz^  18.  Although 
no  data  are  available  in  this  region,  it  ie  e^qpected  that  the  curve  will  become 
flat  at  lower  values  of  the  frequency  par&saeter. 


It  should  be  noted  that  the  frequency  of  these  pressure  fluctuations .is  eqxial 
to  their  convection  velocity  di'^ded  by  the  distance  between  successive  pressure 
maxima.  Hence,  if  the  mean  convection  velocity  is  .8  Um,  '^hen  the  wavelength 
(  A  )  associated  with  any  frequency  (f )  is  given  by  X  • 


Thus,  at  velocities  where  the  convection  velocity  is  less  than  the  speed  of 
sound,  the  wavelength  of  the  boundary  layer  pressure  fluctuation  along  the  skin 
is  less  than  the  %favelength  of  an  acoustical  pressure  at  the  same  frequency. 
However,  when  the  convection  velocity  is  greater  than  the  speed  of  sound,  an 
acoustic  wave  of  the  same  frequency  can  be  made  equivalent  as  long  as  the  component 
of  its  propagation  velocity  along  the  surface  equ^s  the  convection  velocity  of 
turbulence.  If  the  angle  of  incidence  (9),  required  to  give  an  equivalent 
wavelength,  is  measured  fromi  the  skin,  then 


cos  •  cos  a _ 

Uq  o8Uoo 

wher9  a  is)  tho  speed  of  sound 
is  convection  velocity 
and  U.e>  is  the  freestream  velocity. 


Generally,  the  boundaiy  layer  pressure  fluctuations  will  be  most  important  as 
vibration  sources  during  the  high  q  flight  portions  of  exit  and  reH»ntry  tdien 
the  vehicle  is  supersonic.  For  all  flight  velocities  above  the  transonic 
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Figure  ISo  Frastional  Mean  Square  Pressure  Per  Cycle 
in  the  Turbulent  Boundary  Layer  Normalized  by  M 

ooW 

of  the  dimensionless  frequency  parameter  (Data 

10>  11  and  13).  %  % 


speed  range,  considerable  differences  may  exist  between  the  freestream  velocity 
and  the  loc^  velocity  external  to  the  boundary  layero  Consequently,  vdien  the 
data  of  Figures  17  and  18  are  applied  in  the  prediction  of  external  pressure 
fluctuations,  the  local  quantities  external  to  the  boundary  layer  predicted  for 
the  vehicle  should  be  substituted  for  the  freestream  valuoso  In  addition,  it 
is  quite  possible  that  the  flow  will  remain  laminar  for  very  considerable 
distances,  particularly  during  high  Mach  nuiaber  exit  and  re-entry,  resulting 
in  insignificant  pressure  fluctuations »  This  extension  of  laminar  flow  at 
high  Miach  numbers  beyond  the  normal  point  of  transition  can  result  from  the 
stabilising  effect  of  heat  extraction  from  the  boundary  layer  by  the  vehicle o 
These  factors  emphasise  the  necessity  of  obtaining  realistic  estimates  of  the 
boundary  layer  from  the  aerodynamicists  prior  to  attempting  estimates  of  the 
pressure  fluctuati«iSo 

nffSKSHENT  OF  JET  TURBULENCE  QH  THE  VEHICLE 

The  impingement  of  a  Jet  exhaust  stream  on  the  surface  of  a  vehicle  will 
excite  vibration  in  the  same  manner  as  does  the  turbulent  boundary  layers 
Although  this  i]m>ingement  of  hot  exhaust  gas  is  nczmally  avoided  in  design 
for  many  reasons,  it  may  be  vumvoidable  in  some  cases,  particulaurly  trtien 
vernier  rockets  are  utilized  for  control  purposesc  Note  that  the  probability 
of  the  impingement  of  supersonic  flows  increases  with  vehicle  altitude  because 
of  the  Increased  angle  through  which  the  supersonic  flow  expands  as  the  atmos¬ 
pheric  pressure  decreases  (see  Reference  23 )o 

Measurements  of  the  turbulent  fluctuations  in  a  subsonic  Jet  by  Laurance 
(Reference  24)  indicate  that  the  velocity  fluctuations  ( rms)  range  between 
8  and  20^  of  the  characteristic  Jet  flow  velocity  with  the  high  value  close 
to  the  nozsle.  The  resulting  fluctuating  pressures  should  be  proportional  to 
the  dynamic  pressure  (q^)  in  the  Jet  flowo  Following  the  analysis  of  boundary 
layer  fluctuations  in  Reference  15,  the  total  mean  square  fluctuating  pressure  is 
given  by 

-  3/4  qc^ 

idwre  ^  c  is  the  characteristic  density  in  the  Jet  (see 
Section  II) 

Vg  Is  the  characteristic  velocity  in  the  Jet  (see 
Section  II) 

and  ^  is  the  Ctxxstant  of  proportionality  between  the 
ms  velocity  fluctuations  and  v^  (approximately 

.06  to  o2) 


£3timat5i.(Ki  of  this  total  root  maan  square  pressure  fluctuation  for  typical 
Jet  floTifs  gives  values  ranging  between  15  and  100  Ibs/ft^o  For  a  sonic 
turbojet,  the  fluctuating  pressure  Is  naylunna  very  near  the  no2?.le  and 
decreases  rapidly  >d.th  distance  along  the  flow  until  the  lower  pressure 
is  reached  at  a  distance  of  approximately  40  nozzle  exit  diameters  downstream. 
Ibifortunatsly,  eiailar  measurements  are  not  available  for  rocket  flows; 
however,  it  would  be  expected  that  the  equation  given  above  would  apply 
to  the  turbulent  portion  of  the  rocket  flow,  and  although  the  proportl«iaJ.ity 
constant,  ,  may  vary,  the  values  for  the  Jet  probably  can  be  used  for  a 
first  approximation.  It  would  also  be  e:q>ected  that  the  region  of  — 
pressure  fluctuatl^s  in  the  rocket  flow  would  be  centered  a  few  nozzle  exit 
diaasters  forward  of  the  tip  of  the  supersonic  core. 

It  should  be  noted  that  ^  magnitude  of  these  pressure  fluctuations  will 
be  much  lower  at  altitude,  since  they  are  proportional  to  the  Jet  density 
and  hence  to  the  atmospheric  pressure.  This  variation  with  altitude  was 
demnastrated  by  the  data  of  Reference  25,  in  which  the  pressure  fluctuatlcQS 
of  the  boundary  of  ths  Jet  from  an  F->94  aircraft  were  measured  at  various 
altitudes  up  to  30,000  ft. 

The  spectra  of  these  pressure  fluctuations  vary  with  axial  position  in  the 
earns  manner  as  the  near  field  Jet  noise.  Reference  26  gives  actual  velocity 
spectra  as  a  function  of  axial  position  along  a  subsonic  Jet.  Rote  that 
these  spectra  must  be  squared  to  obtain  the  pressure  spectra.  Reference  27 
compares  tbs  axial  location  of  the  peaks  of  these  subsonic  spectra  with 
acoustical  data  for  a  turbojet  at  i^ltary  power.  Reference  42  gives  near 
fisld  data  for  a  rocket  iriilch  enables  an  approximate  estimate  of  the  acoustic 
spectrum  as  a  function  of  asdal  position.  The  data  from  these  three  references 
can  be  combined  to  estimate  the  approximate  spectrum  of  the  fluctuating 
pressures  at  any  desired  axial  dis^ce. 

Admittedly,  this  estimation  procedure  is  somewhat  crude,  necessarily  resulting 
from  the  lack  of  data  for  the  pressure  fluctuations  in  the  rocket  flow. 

However,  it  is  felt  that  this  procedure  will  givs  realistic  estimates  of 
the  fluctuating  pressures  resulting  tnm.  flow  impingement  on  the  vehicle 
whloh  are  sufficient  for  preliminary  design.  Further,  it  is  expected  that  the 
magnitude  of  these  fluctuations,  together  with  the  associated  hig^  tesqwratures, 
will  generally  be  sufficient  to  persuade  the  designer  to  avoid  such  flow  impinge- 
msnt,  although  this  may  not  always  be  possible  at  high  altitudes  where  the 
Jet  flow  expands  through  a  fairly  large  angle. 
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o.^PAUATED  FLOWS  AND  OSCILLATING  SHUCKS 


The  preceding  section  discussed  the  wall  pressure  fluctuations  associated  with 
normal  stable  turbulent  boundary  layers  which  may  be  anticipated  on  the  skin  of 
a  vehicle  throughout  most  of  its  flight  regime o  There  are,  however,  two  other 
types  of  boundary  flow  irregularities  irtiich  can  result  in  considerable  increases 
in  the  fluctuating  wall  pressureso  These  may  be  generally  categorized  as 
buffet,  ^diich  is  associated  with  flow  separatim,  and  oscillating  shock  waves 
which  interact  with  the  boundarv  layer  and  oscillate  longitudinally#  Flow 
separation  usually  occurs  idien  the  air  in  the  boundary  layer  is  forced  to  flow 
around  sharp  comers,  or  abrupt  convex  changes  in  geometry  such  as  some  cockpit 
canopies#  More  generally,  flow  separation  occurs  when  the  pressure  gradient 
in  the  direction  of  the  flow  is  positive  and  of  a  sagnitude  that  causes  a 
reversal  of  the  flow  near  to  the  wall#  This  situation  can  usually  be  found  on 
airfoils  iidvLch  are  operating  close  to  the  stall  region# 

An  example  of  the  high  level  of  turbulent  pressure  fluctilations  downstream  of 
a  sharp-edged  inlet  duct  is  sumoaidzed  in  Figure  19#  Here,  measurements  were 
made  in  the  wall  of  the  T-38*s  inlet  duct  at  a  station  located  approxixiately 
2  ft#  downstream  of  the  sharp-edged  inlet.  The  value  of  obtained  during 

stationary  ground  runs  is  approximately  u.l,  idiereas  in  flight  this  ratio  is 
approximately  .008,  idtich  is  of  the  order  of  magnitude  expected  for  boundary 
layer  pressure  fluctuations  previously  discus sed.  Furthermore,  the  figure 
shows  that  the  addition  of  a  bellmouth  to  the  intake  for  the  groimd  runs 
reduced  from  d  to  the  flight  value  of  .008.  Thus,  the  data  clearly  show 

■q 

that  when  the  flow  enters  the  duct  smoothly,  either  on  ground  with  the  bell- 
mouth  or  in  flight  where  the  streamlines  are  parallel  to  the  duct,  that  the 
pressure  fluctuations  are  similar  to  those  found  on  the  skins  of  other  surfaces. 
However,  when  the  flow  is  forced  aromd  a  corner  as  in  the  ground  operation, 
with  the  sharpnedged  duct,  separation  occurs  with  an  attendant  tenfold  increase 
in  the  fluctuating  prossiires#  It  might  be  noted  that  the  acoustic  environmBnt 
during  ground  operation  was  sufficiently  severe  to  cause  fatigue  failiuvs 
in  original  riveted  single  skin  panels#  Conseqpxently,  these  flat  panels  have 
been  replaced  with  honeycomb  construction# 

In  an  analysis  of  the  buffet  problems  associated  with  separated  flows  on 
lifting  siurfaces,  Leipoann,  Reference  16,  has  indicated  from  dimensional 
c(»isiderations  that  for  certain  conditions  the  buffet  loads  should  vary  with 
the  square  root  of  the  dynamic  pressure  instead  of  the  direct  variation.  This 
result  is  due  to  the  importance  of  the  aerodynamic  damping  in  limiting  the 
response.  Similarly,  dimensional  analysis  indicates  that  if  wings  of  different 
stiffness  were  subjected  to  the  same  buffeting  pressure,  the  deflections  would 
vary  inversely  with  the  square  root  of  the  stiffness#  Rainey,  Reference  17, 
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confirms  this,  as  wall  as  showing  th®  bxiffsting  forces  are  not  independent 
external  forces  but  are  lessened  by  the  amount  of  the  resulting  oscillations* 

Gross  wing  stiffness  was  under  discussion  ir  this  case,  but  the  conclusion 
would  probably  also  apply  to  panels* 

An  example  of  the  region  wherein  separated  flow  and  resultant  buffet  wotild 
be  expected  by  the  aerodynamicist  is  given  for  a  NACA  65ACX)9  airfoil  in 
Figure  20  from  Reference  IS*  The  figure  shows  the  variation  of  the  normal 
coefficient,  c^,  with  Mach  number  for  several  angles  of  attack.  Super¬ 
imposed  are  given  values  of  the  pressure  oscillations  ^  p  where  Ap 
is  the  peak  double  amplitude  of  the  pressure  q 

fluctuations  measured  at  the  skin*  Assuming  approximate^  sinusoidal  fluctua¬ 
tions,  a  coefficient  of  A  p  of  .2  would  correspond  to 7*5  of  the  order  of  .07. 

q  *.P.,  ■ 

q 

Note  that  this  value  compares  closely  with  the  value  found  for  the  T-38  duct. 

Separation  of  a  turbulent  botindary  layer  often  occurs  behind  a  normal  shock, 
which  is  formec  when  local  supersonic  flow  is  slowed  to  subsonic  velocity. 

Figure  21,  taken  from  Reference  19,  gives  the  minimum  ratio  of  the  differential 
of  static  pressure  (  A  p)  across  the  shock  to  dsmamic  pressure  (q)  required 
for  separation  of  the  turbulent  flow  behind  the  shock  from  the  sldn.  At 
ratios  to  the  left  of  the  curve,  separation  is  not  expected. 

Another  phenomenon  of  increasing  importmce  is  the  oscillating  shock.  This 
phenomenon  was  well  illustrated  by  a  recent  movie  of  tests  on  the  Mercury 
capsule  presented  by  NASA  which  showed  very  strong  shocks  near  the  nose  of 
the  vehicle  which  resulted  from  several  discontinuities  in  the  forward  body 
lines. 

The  mechanism  for  oscillation  of  a  shock  which  interacts  with  a  laminar 
boundary  layer  has  been  investigated  by  Trillltrg  (References  20  and  21)  and 
is  illustrated  in  Figure  22.  Since  the  shock  resulting  from  the  body  dis¬ 
continuity  cannot  extend  to  th#  wall  because  of  finite  boundary  layer,  the 
differential  pressure  behind  the  shock  (pf)  is  communicated  thrrough  the  boundary 
layer  to  the  flow  ahead  of  the  shock.  If  the  pressure  gradient  ( ^p  ■  pf  -  p^) 
across  the  shock  is  of  sufficient  magnitude,  the  lamlnary  boundary  layer  will 
separate  and  a  reverse  flow  will  occur  near  the  wall.  Since  any  motion  of  the 
shock  affects  the  pressirre  differential  and,  hence,  the  reverse  flow  and  position 
of  the  separated  boundary  layerj  and  conversely,  any  change  in  the  position 
or  shape  of  the  separated  boiuidary  layer  affects  the  potential  flow  and  thus, 
the  shock,  oscillations  are  possible  whenever  these  interrelated  factors  produce 
an  instability. 

Figure  23,  from  Reference  20,  gives  the  magnitude  of  the  pressure  coefficient 
(  A  C  )  across  the  shock  reqvdred  for  oscillations  as  a  function  of  Mnch  number. 
As  can  be  seen  in  the  figure,  AC  is  approximately  oris  at  Mach  1.6  and  this  is 
equal  to  the  pressure  coefficient ^for  a  normal  shock.  However,  at  .  ach  numbers 


normal  coefficient 


Figure  21.  Separation  Pressure  Coefficients,  from  reference  19 


Figure  23.  Inttiisioy  of  the  Neutrally  s&able  oscillating  Shock  Wave  as 
Function  of  Uostroat.  ^-lach  Nuxuber. 


above  l,6^/.\Gp  decreases  below  that  of  a  normal  shock  rather  quickly.  Hence, 
at  the  higher^Mach  numbers,  oscillations  sceur  with  the  relatively  weak  shocks 
associated  with  small  changes  in  the  direction  of  the  wall  toward  the  flow, 
as  in  Figure  22. 

The  frequency  of  the  oscillation  predicted  by  Reference  20  is  given  for  high 
Reynolds  nutsbars  approximately  by 

f  _ 

where  K  is  the  reduced  freiquency  and 
Kj^-'-l.R, 

Uo<9  is  the  free  stream  velocity 

L  is  the  length  from  the  leading  edge 

S  is  the  ratio  of  the  freestream  density  divided 
by  the  wall  density 

n  is  the  exponent  of  the  viscosity  -  temperattire 
relationship,  and  equals  .76  in  the  range  of 
interest 

and  is  the  pressure  coefficient  across  the  shock  alone. 

A  calculation  for  the  frequency  of  an  oscillating  shock  "  laoednar  boundary 
layer  for  a  shock  located  at  a  body  discontinuity  four  ft.  aft  of  the  nose, 
for  Mach  1.6  gave  a  frequency  of  26  cps.  Examination  of  factors  in  the 
formula  affecting  the  frequency  show  it  to  be  approximately  proportional  to 
M^2,5  mid  therefore,  for  the  example  Just  considered,  the  frequenjy  at 
Mach  3*2  wotiLd  be  about  150  cps. 

The  interaction  between  a  shock  and  a  turbulent  boundary  layer  on  an  airfoil 
operating  in  the  transonic  regime  is  described  by  Lamboume  in  Reference  22. 

As  the  Mach  numher  increases,  the  flow  over  the  top  of  the  wing  becomes 
supersonic  through  the  region  of  maximum  thickness  and  slows  down  through 
a  shock  toward  the  trailing  edge.  As  the  Mach  nuaher  increases  further, 
the  shock  moves  further  toward  the  trailing  edge  and  becomes  stronger,  until 
in  soBW  cases  it  causes  separation  of  the  flow  and  the  shock  moves  forward. 

Since  this  separation  of  flow  results  in  a  loss  of  lift,  the  angle  of  attack 
must  be  Increased  to  maintain  altitude,  and  this  change  causes  the  shock  to 
move  aft  again  increasing  the  lift  once  more.  Note  that  this  cycle  could 
occur  at  speeds  near  a  id.ng  flutter  region  and  accelerate  failure. 

It  is  doubtful  whether  oscillating  shock  wave  phenosiena  on  a  complex  configura¬ 
tion  can  be  predicted  analytically  with  satisfactory  accuracy.  Hence,  it  is 
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important  to  Investigate  these  phenomena  carefully  by  vdnd  tunnel  tests  where 
considerable  effort  should  be  exerted  toward  simulating  the  full  scale  boundary 
layer  flowo 

PLOW  OVER  CAVITIES 

Many  severa  vibration  problems  have  resulted  in  aircraft  when  bomb  bay  and 
other  similar  compartments  have  been  opened  during  fllghto  These  vibrations, 
which  may  be  very  intense  are  caused  by  a  combined  acoustic  and  flow  oscilla¬ 
tion  in  the  recessed  bay  or  cavityo  Although  space  vehicles  will  not  have 
open  weapon  bays  or  wheel  wells  during  the  atmospheric  portion  of  their  flight, 
they  may  have  recesses  and  cavities  along  their  exterior,  particularly  where 
sections  of  the  vehicle  have  been  Joined  together<>  Often  the  frequency  of  the 
vibration  resulting  from  aerodynamic  excitation  of  these  smaller  cavities 
will  be  in  the  range  where  electronic  tubes  are  most  susceptible  to  micro- 
phonics  o  Consequently,  it  is  desirable  to  eliminate  these  external  cavities 
wherever  possible,  thus  eliminating  one  source  of  vibration  exeitationo 

The  cavity  resonance  phenomenon  is  not  completely  understoodo  However, 
several  experijnenbal  studies  have  been  undertaken  which  enable  an  estimate 
of  the  resonance  fx^quency  and  pressure  amplitude o  The  following  paragraidis 
will  briefly  review  these  data  and  discuss  possible  causes  of  the  resonance 
phenomenon o 

Figure  24  illustrates  the  flow  past  and  within  a  cavity  of  length,  L,  and 
depth,  do  As  Can  be  seen  the  boundary  layer  flow  over  the  cavity  transfers 
some  of  its  momentum  to  the  air  in  the  cavity,  creating  one  or  more  voz^lees 
within  the  cavityo  Measurements  made  by  Roshko  (Reference  28)  in  a  cavity 
mounted  in  a  wind  tunnel  indicate  that  the  maximum  vortex  velocity  along  ths 
downstream  cavity  wall  is  approximately  o45  U  ao  decreasing  to  o2  U  ■o  along 
the  bottom  and  the  forward  mllo  His  measurements  also  showed  that  pressure 
maxima  were  present  at  each  comer,  the  largest  found  at  the  intersection 
of  the  boimdary  layer  and  the  downstream  cavity  wallo 

The  effect  of  the  vo]:t>ex*8  circulation  on  a  series  of  constant  phase  surfaces 
of  an  acoustic  wave  radiated  from  the  lower  downstream  comer  is  Increased 
with  forward  direction  along  the  bottom  and  forward  vertical  wall  by  the 
vortex  velocity  and  decreased  vertically  along  the  aft  wsU  of  the  cavity 
by  the  vortexo  Note  that  the  magnlttide  of  this  effect  on  the  propagation 
velocity  and,  hence,  the  shape  of  these  constant  phase  contours  is  dependent 
upon  the  Mach  number  of  the  flow  and  the  nuiiber  of  vortices  in  the  cavityo 
The  vortex  circulation  velocity  also  modifies  the  normal  acoustical  resonances 
within  the  cavity o  For  example,  based  on  Roshko 's  data,  the  frequency  (f) 
for  the  longitudinal  one-half  wave  acoustical  resonance  in  the  lower  portion 
of  the  cavity,  away  from  the  opening,  is  modified  by  the  vortex  flow  in  the 
cavity  so  that  the  resonance  frequency  is  given  approsdmatoly  bys 
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Figiire  24.  Illustration  of  Flow  Past  Cavity,  Showing  Vortex  Formation 
in  Cavity  and  Effect  of  Vortex  Velocity  on  Propagation  of 
an  Acoustic  Wave. 
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where  a  Is  the  local  speed  of  sound, 

H  oe  is  the  freestresm  Mach  nunber,  and 
L  is  the  length  of  the  esTlty 

This  formula  indicates  that  the  one-half  wave  longitudinal  resonance  is 
decreased  from  its  lero  flo:.;  7alue  as  the  freestream  Mach  number  is  increasedo 
A  calculation  of  the  one-quarter  waTS  acoustical  resonance  between  the  base 
of  the  cavity  and  the  opening  of  the  cavity  indicates  that  its  frequent 
ifill  also  decrease  with  increasing  Mach  numbsr„  In  addition,  both  of  these 
resonances  vary  in  frequency  as  a  fwction  of  position  in  the  cavity  becatue 
of  the  variation  in  circulation  velocity  o  Consequently,  it  would  not  be  expected 
that  either  of  these  resonant  phenomena  would  be  self-sustaining  except,  perhaps, 
at  very  low  Mach  numbers o 

The  investigators  of  cavity  resonance  phenomena  (References  28,  29,  30)  have 
all  suggested  that  the  resonance  results  from  interaction  between  an  acoustic 
wave  and  the  boundary  layer  -  vortex  flow,  where  an  acoustic  wave  propagated 
from  the  aft  bottom  comer  of  the  cavity  affects  the  boundary  layer  flow  over 
the  cavityo  This  interaction  with  the  bou'  iai7  layer  results  in  a  modulation 
of  the  momentum  transferred  from  the  bounuaiy  layer  to  the  vortex  and,  hence, 
a  modulation  of  the  vortex  circulation  velocity  and  the  resultant  stagnation 
pressures  in  comers  of  the  cavityo  Although  the  exact  form  of  this  Interaction 
is  unknown,  experimental  evidence  suggests  that  the  length  of  the  cavity  is 
on  the  order  of  one  wavelength  at  the  dominant  resonant  frequencyo  Figure  25 
gives  the  cavity  Strouhal  number  aseoclated  with  the  dominant  resonant  frequency 
as  a  function  of  freestream  Mach  number  for  the  data  of  References  29  and  30o 
As  can  be  seen,  the  fundamental  cavity  resonant  frequency  is  inversely  pro¬ 
portional  to  Its  length  and  directly  proportional  to  approximately  the  two- 
thirds  power  of  the  freestream  velocity^  Examination  of  the  full  scale  data 
from  Reference  30  indicates  an  additional  small  altitu^  pffect  on  the  frequencyo 

Other  cavity  resonance  frequencies,  including  one-half,  one  and  one-half,  and 
two  times  the  dominant  frequency,  have  been  found  together  with  the  dominant 
frequencyo  The  occurrence  of  these  other  frequencies  in  both  axpsrimmnts 
(References  29  and  30)  was  dependent  upon  either  boundaxy  layer  toibulence  or 
the  dimensions  of  the  cavityo 

The  maximum  rms  amplitude  of  the  pressure  fluctuation  appears  to  be  on  the 
order  of  o03  to  o06  of  the  freestream  dynamic  pressure  (q)  (References  28  and  30)  o 
Note  that  these  values  are  on  the  order  of  5  tc  10  tines  greater  than  the  ratio 
of  the  overall  rms  turbulent  boundary  layer  pressure  fluctuations  to  the  fine¬ 
st  ream  dynamic  pressure,  previously  discussed  in  this  ssctlono  Also,  whsn  ths 
cavity  resonant  frequency  coincides  with  the  frequency  of  one  of  the  cavity^s 
acoustical  modes,  the  pressure  amj^itude  would  be  expected  to  be  even  greatero 
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Free  Stream  Modi  Number  (Mog  ) 

Figure  25  .  Strouhal  Number  of  Dominant  Cavity  Resonance  as  a  Function  of  Mach  Number 
from  Efeta  of  Refs.  2  and  3* 


This  suspicion  is  confirmed  in  anadysis  of  the  Reference  30  data  vrtiere  the 
ratio  of  rtts  pressure  to  freestrssm  dynamic  pressure  increased  to  .1  uhen 
the  caTity  resonant  frequency  coincided  vith  the  modified  longitudinal  one- 
half  ware  acoustical  resonance.  Thus,  cavity  resonances  can  be  expected  to 
be  most  serious  either  during  the  high  q  portions  of  flight,  or  at  any  flight 
condition  idien  the  cavity  resonant  frequency  Is  coincident  i«lth  the  modified 
acoustical  modes  of  the  cavity. 

It  should  also  be  mentioned  that  openings  which  connect  the  flow  past  the 
missile  with  a  large  volume  within  the  missile  can  be  expected  to  behave  as 
classical  Helmholts  resonators,  which  are  treated  in  the  normal  acoustical 
tezta.  The  Helmholta  resonant  frequencies  will  be  much  lowar  than  those 
considered  here  for  the  cavity  phcnorona  and  will  be  approadmately  constant 
over  a  wide  range  of  vehicle  velocities. 

FLOW  PAST  PROJECTIONS 

Space  vehicles  and  hypersonic  gliders  may  have  guidance  fins,  antennas, 
or  other  projections  extending  from  the  body  of  the  vehicle  into  the  surrounding 
atmo8i:^ere.  When  the  vehicle  moves,  these  projections  generate  turbulent  wakes 
in  the  flow.  Although  these  wakes  radiate  acoustical  enersr  to  the  body  of 
the  vehicle,  their  major  importance  as  a  vibration  source  is  their  direct  effect 
on  the  projection  or  Impingement  on  the  vehicle.  Since,  as  will  be  shown,  the 
fluctuating  pressures  associated  Idth  this  type  of  wake  are  concentrated  about 
two  discrete  frequencies,  these  pressure  fluctuations  are  often  responsible 
for  the  apparent  superposition  of  discrete  frequency  energr  on  otherwise  random 
pressure  spectra.  Therefore,  a  brief  discussion  of  this  phenomenon  is  of 
interest.  It  is  also  noted  that  these  i^enomena  are  of  importance  to  the 
entire  itahlcle  when  it  is  stationary  on  the  launch  pad  and  exposed  to  wind. 

Generally,  little  energy  is  contained  in  the  wake  of  streamlined  projections^^ 
However,  when  the  flow  on  the  projection  separates  from  the  surface,  vortices 
are  formed  which  contain  considerable  energy.  Figure  26  illustrates  the  wake 
of  a  cylinder  irtilch  is  at  a  relatively  low  Reynolds  number  (R^)  (below  approxi¬ 
mately  150).  Here,  the  flow  is  characterized  by  the  alternate  shedding  of 
discrete  paired  vortices  from  the  cylinder,  forming  the  well  known  Karmen 
Vortex  Street.  However,  as  the  Reynolds  number  increases,  the  vortices  lose 
their  IndivldTiel  identity,  and  the  wake  becomes  generally  turbulent. 

The  frequency  (f )  at  idiich  the  vortex  pairs  are  shed  from  a  cylitsder  is  pro¬ 
portional  to  the  freestream  velocity  (U  )  and  inversely  proportioniJ.  to 
the  cylinder  diameter  (d).  The  correlation  betvreen  the  Stroiihal  number  (S), 

S  ■  fd  ^be  cylinder  Reynolds  number  is  given  as  a  function 

U  •:<5 
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Figure  26.  liluetration  of  Vortex  i'\>rmation  in  the  Wake  of  a  Cylinder  at  a  Ra3rnolds 

Number  Below  150,  aad  Illustration  of  the  Acoustical  Radiation  Pattern  at  the  fluctuatin? 
Lift  and  Drag  Freqioencies. 


of  cylinder  Reynolds  numbei^,  Rg(c)*  in  Figvire  27„  This  figure,  taken  from 

Reference  31,  includes  the  results  of  many  experimental  Investigations <,  As 
can  be  seen,  the  frequency  for  the  shedding  of  a  pair  of  vortices  is  approad- 
mately  n2  over  a  considerable  range  of  Reynolds  number  above  R0(c)  ■  150a 

It  should  be  noted  that  this  frequency  is  characteristic  of  the  flow  even  at 
higher  Reynolds  nanbers  where  the  Idealised  flow  of  Figure  26  is  made  consider¬ 
ably  more  complex  by  turbulence  (see  Reference  32 )o 

This  shedding  of  vortices  from  alternate  sides  of  the  cylinder  results  in  an 
alternating  lifting  force  on  the  cylinder  which  is  perpendicular  to  both  the 
cylinder  axis  and  the*  flowo  In  addition,  as  each  Individual  vortex  is  shed, 
the  cylinder *s  drag  is  suddenly  varied,  with  the  result  that  the  cylinder  is 
subjected  to  an  alternating  drag  force  in  the  direction  of  the  flowo  'Rie 
frequency  of  this  fluctuating  drag  is  twice  that  of  the  flucttiatlng  lifts  It 
is  noted  that  although  the  vortices  become  rather  unidentifiable  when  the 
Reynolds  number  exceeds  300,  the  fluctuating  pressures  are  still  found  to  be 
concentrated  at  these  two  frequencieso  However,  as  the  velocity  increases 
the  bandwidth  of  the  fluctuating  pressure  frequency  spectrum  widens  and  the 
pressures  are  expected  to  be  in  phase  over  progressively  smaller  distances 
along  the  projections  Generally,  the  fluctuating  drag  has  a  consider^ly  lower 
force  than  the  fluctuating  lift  (see,  for  example.  References  33  and  34)$ 
however,  any  estimates  of  the  magnitudes  of  either  of  these  forces  depend  entirely 
upon  the  geometry  of  the  projectiono 

These  wakes  have  been  generalized  by  Krzywoblocki,  Reference  37o  A  permanent 
vortex  sheet  attaches  to  a  wing  or  body  producing  lift,  but  as  it  deforms  and 
rolls  up  rapidly. behind  a  delta  wing  or  behind  a  cylindrical  body,  its  regular 
character  is  soon  lost  and  the  flow  changes  to  isotropic  turbulence  with  the 
transition  dependent  on  the  Reynolds  nuabero  The  transition  from  a  defined 
vortex  sheet  to  turbulent  flow  occurs  in  a  short  distance  at  high  Reynolds 
nunber  and  it  is  interesting  to  note  the  analogy  between  the  boundary  layer 
transition  and  the  transition  of  the  Von  Karman  vortices  behind  the  cylinders 
In  each  case  at  low  Reynolds  number  very  regular  flow  patterns  persist  even 
though  laminar  boundary  layer  flow  is  Irrotational  and  the  vortex  sheet  flow 
is  rotational 0  This  follows  since  the  Reynolds  number  is  the  ratio  of  the 
fluid  inertia  forces  to  the  viscous  forces,  and  at  low  Reynolds  number  the 
viscous  forces  predominate  and  have  the  ability  to  damp  completely  the  stray 
fluctuations  which  at  high  Reynolds  number  can  grow  to  eventually  cause  chaotic 
flOWo 


*The  Reynolds  nunber  for  a  cylinder  R«(c)  is  given  bys  7""^  „ 

R.(c)  »  Ug?d 

whore  U  m  is  the  freestream  velocity, 
d  is  the  cylinder  diameter 
and  ie  the  freestream  kinematic  viscosity 
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(taken  from  Etkin,  et  aJ.,  Ref. 31) 


These  fluctxiations  are  also  responsible  for  the  radiation  of  acoustic  energy^ 
Figure  26  shows  that  the  far  field  directivity  of  the  acoustic  pressures  at 
the  vortex  shedding  frequency  Is  maximum  at  right  angles  to  the  flow,  whereas 
the  directivity  of  the  acoustic  pressures  associated  with  the  fluctuating  drag 
has  a  maxiinuia  in  line  with  the  flowo  It  is  noted  that  the  maximum  at  right 
angles  to  the  flow  should  shift  forward  with  Increasing  subsonic  Mach  number 
(Reference  35 )o  The  magnitude  of  the  acoustic  power  has  been  found,  from 
theoretical  considerations,  to  depend  upon  the  sixth  power  of  velocity,  the 
square  of  the  projection's  area,  and  on  the  fluctuating  lift  or  drag  coefficient 
(References  31  ana  36) o  An  additional  dependence  on  velocity  would  be  expected 
because  of  the  forward  motion  of  the  source  in  accordance  with  Reference  35 o 
However,  experimental  data  indicate  that  the  acoustic  power  is  proportional 
to  a  lower  power  of  velocity  than  the  sixth,  varying  between  4  and  5o5  which 
makes  prediction  difficult o 

Another  vibration  source  associated  with  projections  from  a  vehicle  is  the 
direct  impingement  of  the  wake  from  the  projection  on  the  skin  of  the  vehicle o 
An  example  of  the  fluctuating  pressxu'as  on  the  skin  at  a  position  several  feet 
downstream  of  the  speed  brake  on  the  T-38  Is  given  in  Figure  28c  As  can  be 
seen,  the  ratio  of  increases  by  a  factor  of  three  from  that  experienced 

q 

with  a  normal  turbulent  boundary  layer  to  approximately  c02  when  the  brake 
is  extended  and  the  skin  experiences  the  wake  turbulence o  It  might  be  noted 
that  the  velocity  ratio  utilised  in  the  estimation  of  Jet  impingement  on 
ths  skin  is  of  the  order  of  oOl  for  this  example  of  wake  impingements 

BASE  PRESSURE  FLUCTUATIONS 

Recently,  considerable  vibration  has  been  experienced  at  the  fundamental 
longitudinal  mode  and  at  other  internal  ]:*e8onance  fzHN^uencies  of  a  vehicle 
which  had  a  blrint  nose  during  the  maximum  dynamic  pressure  phase  of  flight 
(Reference  38)0  This  vibration  was  believed  to  result  from  the  turbulent 
fluctuations  in  the  wake  of  the  base  or  drag  device,  as  shown  in  Figure  29o 
Correlation  of  the  vibration  response  with  flight  parameters  indicated  a 
direct  relationship  between  rms  vibration  response  and  (q«»Uo,o),  where  qoo 
is  the  freestrea^i  dynamic  pressure  and  U^^,,  the  freestiiream  velocity 0  From 
this  empirical  relationship  it  is  clear  that  the  vibration  from  blunt  base 
excitation  becomes  of  Increasing  concern  at  very  high  speed  flight  in  the 
atmosphere  o 

Although  the  author  of  Reference  38  felt  that  pressure  fluctuations  on  the  blunt 
base,  as  shown  in  Figure  28,  were  responsible  for  the  excitation  in  the  same 
manner  as  the  previously  discussed  fluctuating  drag  on  projections,  no  data 
>J8re  available  to  .give  the  magnitude  and  spectra  of  these  fluctuations  0  How^ 
ever,  a  subsonic  experiment  designed  to  measure  these  base  pressure  fluctua¬ 
tions  has  been  completed  (Reference  39) «  In  this  wind  tunnel  experiment  data 
were  taken  at  two  microphone  locations  (center  and  65^  radius)  in  the  base  of 
a  5-ino  diameter  body  of  revolution  at  velocities  up  to  352  ft/sec o 
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Figure  29.  Scetch  Illustrating  Wake  Formation  of  a  Blunt  Baaed  Body  of  Revolution 


Figura  30  gives  the  variation  of  the  overall  level  of  base  pressure  fluctuations 
as  a  function  of  freestream  velocity,,  It  is  clear  from  the  data  that  the  overall 
fluctuation  level  at  the  center  position  is  approximately  7  db  below  that 
measured  at  the  outer  microphone  position  (63%  radius) »  Further,  as  the 
freestream  velocity  is  increased,  the  fluctuation  level  at  each  position  is 
asymptotic  to  a  constant  value  of  root  mean  square  pressure  divided  by  free¬ 
stream  dynamic  pressure c  Figure  31  gives  the  mean  square  pressure  per  cycle, 
divided  by  the  freestream  dynamic  pressure  and  normalized  by  U  ,  as  a 

d 

function  of  Strouhal  numbero  The  results  Illustrate  that  the  spectra  at  the 
two  positions  are  similar  at  frequencies  above  a  Strouhal  number  of  s5o 
However,  for  frequencies  below  a  Strouhal  number  of  o5»  the  energy  per  cycle 
is  greater  at  the  outer  mlcroidione  than  at  the  center  microphone o 

This  suggests  that  only  the  outer  poirtione  of  the  base  are  affected  by  large 
scale  vortices  shed  from  the  edge  of  the  cylinder,  as  illustrated  in  Figure  29<! 
This  result  is  consistent  with  the  variation  in  pressure  measured  by  Gerrard 
(Reference  33)  at  the  surface  of  a  cylinder  which  has  an  axis  normal  to  the 
flow.  As  it  would  be  expected  that  the  larger  scale  vertices  are  randomly 
shed  from  all  portions  of  the  base  circumference,  it  is  probable  that  the 
integrated  loading  on  the  base  can  be  summed  on  an  energy  basis 0 


It  should  also  be  noted  that  the  spectra  given  in  Figure  31  ejqolaln  the  departure 
from  a  linear  relationship  between  the  overall  fluctuating  pressures  and  the 
freestream  dynamic  pressure.  The  lower  cutoff  frequency  of  the  recording 
instrumentation  was  Id  cps,  which  corresponds  to  a  Strouhal  number  of  approxi¬ 
mately  «11  at' 68  ft/sec.  and  .052  at  1A6  ft/sec.  Hence,  little  of  the  maximum 
energy  per  cycle  was  Included  in  the  68  ft/sec.  measurement,  and  some  energy 
was  not  Included  even  at  the  146  ft/sec.  velocity.  A  rough  calculation  of  the 
overall  level  of  base  pressure  fluctuation  at  the  68  ft/sec.  velocity,  which 
includes  the  energy  estimated  below  18  cps  from  Figure  31  glvss  a  constant  of 
equal  to  .013  for  the  outer  microphone,  which  is  consistent  with  the 
constant  of  .015  det-rminsd  from  the  higher  velocity  data. 


Although  the  data  of  Reference  38  does  not  allow  prediction  of  the  magnitude 
of  the  missile *s  vibration  response,  the  variation  of  vibration  amplitude  with 
flight  parameters  can  be  directly  coDq>ared  to  the  variation  which  would  be  estimated 
frisn  Fi>jpre  30.  It  was  stated  in  Reference  38  that  the  response  was  almost  entirely 
at  the  frequency  of  the  fundamental  longitudinal  mode.  The  StroTihal  number  at  this 
resonance  frequency  varies  inversely  with  the  freestream  velocity,  since  both  fre¬ 
quency  and  diameter  are  constamt.  Now,  from  Figtire  31  it  is  seen  that  the  relative 
msam  square  pressure  per  cycle  vairies  inversely  as  the  square  of  the  Strouhad  number 
for  all  Strouhal  numbers  above  approximately  .3,  auid  is  essentially  Independent  of 
Strouhal  numbers  below  the  Stro\]h8d  mmher  of  .1.  Therefoz*e,  at  any  fixed  resonamt 
frequency  in  an  airframe  or  missile  of  diameter  (d)  which  results  in  a  Strouhad 
nuDber  greater  than  .3.  the  relative  mean  square  pressure  per  cycle  is  djj?ectly  pro¬ 
portional  to  the  square  of  the  freestream  velocity  timea  the  square  of  its  d3niamic 
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O  Csntsr  Mierophona 

M  #  Outar  Microphona 
Vp  ■  rmt  bcna  preuura  nuctuatlora 

q..  =*  fraaBtreciRi  dynamic  prauure 
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Freestraam  Valoclly  (Uon)/  ft/sac 


Length  Reynoldi  Number  (xIO*^ 


Figure  30o  Variation  of  Overall  Level  of  Base  Pressure  Fluctuations 
with  Freegtream  Velocity 


pressure j  thus,  the  nns  pressure  per  cycle  is 


/p^) qcoUoo*  >  -3 

Uflo 

which  is  sinilar  with  the  measured  nns  vibration  response o 

It  is  felt  that  the  data  obtained  from  the  model  qaalltatively  explain  the  variation 
of  vibration  response  with  flight  paraMters^  Hot»verf  it  must  be  noted  that  much 
of  the  flight  vibration  data  «»re  obtained  at  siq^rsonie  velocities,  whereas  the 
model  data  are  entirely  subsonico  Consequently,  since  the  siqpersonic  wake  flow 
differs  from  subsonic  wake  flow,  as  can  be  seen  in  the  illustration  of  Figure  32, 
seme  question  esdists  regarding  the  applicability  of  these  data  to  the  supersonic 
caseo  It  would  be  expected  that  the  larger  vortices,  which  increased  the  low  fre¬ 
quency  levels  at  the  outer  microjpdione,  would  be  absent  in  the  supersonic  flow,  and 
that  the  pressure  fluctTiations  over  the  base  from  the  turbulent  wake  would  have  the 
general  character  observed  at  the  center  microphone  in  these  tests, 

PANEL  FLlfTTER 

Panel  flutter  is  a  self-4uccited  oscillation  of  an  external  structural  skin  panel 
exposed  to  supersonic  flow.  The  mechanism  producing  the  instability  is  the  same  as 
in  classical  flutter;  i.e*,  the  free  vibration  modes  of  the  panel  are  coupled  by  the 
aerodynamic  forces  to  yield  certain  definite  combinations  of  the  modes  idilch  are 
capable  of  extracting  energy  from  the  air  stream.  The  motion  is  characterized  by  a 
hi^  degree  of  structural  non-linearity  due  to  the  non-linear  spring  rate  of  the 
panel.  The  panel  is  quite  flexible  at  low  loads  and  very  stiff  at  high  loads.  The 
spring  rate  depends  also  on  the  non-linearities  associated  with  the  nearness  to 
buckling,  transverse  static  pressure  difference,  and  the  curvature  of  the  panel. 

The  effect  of  these  non-linearities  is  usually  to  limit  the  aspLitude  of  the  insta¬ 
bility  so  that  the  typical  mode  of  failure  is  through  fatigue  of  the  panel  rather 
than  throxigh  exceeding  the  strength  limit. 

While  panel  flutter  is  a  possible  source  of  outer  skin  panel  vibration,  the  cure 
must  lie  with  prevention  of  the  instability  and  not  with  treatment  as  a  fatigue 
problem  in  which  a  portion  of  the  life  of  the  paxwl  is  expended  in  normal  service. 
Panel  flvitter  is  a  true  instability  and  there  does  not  exist  a  method  capable  of 
defining  the  upper  limit  to  the  motion.  However,  panel  flutter  can  be  prevented 
through  the  use  of  the  empirical  design  data  of  References  40,  41,  and  42,  Refer¬ 
ence  43  shows  falliu^  to  include  the  boundary  layer  in  previous  theoretical  work 
leads  to  skin  requirements  too  hi^  by  as  much  as  one  order  of  magnitude. 
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Figure  32.  Illuatration  of  Turbulent  Wakes  from  Two  Types  of 
Blunt  Bodies  at  Supersonic  Speedso 
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IV  ATMOSPHERIC  WIND  AND  TURBULENCE  ENVIR(%'MEKT8 


INTRODUCTION 

To  the  space  vehicle  in  the  launch  and  re-entry  phase,  the  earth *8  atmosphere  with 
its  prevalent  upper  troposphere  winds  and  its  general  turbulent  structtire  represents 
a  potential  source  of  vehicle  structural  vibration.  These  vibrations  are  induced  by 
a  variety  of  oscillating  aerodynamic  lift  forces  acting  on  the  vehicle  irtiich  are 
caused  by  continuous  changes  in  the  magnitude  and  direction  of  atmospheric  winds  and 
gusts  encountered  along  the  fll^t  path.  The  severity  of  the  elastic  structural 
response  depends  upon  the  nmgnitude  of  these  lift  forces,  the  low  frequency  response 
characteristics  of  the  vehicle  structiire,  and  the  frequency  content  of  the  atmos¬ 
pheric  distiurbances  as  experienced  by  the  forward  moving  vehicle. 

GSaiERAL  OISCUSSIGN,  AERCfflYNAHIC  F(»CES 

Launch  and  re-entry  through  the  atmosihere,  for  any  given  vehicle,  create  wide 
variations  in  the  parameters  tdiich  affect  these  forces  and  moments.  Except  for  lift 
and  drag  forces  developed  at  very  high  altitudes,  the  perturbing  aerodynamic  forces 
acting  on  the  vehicle  generally  depend  upon  the  vehicle  external  geometry,  altitude, 
forward  speed,  Ibch  number,  Reynolds  nunber,  and  angle  of  attack.  However,  differ¬ 
ent  types  of  aerodynamic  forces  usually  have  different  functional  dependences  upon 
each  of  these  parameters. 

The  generalised  form  of  the  equation  for  these  unsteady  aerodynamic  forces  is: 

L  »=  Cp  .  q  .  ^  Lift 


'•here  Cp  ^  Cp  (et,  S«,  M,  3)  Lift  Coefficient 

o*.  B  vj^U  Angle  of  Attack 

Reynolds  Nmnber 

S  “  V/jj^  Similarity  Parameter 

q  s  1/2  Dynamic  Pressuio 

Jt  * 

Characteristic  Length 

It  is  necessary  therefore  to  determine  the  functional  dependence  of  Cp  ono<  ,  R^, 

M,  and  3  for  each  type  force  being  considered.  This  dependence  varies  considerably 
b^ween  forces  developed  on  lifting  surfaces  and  those  developed  on  non-lifting 
surfaces,  so  that  it  is  best  to  consider  these  two  types  of  forces  separately. 

Relatively  large  cross  wind  viscous  drag  forces  may  develop  idien  the  total  wind  or 
gust  coiqponent  nonaal  to  the  vehicle  axis  of  synnetry  is  large,  say  on  the  order  of 
Mach  .30  or  greater.  Such  forces  might  develop  in  the  regions  of  the  jtot  stream. 
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tri)er«  the  horizontal  winds  attain  velocities  of  2C0  or  300  ft/sece  The  equation  of 
force  for  these  viscous  drag  forces  requires  sli^t  modification  of  the  generalised 
form  given  above,  in  that  the  dTnande  pressure  is  that  associated  with  the  cross 
wind  component.  That  is, 

•'4 

where  X  is  s&ss  eharaeterlstle  length,  which  for  a  circular  cylinder  is  a  function 
of  the  radius  of  the  cylinder  md  its  length.  Since  the  axial  boundary  layer  flow 
is  turbulent,  the  drag  coefficient,  Cy,  ie  relatively  insensitive  to  Beynolds  number 
and  Kaeh  number.  For  a  cross  wind  having  a  sharp  edgs  profile,  the  peak  magnitude 
of  Cp  may  be  as  hl|^  as  twice  the  corresponding  steady  state  value.  Detailed  dis¬ 
cussion  of  these  viscous  drag  forces  are  found  in  Beferences  6  throu^  9* 

The  aerodynamle  forces  acting  on  hypersonic  space  vehicles  operating  at  very  ki|^ 
altitudes,  say  50  miles  or  greater,  are  not  developed  by  a  flow  of  "continuous”  air 
aroimd  the  vehicle,  but  actually  result,  in  a  sense,  from  the  *^dividual"  reactions 
of  air  molecules  colliding  with  the  surface  of  the  vehicle.  The  regime  of  fluid 
flow  classified  as  a  eontlnuiai  corresponds  to  negligibly  assail  ratios  of  the  mean 
free  path  of  air  molecules  to  the  else  of  the  vehicle.  Hcwever,  at  these  high  alti¬ 
tudes  where  the  air  is  cMd-rarefied,  the  moan  free  path  may  be  m  large  as  one  inch 
or  more  and  for  rarefied  gases  the  mean  free  paths  may  exceed  the  size  of  the 
vehicle.  References  10  and  11  are  listed  ae  possible  sources  of  information  con¬ 
cerning  the  theoretical  aspects  of  this  problem. 

In  the  analysis  of  elastic  structural  response  to  atmospheric  disturbances,  other 
very  important  secondary  lift  and  drag  forces  a»  developed  as  a  restdt  of  the 
additional  an^es  of  attack  of  the  vehicle  caused  by  the  elastic  deformations  and 
rigid  body  pitch  and  translation  of  the  vehicle  about  its  fli^  path.  The 
responses  ultimately  obtained  froa  a  eoneiderstion  of  gust  and  wind  shear  forces 
are  responses  of  the  lowest  gross  vehicle  modes  and  the  lowest  modes  of  its  lifting 
surfaces. 

TYPES  OF  DISTDBBAHCES 

Essentially  two  distinct  types  of  free  air  flow  disturbances  exist  in  the  earthfs 
atmosphere.  These  are  1)  fairly  steady  horisontal  winds,  with  hif^est  flow  velo¬ 
cities  and  largest  changes  in  wind  speed  In  and  around  a  relatively  thin  core  called 
the  Jet  stream,  and  2)  gust  coeponenbs  associated  with  continuous  random  atmospheric 
turbulence  resulting  from  the  general  overturning  of  air  masses  caused  by  the  noxv- 
unlform  heating  of  the  atmosphere.  The  normal  velocity,  vg,  of  the  air  flow  associ¬ 
ated  with  the  horisontal  wlMs  can  change  significantly  In  both  magnitude  and 
direction  with  altitude  intervals  of  1,000  to  10,000  feet,  while  for  continuous 
turbulence  similar  changes  may  occur  over  distances  as  short  as  10  to  500  feet. 

Since  the  forward  velocity  of  a  vehicle  causes  these  changes  in  wind  and  gust 
velocity  to  occur  in  rslatively  short  periods  of  time,  there  is  associated  with  each 
of  these  atmospheric  disturbances  a  frequency  range  over  which  the  resulting  lift 
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forces  fluctuate.,  The  magnitude  of  this  frequency  is  directly  proportional  to  the 
forward  speed  of  the  vehicle  and  inversely  proportional  to  the  sise  of  the  region, 
or  distance  interval  along  the  flight  path,  over  which  these  velocity  fluctuations 
take  place.  Thus,  since  continuous  turbiL!,ence  is  a  smaller  scale  phenomnon  than 
wind  fluctuations,  the  frequency  content  of  continuous  turbulence  as  felt  by  the 
space  vehicle,  is  higher  than  that  associated  with  the  horisontal  wind  fluctuations. 
The  relative  structural  vibration  severity  of  these  two  {dienoaena,  thus,  depsnds  in 
part  up<Hi  the  frequency  response  characteristics  of  the  vehicle  under  consideration. 
More  detailed  discussions  to  be  given  below  show  possible  frequency  ranges  for  each 
type  of  disturbance.  The  turbulence  problem  is  generally  more  severe  because  o/f 
larger  forces  and  larger  dynanac  responses. 

Structural  response  is  determined  by  the  rate  of  change  of  wind  or  gust  velocity 
with  respect  to  distance  in  the  atmosphere.  This  is  defined  as  wind  shear.  Because 
of  the  j^ysical  limitations  of  the  measuring  devices  used,  true  wiiiid  shear  at  any 
one  point  cennet  be  determined.  Hsasureieents  of  this  quality  can  only  be  in  the 
form  of  average  wind  shear.  Average  wind  shear  is  the  ratio  of  the  difference  in 
the  speed  of  parallel  coiq>onents  of  wind  or  gust  velocity  at  two  points  in  the 
atmosphere  to  the  distance  of  separation  of  the  points. 

fbcperiffisntal  data  indicate  that  the  wind  shear  ratio  for  horizontal  winds,  measured 
along  the  vertical,  rarely  exceed  .10  see.~^,  corresponding  to  a  Av^  -  100  ft/sec. 
per  1.000  ft.  of  altitude  difference.  Generally  this  value  is  not  more  than  .07 
sec.**^.  However,  for  continuous  ttirbulence,  the  gust  gradients  can  be  as  hi^  as 
.35  see."!  over  100  ft.  intervals  and  .65  see.'l  over  about  20  ft.  intervals.  These 
latter  values  indicate  that  the  continuous  turbulence  will  be  generally  more  severe 
than  the  horizontal  winds  as  a  vibration  source.  Of  course,  the  hie^  frequencies 
associatsd  with  short  distances  as  20  ft.  and  with  a  high  forward  vehicle  velocity 
may  be  high  relative  to  the  vehicle  resonant  frequencies  so  that  the  induced  struc¬ 
tural  response  of  the  gross  vehicle  modes  at  these  frequencies  will  be  very  snmll. 

In  addition,  the  frequencies  corresponding  to  .10  sec.*^  wind  shear  for  1,000  ft. 
will  usuaUy  be  less  than  1.0  cps,  idiich  is  generally  lower  than  the  fundamental 
body  modes  for  moat  missiles  and  rockets. 

Vehicle  perturbations  from  horizontal  winds  actually  pose  a  such  greater  stability 
and  control  probles  than  a  structural  vibration  probl«D  for  vertical  rising 
vehicles  being  launched  from  the  surface  of  the  earth,  ifisfereneos  12  and  13. 
According  to  Tolefson,  Reference  12,  the  acceleration  increments  of  a  conventional 
ballistic-type  missile  associated  with  even  the  highest  wind  shears  will  be  anall, 
less  than  1.5  g*8.  However,  Refez^nce  13  points  out  that  vertical  wind  gradients 
may  be  sufficiently  large  as  to  x>epresent  critical  design  conditions  for  conbirol 
components  such  as  the  throw  of  a  gimballed  rocket  motor  required  to  overcome  wind 
shear  in  the  Jet  stream.  Wind  shear  data  are  presented  here,  however,  because  of 
the  possibility  of  future  designs  being  considered  idiieh  have  fundamental  body 
bending  modes  on  the  order  of  1  eps  for  %dd.ch  these  accelerations  may  be  more 
significant.  Such  configurations  might  rssult  from  the  design  of  large  nuclear- 
pcweired  rockets  in  idiich  it  is  dssirable  to  separate  the  crew  from  the  reactor  by 
as  large  a  distance  as  possible. 
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Althotigh,  in  a  coo|^«t«  d;7namle  rasponss  analysis,  th«  aoiall  seal®  effects  of  the 
turbulence  phenomenon  will  be  added  to  the  larger  scale  wind  effect s,  this  division 
of  atmospheric  velocity  disturbances  into  two  categories  also  acts  a  division  in 
the  method  of  dynamic  z^sponse  an.'dysis  of  the  space  vehicle  structure  o  Continuous 
turbulence,  being  an  essentially  random  natural  process,  is  most  effectively  charac¬ 
terized  by  velocity-^spectral  density  functions  and  certain  probability  distributions. 
Reference  14 o  Thus,  the  vibration  response  analysis  for  this  phenoswnon  will  be 
centered  around  the  following  equations 

§(/!.)  -  ?(/!)  j  2 

Response  I  Input 

>rtiere  Pu  is  a  reduced  frequency  in  radians/foct  (2  "Wif/U),  is  the  velocity 

^put 

spectral  density  of  the  continuous  atstospherle  turbulence,  tGOi)  la  the  structural 

transfer  function,  and  ^  (/li)  is  the  response  spectral  density,  given  in  terms 

Assponse 

of  the  units  appropriate  to  the  desired  response  quantity o  HoNSver,  according  to 
Reference  14,  it  is  anticipated  that  a  spectrum  need  nob  be  defined  for  the  hori¬ 
zontal  winds  because  of  the  relatively  hl^  stability  of  the  jet  stream  winds  in 
both  speed  and  dfi^ectiono  Hence,  a  structural  vibration  analysis  irtiich  accounts 
for  this  phenomenon  need  be  performed  only  for  a  single  typical,  but  severe, 
horizontal  wind  condition;  that  is,  a  discrete  disturbance, 

METHODS  GF  ANALYSIS 

In  the  past,  discrete  gust  analyses  have  often  been  used  to  test  the  structural 
integrity  of  airplanes  and  missiles  to  atmoqsherle  turbolenee,  by  considering  those 
gusts  encotmtered  which  may  be  exceeded  by  only  a  fr^r  per  cent  for  all  flight  time 
in  any  weather  condltlono  With  the  recent  mathematical  developments  in  the  field  of 
generalized  harmonic  analysis,  much  attention  is  being  focused  iq>on  the  application 
of  power  spectral  density  methods  for  describing  structural  response  to  continuous 
turbulence.  There  are  several  advantages  to  this  approach.  As  montioned  above,  it 
is  the  wind  shear  throu^  a  gust  which  determines  the  severity  of  structural 
response.  This  quantity  is  reflected  in  the  shape  of  the  gust  profile.  According 
to  Reference  13,  this  shape  is  rarely  known  so  that  it  has  been  necessary  to  assune 
approodmate  gust  profiles  such  as  ranps,  one  cycle  for  a  l-cosine  function,  sharp 
edge  profiles,  etc.  With  the  spectral  approach,  this  deficiency  is  eUmlnated,  & 
addition,  it  is  felt  that  the  probability  of  esqperiencing  a  series  of  gusts  of 
varying  wave  length  is  greater  than  that  of  encountering  a  discrete  gust  having  a 
wave  length  and  profile  which  is  critical  for  the  vehicle  being  analysed.  However, 
recent  parametric  studies,  Reference  15,  in  which  both  the  disczmte  gust  and  the 
spectral  approach  have  been  used,  indicate  that  the  two  methods  give  eonparable 
results  since  they  both  depend  upon  the  statistical  measurement  of  gust  velocity, 

AtfflOfpherio  air  flow  dlstTurbancee  exist  from  the  surface  of  the  earth  to  very  hi^ 
altitudesi,  on  the  oilier  of  300,000  ft,  Sbccept  for  viscous  drag  forces  and  non- 
continuum  aerodynamic  forces,  the  siapllfisd  lift  equations  given  above  aid  in 
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liadting  this  entire  altitude  range  to  those  altitudes  at  %diich  first  order  vehicle 
structural  vibrations  will  be  produced  due  to  ataiospherio  disturbances.  Ground 
cross  winds  may  induce  structural  vibrations  in  a  ndssile-type  vthiele  sitting  in 
firing  position  on  the  launch  pad.  These  winds  cause  alternating  vortices  to  be 
shed  from  the  main  struettu*e  in  a  manner  similar  to  that  described  in  a  previous 
section,  "Flow  Past  Projectionsa"  However,  this  is  a  ground  handling  problea  for 
which  the  magnittide  of  the  resijonse  can  often  be  limited  by  the  choice  of  proper 
weather  conditions  for  launching  or  by  the  use  of  sufficient  constraints  on  the 
vehicle  until  the  missile  leaves  the  pad. 

As  the  altitude  and  speed  of  thte  vehicle  'increase,  sensitivity  to  disturbances 
increases,  reaching  a  peak  sensitivity  usually  at  about  30,000  to  40,000  ft.  Gust 
magnitudes  in  the  field  of  continuous  turbulence  often  remain  nearly  constant  from 
above  the  friction  layer  to  these  altitudes.  Thus,  the  re(q>on8e  d\is  to  continuous 
turbulence  increases  with  altitude  since  the  forwa:^  speed  increases  rapidly  to 
large  magnitudes.  It  is  coincidental,  however,  that  the  sensitivity  usuaULy  reaches 
its  peak  at  the  altitude  i^ere  wind  shears  a3^  highest  for  the  prevalent  atmospheric 
horizontal  winds.  Above  this  region  and  up  to  altitudes  of  70,000  to  80,000  ft. 
wind  shears  and  gust  magnitudes  generally  decrease,  with  a  gradual  decrease  iq)  to 
about  100,000  ft.  Above  this  altitude  range,  the  density  of  the  air  drops  to  such 
low  magnitudes  that  even  extreme  atmospheric  disturbances.  Reference  17,  fail  to 
produce  lift  forces  significant  to  first  order  structural  vibrations.  For  re-entry 
the  situation  is  expected  to  be  quite  similar  as  very  hi^  forward  velocities  are 
attained  at  very  high  altltiidea,  with  a  subsequent  decrease  in  velocity  as  the 
vehicle  descends  further  into  the  atmosi^nere,  reaching  relatively  low  velocities  at 
the  low  altitudes. 

APPLICATION 

The  problem  of  structural  vibrations  induced  by  atmospheric  disturbances  is  not 
confined  to  the  earth *s  atmosphere,  but  will  exist  for  hi^-speed  flight  through 
the  atmosidieres  of  all  |dmnets  to  which  fitture  reconnaissance  flints  will  be  made. 
It  is  expected  that  the  severity  of  these  vibrations  in  the  atmospheres  of  the 
foreign  planets  could  be  significantly  different  from  that  experienced  in  the 
earth>s  atmosphere.  This  results  frca  the  dissiiailarlties  in  the  gaseous  ccoqmsi- 
tlon  of  the  atmosphere  held  by  each  planet,  and  in  the  influence  of  direct  solar 
radiation  in.  heating  the  atmosphere.  Presently,  little  is  known  about  disturbances 
existing  in  foreign  planetary  atmospheres.  The  limited  information  available  is 
based  upon  conjecture  fra&  the  known  proximity  of  the  plat»ts  to  the  sun,  order  of 
magnitude  estimates  on  the  amount  of  gaseous  conposition  of  these  at&iosi^eres,  and 
extrapolation  of  data  concerning  the  earth *8  atmosphere.  Once  rtllable  data  do 
beeoam  available,  the  method  of  handling  the  disturbance  phenomena  will  be  the  same 
as  that  used  for  the  earth *8  atmosphere. 

A  considerable  amount  of  wind  and  gust  data  for  various  climatic  conditions  have 
been  tabulated  daring  the  last  few  decades.  Ikifortunately,  most  of  this  msteoro- 
loglcal  inforsiation  is  in  the  font  of  averages  which  are  of  little  value  to  dealffi 
since  the  magnitude  of  the  wind  and  gust  valoeitias  raeorded  will  be  exceeded  about 
50^  of  the  time.  A  few  measurMenta  of  extreme  atmospheric  disturbances  have  also 
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been  made.  As  design  criteria*  these  extremes  would  is^ose  costly  stn.'.ctural 
strength  requirements.  Based  on  the  purpose  and  over-all  cost  of  a  given  vehicle 
being  designed*  a  certain  tolerable  risk  is  usually  allowable.  It  is  thus  desirable 
to  obtain  wind  and  gust  data  for  vdiich  a  probability  of  exceeding  a  ceirtain  value  of 
wind  shear*  or  gust  gradient  distance  can  be  established. 

WIND  HlCFn£S  m  WIND  SHBAR 

The  usual  method  for  presenting  data  on  the  structure  of  the  prevalent  horizontal 
atmosi^erie  winds  is  by  means  of  wind  profiles  idiich  are  acc<»ipenled  by  magnitudes 
of  the  vertical  wind  ^adlents*  called  wind  shear*  for  the  portions  of  the  profile 
with  the  largest  fluctuations  in  wind  speed  and/or  direction.  A  wind  profile  is 
defined  as  a  id.ot  of  the  horizontal  wind  velocities  in  the  atmosphere  as  a  function 
altitude  for  a  given  time  and  for  a  given  location  above  the  surface  of  the  earth. 
Two  graphs  are  normally  required  for  this  purpose:  one  for  the  speed  and  oriS  for 
the  direction  as  a  function  of  altitude. 

A  ccnslderable  mass  of  wind  data  has  been  coUeeted  over  the  past  ten  years  for 
many  iregiims  in  the  United  States  and  abroad*  and  for  various  altitude,  ranges.  Most 
of  these  data  consist  of  small  sized  samplings  in  the  lower  altitude  regions*  in  the 
regions  of  the  Jet  stnam  vdiere  the  highest  velocities  usually  exist*  and  in  high 
altitude  regions  xqs  to  400*000  ft.  Althotq^  for  vibration  purposes  it  is  probably 
not  necessary  to  define  a  spectrum  for  the  wind  structure*  seme  sort  of  probability 
of  oecun:*ence  of  various  sized  vertical  wind  shears  and  various  riiaped  wind  profiles 
should  be  determined  in  order  to  establish  a  realistic  criteria  fer  the  design  of 
space  vehicles  idilch  must  pass  through  the  atmosphere.  Most  of  the  data  available 
we  either  not  in  the  proper  fom  or  are  too  ihdtrf  inaccuracy  or  sample  size  to  poiv 
mlt  determination  of  such  probability  functions.  Reference  18  contains  detailed 
data  on  the  variations  in  wind  fields  from  surfaces  up  to  30,000  ft.  Refeirences  19 
and  20  contedn  sa^ftlings  of  large  wind  shears  measured  in  the  vicinity  of  the  Jet 
streams.  Average  wind  conditions  for  higher  altitudes  as  nmasured  by  balloon  soiuod- 
ings*  sound  propagation  studies*  and  the  drift  of  smoke  puffs  from  bursting  smoke 
shells  are  discussed  in  Reference  21.  Reference  17  discusses  the  wind  and  turbur* 
lence  measurements  made  at  200*000  to  400*000  ft.  by  observing  the  motions  of 
persisting  meteor  trails. 

Some  successful  attempts  have  been  made  to  accurately  define  the  wind  structitre 
with  altitude  for  specific  locations  in  the  Ikiited  States  and  for  various  seasons 
of  the  year  by  making  frequency  measurements  of  profiles  and  accoopanying  wind 
shears  over  extended  periods  of  time*  References  12*  22*  and  23.  Large  variations 
in  wind  structure  exist  for  different  geographical  Ideations  so  that  for  vehicles 
being  launched  frea  different  locations  of  the  earth*  the  vibration  specifications 
for  winds  could  be  significantly  different  depending  upon  the  peurticxilar  wind 
structure  usually  found  above  that  location.  Figure  33  shotra  two  examples  taken 
from  Inference  12  of  wind  profiles  measured  at  Silver  Hill*  Mi.  Of  the  more  than 
700  soundings  taken  during  a  one-year  investigation  at  Silver  Hill  (1953,  1954), 
these  are  representative  of  the  more  extreme  profiles  obtained.  However*  maitF 
other  shapes  are  possible.  These  profiles  show  two  Important  features  of  winds 
which  are  well  known  to  investigators  in  this  fields  the  variation  of  wind  qpeed 
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ai^  direction  with  seasonal  changes^  and  the  stability  of  the  flow  direction 
associated  with  the  higher  velocity  winds o  During  the  winter  and  spring  aonths,  the 
speed  is  usually  Kuch  higher  than  for  the  other  two  seasons,  especially  in  the 
region  of  the  Jet  streamo  The  direction  of  flow  during  the  windiest  season  is 
generally  froa  west  to  east,  while  during  the  euaaer  stonths  the  flow  often  oskes  a 
conplete  reversal  in  direebion«  Also,  as  seen  froa  these  profiles,  ths  direeti^  of 
flow  as  a  function  of  altituds  is  quite  constant  for  ths  strongor  winds.  Winds  in 
the  frictional  layer  of  air  near  the  surface  of  the  earth  which  often  reflect  the 
■ake-up  of  the  local  terrain,  and  winds  aloft  iridch  have  relatively  lew  speeds  have 
flew  directions  which  are  not  nearly  as  constant  as  ths  stranger  w^s.  In  sny 
season,  those  pertieulsr  tdnds  nay  cca^etely  reverse  dirsotion.  For  the  lower 
velocity  winds,  Seisssnwins,  in  Reference  13,  preaents  sose  arbitrary  rseoHMnda- 
tions  for  direction  changes  with  altitude  of  the  lower  velocity  winds: 

Surface  to  2000  ft,  180*AOOO  ft,  with  1$  fps  ^isAs 

3000  to  4000  ft,  lOVlOOO  ft.  with  50  fps  winds 

6000  to  8000  ft,  40«/l000  ft,  with  40  fps  winds 

The  existence  of  the  previously  msnblonad  Jet  strean  between  the  altitudes  of 
30,000  and  45,000  ft,  is  clearly  evident  in  Figure  33,  The  jet  strew  is  a  thin 
core  of  high  velocity  air  idileh  more  or  less  encircles  ths  Northern  Rawisphers  in  a 
narrow  band  at  about  ths  middle  latitudes.  Its  horizontal  axis  is  generally  located 
8<amdiere  in  ths  altittkla  range  indicated  in  Flgiure  33,  Also,  N,  Slsssnwine,  in 
Reference  23,  indicates  that  in  the  Uhlted  States  the  thickness  of  ths  Jet  eors  is 
about  10,000  ft.,  independent  of  the  location  of  the  horisontal  axis  in  this  alti¬ 
tude  range.  These  are  generally  the  strongest  winds  aloft,  except  for  extremely 
high  altitude  winds  idiieh  are  of  little  Interest  here.  Measurements  of  the  Jet 
stream  velocities  indicate  an  average  value  of  about  200  ft/aec,  with  maximni  speeds 
over  the  Ikilted  States  of  about  300  ft/sec.  Although  of  questionable  accuracy,  much 
higher  speeds  on  the  order  of  400  to  500  knots  have  been  recorded  over  Japan  and 
North  Africa,  Reference  12,  Jet  strews  are  not  separate  entities  from  ths  other 
winds  aloft  such  as  a  tornado,  but  ars  strong  winds  which  srs  charactsristlcally  a 
part  of  the  over-all  wind  structure  of  the  atmo where.  During  the  windiest  seasons 
of  the  year.  Jet  streams  always  exist  soswwhere  in  the  Qoited  States,  xdth  oscilla¬ 
tions  of  5  to  10  degrees  about  their  wan  monthly  positions,  Refsrsnee  13,  Swe 
measurements  of  wind  steadiness  hr<e  been  made  for  the  Jet  strew,  idiieh  show  that 
fluctuations  in  spsed  and  velocity  of  the  strongest  winds  are  quite  wall.  Accord¬ 
ing  to  Reference  13,  during  the  winter  season  and  for  the  latitudes  covering  the 
Dhited  States,  wind  steadiness  is  higier  than  90tc  Magnitudes  as  hl^  as  95%  to  9e% 
have  been  recorded  over  the  Western  Pacific  region.  Wind  steadiness  is  dsfined  as 
the  ratio  of  the  wind  speed  to  the  mean  wind  speed,  wasxured  in  percentage*  As  a 
specific  example,  Reference  13,  wind  constancy  b^s  indicate  that  at  18,000  ft.  over 
the  United  States,  9C^  of  the  wind  directions  will  be  within  45  degrees  of  the  wan 
direction. 

In  addition  to  wind  shear,  defined  above,  the  shear  layer  thickness  is  also  important 
'  to  wind-induced  vehicle  vibration  response,  A  shear  layer  is  wrely  the  altitude 
interval  associated  with  a  given  wind  shear.  It  is  wntloned  in  Reference  24  that 
because  of  the  accuracy  liiDltations  of  equipaent  used  to  wasure  wind  shear,  the 
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minimum  unattainable  shear  layer  thickness  is  5CX)  ft,  for  a  wind  shear  of  any  signi¬ 
ficant  magnitude,  With  this  restriction*  the  vind  shear  at  any  given  altitude  must 
actually  be  an  average  wind  shear  obtained  over  a  shear  layer.  Average  wind  shears 
are  usually  specified  for  1*000*  3,000,  and  5,000  ft,  shear  layers,  with  the 
accuracy  of  the  wind  shear  decreasing  with  decreasing  layer  thickness.  Since  the 
averaging  process  effectively  reduces  the  magnitudes  of  the  actual  existing  wind 
shears,  paak  average  wind  shears  for  say  1,000  ft,  layers  ^?ill  be  larger  in  magni¬ 
tude,  by  as  much  as  1,5,  than  wind  shear  in  a  3,000  ft.  layer.  Thus,  in  many  cases 
the  wind  shears  for  a  given  region  will  be  given  for  more  than  one  shear  layer, 
scsnetimes  all  three  layers.  As  an  example  of  this,  a  maximum  3,000-ft.  shear  for 
30,000  to  40,000  ft.  altitude  range  indicates  a  .051  sec.-l  wind  shear  association 
with  181  knot  (306  fps)  wind  and  a  .077  sec.-l  wind  shear  for  a  1,000  ft.  layer 
within  the  3,000  ft.  layer.  Reference  22. 

The  highest  wind  shears  are  found  in  the  region  of  the  jet  stream.  Reference  22 
indicates  that  the  wind  velocity  drops  off  faster  above  the  axis  of  the  jet  stream 
than  below  so  that  higher  wind  shears  are  generally  obtained  iamediately  above  the 
jet  stream  core.  High  wind  shears  have  been  recorded  in  regions  other  than  the  jet 
stream.  For  example,  high  wind  shears  have  been  recorded  in  the  regions  of  low 
altitude  surface  winds;  however,  the  probability  of  occurrence  is  nmnn  and  the 
vehicle  sensitivity  to  wind  is  low  in  this  region  due  to  its  low  forward  velocity. 

It  may  also  happen  that  significant  »find  shears  may  develop  in  regions  of  lower  wind 
speed  where  the  flow  dii^ection  of  the  winds  changes  radically,  reaching  ccoBslete 
reversal  at  times. 

For  certain  types  of  wind  structures,  intense  shears  may  not  be  confined  to  a 
single  shear  layer,  since  as  shown  in  Figure  33  several  •lingers"  of  adjacent  high 
wtad  flow  may  exist  simultaneously.  No  data  are  presently  available  ^ch  estimate 
the  probability  of  encountering  more  than  one  high  shear  layer. 

The  following  table  contains  the  per  cent  winter  risk  of  encountering,  at  40,000  ft. 
altitude,  a  given  wind  speed  and  its  associated  wind  shear  based  on  3,000  ft,  shear 
layers.  These  data,  obtained  for  Patrick  Air  Force  Base,  are  taken  from  Reference 
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These  wind  conditions  are  presently  considered  to  be  as  severe  as  those  anticipated 
for  the  worst  locations  in  the  United  States.  Similar  data  are  also  available  from 

somd^s  taken  at  Bedford,  Hass.,  bub  differ  only  sli^tly  from  those  presented  in 
wnx0  uadXo* 


The  wind  profiles  presented  in  Figure  33  represent  the  wind  structuire  with  altitude 
for  individual  somdings.  Of  greater  interest  to  the  designer  are  per  cent  wind 
profiles  which  show  the  wind  speeds  which  are  exceeded  only  a  given  percentage  of 
the  time.  Four  such  profiles  and  their  accompanying  wind  shears,  for  Patrick  Air  ■ 
Force  Base,  are  presented  in  Figure  34  for  IjC,  3%,  10^,  and  20^  winter  risk.  Here 
the  percentage  risk  is  associated  with  the  peak  wind  speed  of  each  profile  and  the 
remainder  of  the  profile  in  each  case  represents  the  typical  wind  structure  acconn 
panying  such  a  jet  stream  speed.  These  wind  structures  obtained  from  Reference  22 
were  measured  during  January  1955 • 

Figure  35  also  shows  a  2%  synthetic  wind  profile  obtained  from  wind  measurements 
taken  during  the  recent  Geophysical  year, 
is  300  fps  and  will  be  exceeded  only  1^ 
of  the  time.  Wind  speeds  at  the  other 
altitudes  are  considered  typical.  It  is 
recomnended  in  Reference  23  that  this 
profile  be  used  for  design  of  vehicles 
with  sharp  maximum  wind  response  between 
30,000  and  45,000  ft,,  and  which  may  bo 
launched  during  the  windiest  seasons  of 
the  year  from  areas  in  the  U,  S,  with 
the  highest  winds.  The  horizontal  axis 
of  the  jet  stream  is  to  be  shifted  to 
the  most  critical  vehicle  altitude 
between  30,000  and  45,000  ft,  vdiilo 
maintaining  the  shapes  of  the  10,000  ft, 
layer  in  which  it  is  centered.  The 
direction  of  the  flow  is  to  bo  held  con¬ 
stant  with  altitude  with  the  wind  blowing 
from  the  most  critical  azimuth.  The  1^ 
wind  shears  associated  with  the  peak  are: 

±1000  ft,  sheau*  la3rer  .076  sec“^ 

±3000  ft,  shear  layer  ,050  sec"^ 

±5000  ft,  shear  layer  .033  sec"^ 

As  futm*e  data  become  available,  it’  is  important  to  bear  in  mind  that  the  wind 
shear  to  be  used  for  design  must  be  compatible,  percentage-wise,  with  the  maximum 
wind  speed.  Generally,  if  the  probability  of  a  maximum  wind  speed  occurring  is  1^, 
then  it  is  likely  that  the  associated  wind  shear  will  have  a  probability  of 
occurrence.  However,  it  is  possible  to  have  high  wind  shears  for  high  wind  velo¬ 
cities,  The  probability  of  such  an  occurrence  is  small  and  it  is  presently  felt, 
Referexice  13,  that  these  two  effects  will  averago  out. 


The  maximum  speed  in  the  jet  stream  core 


Firuro  34.  Wind  f-p-®'-  Altitude 
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Shown  in  Figure  36  is  a  plot  of  the 
lift  parameter  (p,  U  .  v^j)  versus 
time,  for  a  hypothetical  vehicle 
rising  vertically  through  the  atmos¬ 
phere,  The  vehicle  forward  velocity 
time  history  is  that  presented  in 
Figure  64 «  and  the  horizontal  wind 
profile  used  is  the  1^6  profile  for 
Patrick  Air  Force  Base,  Figure  34. 

The  axis  of  the  Jet  stream  is 
encountered  at  48  seconds  aifter 
launch  as  evidenced  by  the  rela¬ 
tively  sharp  peak  in  the  lift. 

Except  for  this  peak,  the  oscilla¬ 
tions  shown  do  not  represent  vibration 
sources  for  the  vehicle  because  of  their 
very  low  associated  frequencies.  From 
this  c\irve,  it  is  seen  that  the  fre¬ 
quency  content  of  the  peak  is  on  the 
order  of  1  cps  and  less.  For  vehicles 
attaining  higher  forward  velocities  in 
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the  vicinity  of  the  jet  stream,  the 


frequency  experienced  at  such  a  peak  Figure  36  .  Gust  Strength 

will  increase;  bvtt  since  it  is  not 


likely  that  the  forward  speed  of  any 
such  vehicle  will  be  more  than  twice 
used  hare,  frequency  will  certainly  be 
no  greater  than  2  cps.  Vehicles  having 
a  fundamental  body  mode  in  this  low 
frequency  range  will  experience  bending 
oscillations.  Vei^  long  vehicles  may 
be  relatively  flexible  in  bending  so 
that  some  consideration  should  be  given 
to  the  horizontal  winds  as  a  potential 
source  of  vibration. 

CONTINUOUS  ATMOSPHERIC  TURBULENCE 

Atmospheric  turbiilence  is  a  continuous 
random  velocity  disturbance  described 
by  power-spectral-density  functions 
and  cert.ain  probability  distributions. 
Physically,  turbulence  can  be  tho’irht 
of  as  being  made  of  of  eddies  or  vortices 
of  the  type  shown  in  Figure  37.  Such 
eddies  might  be  quite  distinct  in  the 
atmosphere,  acting  much  like  independent 
vortices,  with  their  lifetime  depending 
upon  their  size  and  associated  kinetic 
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Figure  37 .  Eddy  Model  of 
Turbulence. 


energy.  The  velocity  profile  through 
such  an  eddy  vdll  be  roughly  approxi¬ 
mated  by  that  shown  in  Figure  37. 

Conceptually^  these  eddies  are  generally 
superimposed  upon  each  other,  or  fused 
together,  so  as  to  lose  their  individual 
identity,  thus  creating  random  air  flows 
classified  as  continuous  turbulence. 

The  velocity  profile  at  any  Instant 
of  time  throu^  a  region  of  continuous 
turbulence  might  appear  as  that  shown 
in  Figure  38*  This  shews  the  random 
nature  of  the  gust  velocity  disturbances 
in  a  continuous  tiu*bulsnt  field  and  the 
need  for  a  statistical  characterisation 
by  means  of  power  spectral  methods. 

Also,  shown  are  hi^  velocity  discrete 
gust  peaks  which  have  been  used  in  the 
past  as  a  design  criteria  for  airplanes 
in  turbulent  environments. 

Turbulence  may  be  caused  by  air  friction,  due  to  viscosity,  between  adjacent  layers 
of  air  moving  with  different  velocities.  The  high  wind  shears  in  the  region  of  the 
Jet  stream  thus  act  as  sotarces  of  significant  amounts  of  ttirbulence.  Vortices  and 
eddies  formed  in  the  shear  layers  are  carried  downstream  by  the  horizontal  winds 
which  aid  in  distributing  turbulence  formed  in  one  region  into  other  regions  of  the 
atmosphere . 

Other  causes  of  turbulence  are  (1)  convergence  of  large  moving  air  masses,  having 
different  temperature,  humidity,  and  stability,  (2)  surface  winds  deflected  by  local 
terrain,  and  (3)  convective  activity  duo  to  the  general  overturning  and  lifting  of 
air  masses  by  non-uniform  heating  of  the  atmosphere.  Convection  is  a  significant 
contributor  to  turbiilence,  in  that  the  rising  air  masses  produce  large  eddies  which 
eventually  break  up  into  smaller  eddies  with  a  transfer  of  energy.  The  energy  in 
the  smaller  eddies  is  then  dissipated  through  the  action  of  the  viscosity  of  the  air. 
The  rising  air  mass  that  triggered  this  action  finally  disappears. 

From  an  energy  standpoint,  the  spectinim  of  turbulence  can  be  divided  into  the 
f  oUovring  three  general  categories.  Reference  16; 

1.  Low  frequency  (large  eddy  size.)  me.chanicai  and  convective  turbulence 

2.  Isotropic  middle  frequency  turbulence  (average  eddy  size)  in  vdtich 
energy  is  neither  created  nor  dissipated 

3.  High  frequency  (small  eddy  size)  turbulence  in  which  energy  is 
dissipated  by  viscosity. 


Figure  38.  Velocity  Profile  in 

Continiious  Turbulence 
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Viscosity  of  the  air  is  a  helpful  feature  in  the  consideration  of  vehicle  response 
to  atmospheric  turbulence  in  that  it  limits  the  magnitude  of  the  gust  gradients  that 
build  up  over  short  distanc  intervals.  Generally,  the  higher  peak  gust  velocities 
are  associated  idth  air  masses  of  large  eddy  size  i^ere  gust  gradient  distances  are 
correspondingly  Itirge.  As  the  gust  gradient  distance  decreases,  as  for  the  smaller 
sized  eddies,  the  peak  gust  velocity  also  decreases.  This  effect  is  shown  in  Figure 
39  by  data  present.ed  in  Reference  13  for  discrete  gusts  having  wind  shears  and 
corresponding  gust  gradient  distances 

which  are  exceeded  only  one  per  cent  u 

of  the  time  in  thunderstorm-type  turbu-  tdff 

lence.  This,  of  course,  does  not  mean 
that  wind  shear  decreases  with  gust 
gradient  distance,  or  eddy  size,  since 
vdnd  shear  is  defined  ai  the  rate  of 
change  of  gust  velocity  with  distance 
into  the  gust.  Figure  40  shows  that 
wind  shear  actually  increases,  to  some 
upper  limit  due  to  viscosity,  for  the 
discrete  gust  case  with  decreasing  gust  w 
gradient  distance. 


r  Mvr  yssaenr 


Most  of  the  continuous  turbulence  and 
discrete  gust  data  presently  available 
were  obtained  by  NASA  from  analyses  of 
the  acceleration  response  of  conventional 
transport  and  military  aircraft  to  gustl- 
ness  obtained  over  the  past  twenty  years. 
Thus,  the  data  are  generally  limited  (1) 
by  the  standard  storm  avoidance  procediires 
practiced  by  both  military  and  transport 
aircraft,  (2)  tc  the  portion  of  the  turbu¬ 
lence  spectrton  tdiich  induces  response  in 
winged  aircraft,  (3)  to  the  altitude  range 
and  to  the  airplanes  in  which  fli^t  is 
normally  made,  and  (4)  by  the  errors 
inherent  in  the  data  reduction  procedures 
from  the  limited  accwacy  with  which  air- 
crsift  response  characteristics  are  known. 


*2 


T*- 


Figure  40. 


Wind  Shear  and  Gust 
Velocity. 


As  indicated  in  Reference  25,  for  standard  transport  operations,  about  1058  of  all 
flight  time  is  spent  in  clear  air  turbulence,  1$  in  cionulus  cloudiness,  and  ,05^ 
in  thunderstonns.  Of  all  three  of  these  turbulent  conditions,  thunderstom  turbin- 
lence  is  considered  to  be  the  most  severe.  Operational  military  missiles  and 
rockets  cannot  generally  avoid  storm  conditions.  Similarly,  time  tables  for  space 
vehicle  launchings  may  not  permit  weather  delays.  Therefore,  special  investigation 
by  the  military  of  thunderstorm  turbulence  have  been  mads  in  order  to  sogjplemsnt  th 
lack  of  such  data  obtained  in  the  above  maimer.  A  sumnary  of  these  results  is  give; 
in  Figure  41.  Reference  25  indicates  that  for  these  data,  vdiich  were  obtained  by 
power-spectral-density  methods,  the  relation  between  the  actual  gust  velocity  peaks 
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and  these  root~mean- square  gust  velocities  is  approximately  2  to  1. 

Donely,  in  Reference  26,  indicates  that  atmospheric  turbulence  data  obtained  from 
response  measurements  by  conventional  aircraft  are  applicable  to  response  calcula¬ 
tions  for  missiles  and  rockets.  However,  for  high-speed  space  vehicles,  '«diose 
forward  velocity  determines  the  effective  turbulence  frequencies  experienced, 
coneidsrable  response  mi^t  be  induced  by  large  scale  turbulence  to  which  airplanes, 
with  their  slower  speeds,  would  be  insensitive.  Also,  the  unconventional  geometries 
and  aerodynamic  properties  may  alter  the  range  in  the  scale  and  frequency  spectrum 
over  which  the  sensitivities  tfiU  exist.  For  this  reason,  it  is  not  easy  to  antici¬ 
pate  the  specific  turbulence  data  requirements  for  each  design  consideration. 

In  considering  the  variation  of  gust  velocity  with  altitude,  Selssenwine,  Reference 
13,  states  that  for  convective  cloudiness,  this  variation  is  small  up  to  35,000  ft., 
and  that  clear  air  turbulence  exists  near  the  jet  stream  between  30,000  and  40,000 
ft.  Figiu*e  42  presents  data  from  Reference  25,  giving  the  cumulative  probability 
distribution  of  the  root-mean-square  gust  velocity  for  routine  transport  operations 
for  the  three  altitude  ranges,  0-10,000  ft.,  10,000-30,000  ft.,  and  30,000-50,000 
ft.  It  was  assumed  here  that  the  tia*bulence  varies  only  slightly  within  each  alti¬ 
tude  range.  These  data  are  based  upon  a  limited  number  of  gust  measurements. 

However,  it  is  felt  that  the  data  presented  will  give  reasonably  good  first  order 
approximations  to  the  characteristics  of  atmospheric  turbulence  variations  with 
altitude. 

Estimates  of  the  gust  velocities  encountered  within  various  altitude  ranges  and  for 
various  weather  conditions  have  been  given.  It  has  already  been  shown,  however,  that 
gust  velocity  varies  with  eddy  size  or  gust  gradient  distance.  That  is,  to  the 
vehicle  in  fli^it  through  a  t^lrbulent  region,  the  gust  velocity  varies  with  the 
effective  frequency  associated  with  these  disturbances.  Therefore,  in  applying  the 
data  discussed  above  to  the  problem  of  vehicle  response  to  atmospheric  turbulence, 
it  is  necessary  to  specify  the  variation  with  this  frequency  of  the  gust  velocity 
about  the  root-mean- square  gust  velocity.  From  studies  of  turbulence  artificially 
generated  in  wind  tunnels  by  screens  of  various  mesh  sizes,  the  following  very  con¬ 
venient  analytical  power- spectral-density  function  has  been  derived  which  adequately 
approximates  this  variation  with  frequency  in  the  atmosphere; 

#  (0.)  -5u2  (^)  3-  P.-Q? 

"  c  +n^ 

This  fiinction,  which  is  given  in  terms  of  the  reduced  frequency,  11.,  contains  two 
lapoHant  peirameter^  coanonly  used  in  describing  continuous  turbidence;  the  inten¬ 
sity  of  turbulence,  and  the  scale  of  tiurbulence,  L.  The  intensity  of  turbulence 

is  the  mean  square  gust  velocity  and  the  scale  of  turbulence  is  a  measure  of  the 
average  eddy  size  in  a  given  field  of  continuous  turbulence.  Figure  43  shows  plots 
Cx  this  function  for  various  values  of  Ii,  2000,  1000,  600,  200  ft.,  and  for  the 
frequency  range  .000l£  1.0. 
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Root-fiNon-aqum  gu$1  Miocity,  Root-tTWon-squorv  gust  vtiocity,  o-^.fps 

Figure  42.  Distribution  of  Hoot-mean-square  Gust  Velocity  with  Altitude  for  Routine  Operations 
(Reference  25 )c 


In  applying  the  analytical  model  of 
tTirbulence  to  space  vehicle  response 
calculations,  it  is  necessary  bo 
divide  the  planned  flight  profile  into 
se^ents,  in  such  a  manner  that  the 
statistical  properties  of  the  turbii- 
lence  remain  nearly  constant  within 
each  segment.  The  scale  of  turbulence, 

L,  is  fairly  insensitive  to  altitude 
variations  and  weather  conditions,  so 
that  it  is  usually  fixed  at  the  pre¬ 
viously  mentioned  constant  value  of 
lOCX)  ft.  However,  as  was  shown  earlier, 
the  intensity  of  turbulence  does  vary 
with  altitude  and  varies  significantly 
with  weather  conditions.  Other  prob¬ 
lems  are  also  of  interest,  such  as  (1) 
the  variation  of  the  statistical 
properties  of  turbulence  with  time  and 
with  geographical  location,  and  (2)  the  Figure  43.  Analytical  Turbulent  Spectrum 
distribution  of  the  peak  gust  velocities  for  Various  Turbulent  Seales 

about  the  mean.  In  order  to  answer  these 
questions,  a  brief  discussion  will  be 

given  of  four  important  properties  of  turbulence  and  their  implications  upon  the 
response  problem.  These  properties  are  homogeneity,  isotropy,  stationarity,  and 
Gaussianness. 

Tiu*bulence  is  said  to  be  homogeneous  if  the  root-mean-square  gust  velocity  in  a 
given  direction  in  the  atmosphere  is  constant  throughout  a  specific  region. 

Altitude  and  weather  conditions  thus  affect  the  homogeneity  of  the  atmosphere.  As  a 
first  approximation,  each  of  the  three  altitude  ranges  of  0-10,000,  10,000-30,000, 
and  30,000-50,000  ft,  shown  in  Figure  42  might  be  assiunsd  to  be  ^proximately  homo¬ 
geneous  for  constant  weather  conditions  in  each.  Weather  conditions  involve  large 
scale  patterns  of  air  motion  which  change  slowly,  so  that  for  the  moderate  to  low 
dtitudes,  a  100-mile  wide  area  might  be  homogeneous  for  a  time  lapse  of  about  one 
hour.  Reference  27. 

Tiu*bulence  is  said  to  be  isotropic,  if  in  addition  to  being  homogeneous  in  a  given 
direction  the  root-mean-square  gust  velocities  in  three  orthogonal  directions  are 
equal.  This  is  the  simplest  kind  of  turbulence,  and  can  be  generated  in  wind 
tunnels  by  mesh  screens.  Reference  27  contains  plots  of  power  spectral  density 
functions  for  turbulence  in  the  atmosphere  for  upwind  and  cross-wind  measurements, 
and  for  vertical  and  lateral  components.  These  show  that  the  correlation  in  the 
statistical  properties  in  various  directions  is  considered  to  be  quite  good.  There 
is  a  considerable  amount  of  additional  data  vAich  shows  that  the  property  of  iso¬ 
tropy  does  exist  in  the  atmosphere  for  limited  time  and  space  regimes.  Reference  27 
contains  a  detailed  account  of  the  measurements  of  this  property. 

Turbulence  is  said  to  be  stationary  if  the  root-mean-square  gust  velocity  is  not  a 
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function  of  tixieu  Referonca  2?  eontaina  two  aiaasured  turbulent  spectra  for  a  single 
airplane  flight  taken  at  two  different  times  during  the  flight o  A  total  of  four 
ninutes  flying  tias  is  covered  by  the  sao^ings  with  each  corresponding  to  15  miles 
of  flij^to  A  coo^arison  of  the  two  spectra  indicates  that  sosn  de^e  of  station- 
arity  does  exist  in  the  atmosphere  at  the  higher  frequency  with  scow  lack  of 
stationarlty  at  the  lower  frequencies^  However,  the  foirward  speeds  of  missiles  and 
space  vehicles  during  exit  and  re-entry  would  seem  to  insure  that  stationarlty  would 
exist  in  any  given  region  which  was  considered  to  be  hcnogeneouso 

Finally,  one  of  the  most  Isportant  and  most  desirable  statistical  properties  of  any 
random  process  is  that  of  a  normal  or  Gaussian  probability  distribution*  Normality 
states  precisely  the  manner  in  which  a  variate  fluctuates  about  its  mean  value.  For 
random  atmospheric  turbulence,  a  Gaussian  probability  distribution  function  would 
indicate  the  probability  of  experiencing  a  certain  gust  velocity  in  terms  of  the 
difference  between  this  gust  velocity  and  the  avera^  root-mean-square  gust  velocity 
obtiained  for  a  specific  region  in  which  Gausslanne8!!i  was  assumed  to  be  valid.  Test¬ 
ing  measured  data  for  Gausslanness  is  a  very  difficult  task.  Suffice  it  to  say  that 
for  small  space  and  time  regimes,  as  with  the  above  properties,  the  property  of 
Gausslanness  is  usually  valid. 

An  illustrative  exanple  la  presented  in  Figure  44  which  shows  the  velocity  spectral 
density  functions  of  atmospheric  turbulence  at  10,000,  20,000,  30,000,  40,000,  and 
50,000  ft.  altitude  for  a  hypothetical  vertical  rising  vshlels.  The  forward 
velocity  profile  of  the  vehicle  is  that  shown  in  Figure  65*  Thunderstorm  conditions 
were  assumed  to  exist  from  launch  to  30,000  ft.  along  with  clea^  air  turb\>lenee  from 
30,000  to  50,000  ft.  The  value  of  the  rodt-mean-square  gust  velocity  for  the 
thunderstorm  conditions  ±8cr^  ■  26.0  ft.  per  second.  This  value  corresponds  to  a 
cumulative  1J6  value  obtained  by  extrapolating  the  thunderstorm  curve  shown  in  Figure 
41.  Similarly,  a  cumulative  value  of  <ru  ®  S'O  ft-  P«r  second  was  used  for  clear 
air  turbidence.  In  order  to  present  the  results  in  more  appropriate  units  than 
those  used  in  the  analytical  model  of  tTirbulencs  discussed  above,  the  following 
theoretic,al  eqxiation  for  the  velocity  spectral  density  was  used? 

^  (1  l2)2  cps 

vrtiere 

ft  =  2rf 

u 

L  =  1000  ft. 

This  equation  is  equivalent  to  the  one  shown  on  page72 , 
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Frequency,  i ,  cps 

Figure  A4.  Power  Spectral  Dwisity  of  Atmospheric  Turbulence  for  a  Vertical  Rising 
Hynothetical  Space  Vehicle  in  Thunderstom  and  Clear  Air  Turbulence. 


REFEEMCES 


lo  Blsplinghoff,  Ro  Lot  Ashlay*  H.,  Halfnan,  Eo  Lo,  "Aeroelasblcity,'*  Addlson- 
Vealay  Publidiing  Coo,  Inoo,  1955c 

2.  Aahley,  Hc»  Zartarlan,  Qo,  Nsilson,  Oc  0.,  "Invacblgation  of  Certain  Unebeady 
Aerodynanlc  Effeeta  in  Lo^ibndlnal  Dynaaie  Stability,”  UBAF  TR  5986, 

December  1951c 

3.  Allen,  Ho  So,  "Eatlmation  of  'oreee  and  Honents  Acting  on  ^clined  Bodiea  of 
Revoltition  of  Hi^  Finenesa  Racio,”  HACK  TH  3715# 

Uo  Hallo,  Jo  Fo,  ”In:ve8tigatlon  of  Nomal  Force  Diatribubiona  and  Wake  Vortex 
Characteriatica  of  Bodiea  of  Revolution  at  Soperaonic  Speeda,”  Journal  of 
Aero/Snace  Scieneea.  Vol#  26,  Ibreh  1959,  Hiaber  3o 

5o  Mlea,  Jo  Wo,  "The  Potential  Theory  of  Itoateady  Superaonie  Flew,”  Cambridge 
Mbnographa  on  Machaniea  and  Applied  KatheBatiea,  Cambridge  UhlYeraity  Freaa, 
1959o 

6o  Kelly,  Ho  Ro,  "Ihe  ^ijutlon  of  Honaal  Force,  Drag,  and  Pitching  Moeent 

Coeffioienta  for  Blunt-Hbaed  Bodiea  of  Revolution  at  large  Anglea  of  Attack,” 
.TAMToniji  of  the  Aeronanbioal  Seieneea.  Volo  21,  Auguat  1954o 

7«  Allen,  Ho  Jo,  Parklna,  Ee  We,  ”A  Study  of  Effeeta  of  Viaeoaity  on  Flow  Over 
Slendor  Inclined  Bodiea  of  Revolution,”  NACA  TR  104S,  1952e 

So  Allen,  Ho  Jo,  "Preaaure  Dlatribatlon  and  Scan  Effect  of  Viaeoaity  on  Slander 
Inclined  Bodiea  of  Revolution,”  HACA  TN  2044,  1950o 

9o  Schwabe,  Ho,  "Preaaure  Diatribntion  in  Non-uniforB  Ttio-Diwenalonal  Flow,” 

NACA  TN  1039,  1943 » 

lOo  Ibalen,  So  Ho,  "Second  J^iproxiawblon  to  Lanlnar  Coapreaaible  Boundary  Layer  on 
Flat  Plate  in  Slip  Flow,”  NACA  TN  2818,  1952. 

Ho  Taien,  Houe-Shen,  "Svperaerodynasdca,  Nachanica  of  Rarefied  Gaaea,”  Journal 
of  the  Aeronautical  Seieneea.  Volo  13,  Noo  12,  DeoMber  1946. 

12o  Tolefaon,  He  Bo,  "An  Invaatigation  of  Veirtlcal  Wnd-Shear  Ihtenaltijea  from 
Balloon  Soundinga  for  Applioation  to  Airplane  and  maaile  Reqponae  Problema,” 
NACA  TN  3732,  1956, 

13,  Slaaenidne,  No,  "Wind  l^ed  Profile,  Wind  Shear,  and  Guata  for  Deaign  of 
Guidance  Syatema  for  Vertical  Riaing  Air  Vehlelea,”  Air  Force  Cabridge 
Reaearch  Center,  Air  Force  Surveya  in  Geophyalca,  10  March  1954o 


90 


14*  Anderson,  Olva  Ra,  ^ooe  Conelderatlone  of  Structural  Design  Criteria  for 
Guided  idesiles,*^  Allied  Research  Associates,  Inc.,  JanuaxT*  195S,  WADC  TR 
58-196. 

15.  Foss,  K.  A.,  McCabe,  W.  L.,  "Gust  Loading  of  Rigid  and  Flexible  Aircraft  in 
Continuous  AtaiosphJrie  Turbulence,**  Maaaadmaotts  institute  of  Technolog7, 

WADC  1R  57-704,  ASTU  Doeunent  Ho.  AD-142170,  January  1958. 

16.  **Anal78ls  of  Turbulence  Data  Measured  in  Fli^it  at  Altitudes  to  1600  ft. 
Above  Tharee  Different  Types  of  Terrain,**  ComeU  Aeronautical  Laboratory,  Inc., 
February  1959,  ASTIA  DoeuMnt  No.  AD-212231. 

17.  Greenhoer,  J.  S.,  Neufeld,  E.  L.,  **Mea8tu*emenbs  of  Turbulence  in  the  I^per 
Atmosphere,**  Proceedings  of  the  Physical  Society,  Vol.  74,  Fart  1,  No.  475, 

1  July  1959. 

18.  Widger,  W.  K.,  Jr.,  **A  Suirvey  of  Available  Infonution  on  the  Wind  Fields 
Between  the  Surface  and  the  Lower  Stratoqphere,**  Air  Force  Surveys  in  Geo¬ 
physics  No.  25 t  Air  Force  Cambridge  Research  Center,  Deceod>er  1952. 

19.  Hurst,  G.  W.,  **The  Profile  of  the  Jet  Stream  Observed,**  Quarterly  Journal  of 
the  Royal  Meteorological  Society,  Tol.  78,  No.  338,  October  1952,  pp.  613-615. 

20.  Alaka,  M.  A.,  Jordan,  C.  L.,  and  Renard,  E.  J.,  **Ihe  Jet  Stream,**  NAVAER 
50-IR-249,  Bureau  of  Aeronautics,  1  June  1953. 

21.  Jenkins,  C.  F.,  **A  Survey  of  Available  Information  on  Winds  Above  30,000  ft.,** 
Air  Force  Surveys  in  Geophysics,  Ho.  24,  Air  Force  Cambridge  Research  Center, 
December  1952. 

22.  Sissenwlne,  N.,  **DevelopDent  of  Missile  Design  Wind  Profiles  for  Patrick  AFB,** 
Air  Force  Surveys  in  Geophysics,  No.  69,  Air  Force  Cambridge  Research  Center, 
March  1958. 

23.  Slasenwine,  N.,  **Rsvlsed  1$  Sjnbhetlc  Wind  Profile,**  Geophysics  Research 
Directorate,  AFCEC  30,  June  1959. 

24.  Lees,  S.,  **Study  on  Wind  Shear  Measurements,**  ASTIA  No.  149929,  U.S.  Arsy 
Sign^  Corps.  Engineering  Laboratwy,  Fort  Monaouth,  New  Jersey. 

25.  Press,  H.,  Meadows,  M.  T«,  Hadlock,  I.,  **A  Re-evaluation  of  Data  on  Atmos¬ 
pheric  Turbulence  and  Airplane  Gust  Loads  for  implication  to  Spectral 
Calculations,**  NACA  Report  1272,  1956. 

26.  Donely,  P.,  **Sunmary  of  Inforaiation  Relating  to  Gust  Loads  on  Airplane,** 

NACA  TN  1976,  November  1949,  also  NACA  Report  No.  997,  1950. 


91 


27  0  Pr«B8,  Harry,  "Atmospharlc  Turbulance  Ekivlronaenb  with  Spvcial  Reforence  to 
Continuous  Turbulencs,"  Advisory  Group  for  Asronautlosl  Rssearch  and  Dsvslop- 
Mint,  Report  Noo  115,  April-May  1957*  A8TIA  Doeiassnb  Noc  AD-157286. 

28.  Rress,  Ho,  and  Houbolt,  H.  C«,  '^Sobs  Applications  of  Generalized  Harvonio 
Analysis  to  Gust  Loads  on  Airplanes,"  Journal  of  Aeronautical  Sciences.  Yol. 

22,  Hoo  1,  pp.  16-26,  Jamury  1955  > 

29.  Connor,  Ro  Jo,  Hask,  Jo,  and  Levy,  Co,  "Dyna&ic  Analysis  for  the  C-47  Airplane 
Gust  Alleviation  Systssi,"  Report  Noo  SK~1M56,  DousLas  Aircraft  Co.,  Inc., 
July  29,  1952, 

30.  SusBMrs,  Ho  Ao,  "A  Statistical  Description  of  large-ScaLo  AtnosiRieric  Turbu¬ 
lence,"  ScoO.  Thesis,  MIT,  1954.  Also  Report  T-55,  l^nstwawntatlon  Lab., 

MTT,  May  17,  1954. 

31  o  deaNntson,  G,  C,,  "An  Investigation  of  the  Pouer  Spectral  Density  of  Ataos- 
pherlc  Turbvlenee,"  Ph.D.  Thesis,  MIT,  1950, 

32o  Notess,  Co  Bo,  and  Eakin,  G,  J.,  Tlig^  Test  Investigation  of  Turbulence 

Spectra  at  Los  Altlttide  Using  a  Direct  Method  for  Haasurlng  Gust  Yeloclties," 
Report  No.  VC-839-F<-l,  Cornell  Aeronautical  Laboratories,  Hhc.,  July  1954. 


V.  THE  METEORITE  EHVIHOIIMENT 


AREAS  OF  INTEREST 

The  space  vehicle  traveling  within  the  solar  ggrsten  will  be  exposed  to  the 
potential  hasards  of  extra-terrestrial  material*  An  analysis  of  this  hyper- 
environmental  problem  must  encoaipass  the  following  areas: 

a*  The  origin  of  these  space  debris* 

b.  The  distribution  of  these  particles  and  masses  throughout  the 
solar  ayston. 

c.  The  lAqrsleal  parameters  such  as  sice,  composition,  velocity, 

etc. 

d.  The  probability  that  these  mateidals  will  impinge  upon  Intex^ 
planetary  rockets  and  the  conccndtant  probability  of  structural 
and/or  puncture  type  damage* 

It  is  reasonable  to  assume  that  the  extra-terrestrial  materials  are  distri¬ 
buted  throu^out  the  solar  system  in  varying  quantities  and  with  variant 
physical  parameters*  Primarily,  this  space  debris  consists  of  cometaiy  and 
asteroidal  wastage.  VRilpple  (Reference  1)  states  that  photographic  and  visual 
meteors  are  clearly  of  cometary  origin  except  for  a  snail  fraction  not  ex¬ 
ceeding  10  percent  that  may  be  of  asteroidal  origin* 

THE  ASTEROIDAL  MATERIALS 

Asteroidal  bodies  are  generally  concentrated  in  the  region  between  the  orbits 
of  Mars  and  Jupiter  (Reference  3)  and  in  the  plane  of  the  ecliptic*  It  is 
hi^ily  possible  that  these  asteroidal  bodies  are  fragments  from  planets  that 
have  disintegrated  as  a  restilt  of  e^qiloslons  or  collisions.  At  various  times 
some  of  these  bodies  come  within  a  few  million  miles  of  the  eaurth.  Particles 
are  continually  being  chipped  from  these  asteroidal  bodies  by  the  forces  of 
nature  (collisions,  explosimis,  gravitational  forces,  oscillations  caused  by- 
unbalanced  masses,  etc.).  The  term  meteorite  (technically)  refers  to  bits 
and  pieces  (from  asteroids)  which  have  survived  the  rigors  of  passage  through 
the  earth *s  atmosphere.  These  meteorites  may  vary  from  less  then  a  grain  to 
as  much  as  70  tons  and  are  our  only  tangible  space  debris.  They  are  composed 
of  high-density  materials  that  may  be  classed  roughly  as  irons,  stony-lrons, 
and  stones  (Reference  4)*  Robey  (Reference  5)  states  that  20  percent  of  the 
meteorites  are  of  the  iron-nickel  composition. 

It  oan  be  assumed  that  the  asteroidal  particles  are  distributed  ly  a  random 
process  throui^out  the  solar  qjrstem  with  the  center  or  mean  of  this  distri¬ 
bution  located  in  the  asteroidal  belt*  Natural  forces  tend  to  remove  these 
particles  from  the  area  of  mean  concentration*  The  randomly  ejected  particles 
that  fall  outside  of  the  asteroidal  belt  may  assume  independent  orbits  in  the 
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solar  ^stemo  Sbatlatioally,  tha  distribution  of  the  asteroldal  material 
may  be  described,  approadmately,  by  a  modified  noxnal  or  Gaussian  curve  ulth 
the  peak  in  the  re^on  betvaei  Mars  and  Ji^iter  and  idth  the  tails  of  the 
curve  influenced  by  the  various  larger  bodies  in  the  solar  system. 

COIEI'ARY  MATERIAL 

Comets  are  lovr-^enslty  ooUeetions  of  orbital  material  in  our  solar  system 
that  contain  rarefied  gases,  diwt,  end  frosen  iceso  Comets  disintegrate 
rapidly  under  expofaiire  to  strong  solar  heat  during  the  perihelion  phase 
(point  nearest  the  sun)  of  their  orbit.  Cometaiy  material  has  a  low-density 
of  0.05  0n/cm3  (Reference  6).  Fragaents  and  particles  from  the  comets  enter 
the  earth*s  atmosphere  to  become  meteors.  The  Itmdnous  phenomenon  is  called 
a  meteor  and  the  cometaxy  particle  or  fragement  that  produces  this  phenomenon 
is  a  meteoroid.  The  smallest  of  thess  particles,  in  the  form  of  dust,  are 
cedled  micrcmieteorltes  and  are,  generally,  concentrated  in  the  plane  of  tha 
earth*a  orbit  and  along  the  orbit  of  comets.  Some  of  the  meteoroids  can  be 
esqwcted  to  depart  from  the  primary  orbits  of  the  comets  and  to  travel  in 
independent  orbits.  In  any  ease,  the  solar  distribution  of  these  ccsaetary 
particles  will  vary  in  intensity  with  the  greatest  eoncentraticn  almng  the 
cometary  orbits. 

DAILY  INFLUX  AND  INTERPLANETARY  DffiRIS 

The  dally  Influx  of  space  debris  (from  both  asteroids  and  comets)  provides 
some  slight  indication  of  the  amount  of  material  in  the  solar  system.  Un^ 
fortunately,  estimates  of  this  daily  influx  range  over  several  orders  of 
magnitude.  Estimates  of  the  dally  infltnc  of  ecfctra-terrestrlal  material 
entering  the  earth*  s  atmosphere  run  from  10  tone  per  day  to  1  million  tons 
per  day  (References  2  and  3)'>  In  1958,  Soviet  scientists  reported  an  influx 
of  S00,000  to  1  million  tons  per  day  based  on  satellite  data.  Nhereaa  the 
earth*s  orbit  lies  between  the  orbits  of  Venus  and  Mars,  it  Is  reasonable  to 
aseumo  that  near  futvire  interplanetary  travel  will  be  from  earth  to  Venue 
and  Kfrs.  For  this  reason,  investigations  miy  be  limited  to  the  area  bounded 
by  the  orbits  of  these  two  neighbors  of  earth.  It  m^  be  concluded  also  that 
since  the  earth  is  in  the  middle  of  this  interplanetary  travel  area,  the 
amount  of  space  debris  surrounding  the  earth  may  be  Indicative  of  the  material 
in  space  between  Kars,  earth,  and  Venusi  Furthermore,  the  velocities  and 
masses  of  meteorites  that  an  interplanetary  space  v^cle  might  encounter 
are  equivalent  to  those  found  near  the  earth.  An  exception  of  this  general¬ 
ization  is  that  slightly  higher  velocities  will  be  found  near  Venus  and 
slightly  lower  velocities  will  be  found  near  Mars.  Proportionately,  this 
would  apply  also  to  the  magnitude  of  any  vibrations  induced  on  space  vehicles 
by  any  meteoritlc  impingement. 
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VELOCITIES 


Extra-terrestrial  bodies  enter  the  earth's  atmosphere  with  velocities  ranging 
from  li  km/sec  to  72  km/sec  (approximately  7  milea/sec  to  45  mlles/sec) 
(References  1,  2  and  3)°  Note  that  the  velocity  of  space  debzds  entering 
the  earth's  atmosphere  cannot  be  less  than  11  l^sec  because  of  the  earth's 
gravitational  attractiono  This  lower  velocity  limit  is  equivalent  to  the 
condition  tdierein  the  meteorite  and  the  earth  are  placed  beside  each  other 
with  zero  relative  velocity  and  the  earth's  gravitational  pull  causes  the 
meteorite  to  attain  a  velocity  of  11  km/eeco  The  hipest  velocity,  72  km/sec, 
is  a  suBBiatlon  of  the  earth's  velo^ty  about  the  sun,  30  km/sec,  and  the 
maximum  attainable  velocity,  42  km/sec,  of  a  meteorite  in  the  solar  system 
vdien.lts  distance  from  the  sun  is  that  of  the  e^utho  It  is  interesting  to 
point  out  that  meteorites  with  orbits  closer  to  the  sun  will  display  higher 
velocities  •  This  is  substantiated  by  the  fact  that  such  bodies  require  hl^er 
velocities  to  maintain  their  orbits  while  counteracting  the  greater  gravita¬ 
tional  force  near  the  3im» 

Sample  data  on  meteor  velocities  are  presented  in  Figure  45>  These  grouped 
type  data  were  takai  from  Eeference  7  and  represent  the  velocities  for 
285  sporadic  and  75  shower  meteors  photographed  by  Baker  Super-Schmidt 
cameras  at  Dona  Ana  and  Soledad,  New  Mexico,  from  February,  1952,  to  July, 
1954>  The  meteor  photographs  were  selected  on  a  arandom  basis  in  order  to 
eliminate  any  possible  bias.  This  histogram  shows  that  the  meteor  velocities 
are  in  good  agreement  with  the  11  km/sec  to  72  km/sec  range.  It  can  be  seen 
that  the  velocity  distribution  is  biaiodal  for  both  the  sporadic  and  the  shower 
meteors.  The  sporadic  meteors  diQ>lay  the  highest  peak  in  the  15  km/sec  to 
20  km/sec  class,  while  the  shower  meteors  display  the  hipest  peak  in  the 
35  km/sec  to  40  km/sec  class.  The  mean  velocities  (calculated  from  the 
original  ungrouped  data)  for  the  sporadic  and  the  shower  meteors  sxe  33.6 
km/sec  and  42.8  km/sec,  respectively.  The  mean  velocity  or  grand  average 
for  the  cosbined  sporadic  and  shower  meteor  data  is  35.5  km/sec. 

Hawkins  and  Southworth  (Reference  7)  calculated  the  mean  height  for  meteors 
of  varloiM  velocities  from  observations  of  beginning  light,  maximum  light, 
and  end  of  light.  These  observed  data,  plotted  in  Figure  46,  indicate  thht 
meteoric  hazard  is  definitely  nonexistent  below  an  altlttxie  of  80  km. 

ESTIMATED  DATA  OH  OTHia  PABAMETSiS 

A  valuable  contrlbutl<xi  on  meteoric  information  has  been  presented  in 
Reference  6  and  is  published  herein  as  Table  II.  This  table  gives  estimated 
data  on  mass,  size,  velocity,  kinetic  energy,  influx,  and  penetration  prob¬ 
abilities  for  meteoroids  of  visual  magnitudes  from  zero  to  31.  The  unit  of 
visual  magnitude  is  inversely  proportional  to  mass.  A  mass  of  25  grams  is 
asslffied  to  a  meteor  of  visual  maptltude  zero  according  to  the  Harv^ 
Photographic  Meteor  Program.  The  mass  decreases  by  a  factor  of  10°*^  (=2.512) 
for  each  increswnt  of  visual  magnitude.  It  should  be  mentioned  that  the 
fundamental  characteristics  of  the  meteoroids  of  Table  II  are  extrapolations 
beyond  the  visual  range,  i.e.,  the  particles  discussed  are  below  the  range 
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Velocity,  Im/sec. 

Figure  k5o  Distribution  of  Velocities  for  285  Sporadic  and  75  Shower- Meteors 
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Telocity  kn/sec. 

Figure  46.  Mean  Heights  of  Beginning,  iiaxixnum  light,  and  End  for  Sporadic  Meteors 
of  Various  Velocities. 
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radios  pendttad  I7  solar  11|^  prossore. 


observable  bgr  visual^  photographic,  or  radio  reflection  techniques*  The 
extrapolation  ie  a  necessary  consequence  of  the  fact  that  for  practical 
application  of  any  puncture  theory,  one  is  concerned  ultb  aateorltio  particles 
of  radius  much  smaller  than  1  cm.  It  follows  that  the  tens  "visual  magnitude" 
(column  1)  ceases  to  be  meaningful;  however,  it  is  used  in  the  table  as  a 
convenlant  argument,  based  on  an  adig)ted  linear  relationship  between  the 
luminosity  and  mass. 

The  radii  presented  in  Column  3  of  Table  II  were  calculated  on  the  basis  of 
the  mass  valuea  for  spherical,  particles  of  density  0.05  gn/cts?.  In  actuality, 
the  mefteoroids  will  vary  markedly  in  mean  density  and  deviate  considerably  from 
the  assuped  spherical  synxnctry. 

The  velocities  in  Column  A  have  been  assigned  on  the  following  basis:  for 
photographic  meteors  and  average  velocity  is  26  kis/sec;  for  smaller  meteoroids 
the  velocity  has  to  decrease  due  to  the  reduction  of  the  meteoroid  orld.tal 
eccentricities  and  dimensions  by  physical  effects.  The  mean  value  of  15  km/sec 
for  the  smallest  meteoroids  as  well  as  the  gradation  of  velocity  with  magnitude 
have  been  arbitrarily  chosen.  It  is  interesting  to  conq>are  the  velocity  for 
photographic  meteors  (26  km/sec)  with  the  grand  average  velocity  of  35.5  ka^sec 
calculated  in  the  previous  section  from  the  data  found  in  Reference  7:  use  of 
this  hi^er  velocity  would  Increase  the  kinetic  energies  given  in  Column  5, 


The  kinetic  energies  (Colunn  5)  have  been  calculated  directed  from  the  assumed 
values  of  mass  and  velocity,  and  the  penetration  distance  in  aluninum 
(Colusn  6)  has  bemi  calculated  from  an  assumed  relation,  which  (admittedly) 
lacks  Justification. 

Data  on  entry  of  arateors  into  the  earth's  atmosphere  have  been  extended  to 
estimate  the  number  of  encounters  with  meiteoroids  per  day  that  can  be  esqcected 
for  a  three-meter  sphere.  This  has  been  accomplished  by  coeq>aring  the  surface 
area  of  the  earth  with  that  of  the  three-meter  sphere.  A  vehicle  traveling 
within  the  earth's  sensible  atmosphere  would  be  shielded  somewhat  from 
meteoroid  collision  by  the  earth. 

ColiBBi  7  of  Table  II  gives  cumulative  values  of  strikes  on  the  earth's  surface 
per  day.  Thla  nuAer  includes  all  meteoric  bodies  brighter  than  or  of  mass 
greater  than  the  nmaber  in  the  line  in  question.  For  example,  there  are  5*64  x 
10l8  meteoroids  per  day  with  a  mass  greater  than  9*95  x  10~^  grams  and  a 
visual  magnltxide  of  31  or  brighter*  Column  6  shows  estimated  puncturing 
probabilities  for  a  threeHaeter  sphere  based  on  the  assumption  that  the 
surface  area  of  the  earth  exceeds  that  of  a  threenneter  sphera  fay  u  factor 
of  4*51  X  10^  and  that  the  shadowing  effect  of  the  earth  of  a  spherical 
body  near  its  surface  equals  1/2.  Now  then,  consideration  must  be  given  to 
the  ease  of  the  vehicle  moving  away  from  the  earth's  protective  shield.  At 
sflSM  time  during  this  mission  an  altitude  will  be  reached  idiere  the  earth's 
shield  will  provide  no  protection  and  the  1/2  factor  will  no  Imgaz*  <4>P^* 
Therefore,  this  altitude  will  provide  hlgiier  puncturing  probabilities.  As 
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the  vehicle  continues  itn  jouxnegr  throxi^  space  it  enter  regionr 
Inhere  lower  gravitational  fields  will  result  in  less  dense  concentrations 
of  space  debris  and  decreased  probabilities  of  pvinctureo 

Using  the  data  from  this  table^,  Whipple  (Reference  6)  predicts  the  probability 
of  striking  and  penetrating  a  threenneter  sphere  with  aluminum  skin  l/6  inch 
thick  '»dilch  corresponds  to  a  penetration  by  a  meteor  of  the  13th  visual 
magnltudso  On  this  basls«  the  three-metei  sphere  shoiHd  be  pimctured  once  ir. 
three  weeks  on  the  average.  It  should  be  pointed  out  that  this  high  rate  of 
risk  is  strickly  an  estimation  and  until  empirical  data  are  available  these 
data  should  be  applied  with  extreme  caution. 

FIELD  DATA 

Measurements  obtained  on  the  Explorer  missile  (Reference  8)  and  the  Pioneer 
missile  (Reference  9)  provide  some  interesting  values  for  comparison  with 
previous  estimates.  Comparative  data  were  obtained  during  Pioneer  I  and 
Pioneer  II  fldlghts  (Reference  9)  wherein  the  number  of  iaqpacts  for  two 
momentum  levels  were  recorded  on  these  lunar  shots.  The  instrumentation  was 
set  to  measure  (1)  low  mcaienttim  impacts  between  3  3c  10**^  and  10~2gram-cm/sec 
and  (2)  high  momentum  Impacts  greater  than  10~2  graancm/sec.  These  impact 
measiurements  were  obtained  over  an  area  of  O.O38I  square  meter.  The  Pioneer  I 
data  show  11  low  momentum  strikes  and  one  high  momentum  strike  during  a  nine 
hour  period.  The  Pioneer  II  data  show  different  degrees  of  Intensity  for 
various  recording  periods.  For  example^  during  one  period  of  receiver  locked 
signal  an  unusually  high  density  of  16  strikes  was  observed  over  a  one  minute 
period  and  during  other  recording  intervals  four  strikes  and  no  strikes  were 
recorded.  The  momentum  levels  for  these  strikes  were  not  reported  in  Refers 
ence  9.  It  is  assumed  that  these  strikes  are  in  the  low  momentum  range. 

Meteorite  impact  data  was  telemetered  during  one  of  the  E3q>lorer  flints. 

The  sensitivity  of  the  Inst nmientat ion  was  such  that  impacts  equal  to  or 
greater  than  1CH9  grams  at  30  km/see  would  be  recorded.  To  establish  a 
cosnon  bond  between  Pioneer  data  and  Explorer  data^  the  impact  sensitivity 
of  the  Explorer  max  be  converted  to  a  m(»ientum  value.  Thusj,  the  E9q>lorer 
sensitivity  of  10"'  grams  at  30  km/sec  becomes  a  momentum  level  equid.  to  or 
greater  than  3  x  10“^  gram-cm/sec.  This  value  fadls  within  the  low  momentum 
range  of  the  Pioneer  data.  The  Explorer  measurements  were  obtained  over 
an  area  of  0.07  square  meters.  A  total  of  150  impacts  were  recorded  on  the 
Explorer  during  90^,000  seconds  of  good  telemetxy  tdtlch  is  equivalent  to 
1.66  X  10"3  impacts  per  second  per  0.07  square  meters  or  2.38  x  10-2  impacts 
per  sec  per  square  meter. 

In  order  to  directly  compare  the  Pioneer  data  with  the  Explorer  data«  the 
Pioneer  impacts  are  converted  to  impacts  per  second  per  square  meter.  Thus, 
the  11  strikes  per  nine  hours  per  O.O38I  square  meter  and  the  16  strikes  per 
minute  per  0.0381  square  meter  measured  on  Pioneer  I  and  Pioneer  II, 
respectively,  are  calculated  to  be  9  x  lO'*^^  and  7  impacts  per  second  per 
square  meter.  In  turn,  these  latter  two  values  can  be  compared  directly  with 
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the  2.38  X  10-2  impacts  per  second  per  square  meter  meastired  on  the  Explorer c 
The  high  value  of  7  impacts  per  second  per  square  meter  of  Pioneer  II 
appears  to  be  in  disagreement  vfith  the  Explorer  and  the  Pioneer  I  datao 
Perhaps  this  high  value  may  be  attributed  to  the  passing  of  a  meteror  shower 
or  to  some  magnetic  or  gravitational  effect  tending  to  concentrate  meteoric 
particles. 

INFERENCES  ON  PUNCTURE  AND  VIBRATION 

It  can  be  seen  that  our  present  knowledge  on  material  in  space  is  seriously 
limited  both  by  observational  inaccuracies  and  by  a  lack  of  field  data. 
Consideration  of  the  potential  hazards  indicates  a  continuous  risk  fron 
minute  particles  to  large  pimcture  type  debris.  Several  investigators  have 
separated  space  debris  into  the  two  categories  of  (l)  puncture  type  elements 
and  (2)  dust  particles.  Various  estimates  have  been  made  on  the  probabilities 
of  puncture.  The  consensus  of  investigations  neglects  the  punctiire  problan 
and  appears  to  concentrate  on  the  erosion  of  vehicle  materials  eaqsosed  to  the 
final  dust  particles.  The  bulk  of  meteorite  dust  is  estimated  to  fall  in  the 
range  between  10  microns  (micron  =  one  millionth  of  a  meter)  to  300  microns  in 
diameter  with  an  average  diameter  somevAere  between  200  to  300  microns. 

The  vibration  effects  produced  these  hypervelocity  impacts  may  be  estimated 
only  hy  intuitive  analysis  and  certainly  with  no  quantitative  accuracgr.  A 
search  of  the  literature  has  failed  to  display  any  available  data  that 
correlate  meteoric  impacts  with  vibratory  response  within  space  vehicles. 

Lacking  these  data,  the  next  logical  step  is  to  investigate  the  possibility 
of  analyzing  hypervelocity  impacts  for  the  purpose  of  estimating  resultant 
vibration  excitations.  Any  assessment  of  induced  vibrations  caused  by  these 
space  materials  requires  a  thorough  understanding  of  the  complex  mechanics 
associated  with  hypervelocity  impact. 

The  physics  involved  with  this  phenomenon  becomes  extremely  difficult  to 
formulate.  Velocities  from  11  km/sec  to  72  km/sec  should  be  produced  to 
simulate  meteoric  velocities.  This  range  covers  the  values  expected  of 
meteors  (or  meteoroids)  within  the  neighborhood  of  earth.  However,  attempts 
to  investigate  this  impact  problen  in  the  laboratory  have  resulted  in  the 
attainment  of  velocities  in  the  region  of  6  km/sec  (approximately  20,000 
ft/sec)  (Reference  10),  which  are  well  below  the  minimum  desired  velocity  of 
11  km/sec.  Furthermore,  laboratory  tests  using  these  velocities  assume  a 
stationary  target,  whereas  to  be  realistic,  the  laboratory  impact  studies 
should  include  the  added  effect  of  the  moving  target.  Thus,  the  transfer 
of  momentum  and/or  energy  should  be  increased  almost  proportionately  by  the 
additional  velocity  of  the  space  vehicle.  Selecting  the  Pioneer  lunar  probe 
as  a  typical  case,  the  moving  target  should  reach  a  velocity  as  great  sts  11 
km/sec.  On  this  basis,  an  optimum  test  facility  would  be  capable  of  creating 
lypervelocity  impacts  proportional  to  particle  velocities  of  11-72  km/sec 
plus  target  velocities  approaching  11  km/sec.  Penetration  data  from  the  above 
experiments  is  available  (Reference  10);  however,  an  extrapolation  of  these 
results  to  the  realm  of  cosmic  velocities  would  be  of  very  qusstionable  validity. 
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Another  approach  irtilch  has  been  employed  iibllizes  a  "liquid  model"  to  examine 
hypervelocity  impacts  (Reference  11).  This  approach  stems  from  the  observation 
that,  ifdien  a  high  velocity  projectile  hits  a  target  the  pressure  in  the 
projectile  at  the  start  of  the  collision  is  several  orders  of  magnitude 
(depending  on  the  material  and  velocity)  greater  than  the  ultimate  strength 
of  the  projectile  material;  under  such  conditions  the  materials  must  behave 
as  thou^  th^  had  no  shear  or  tensile  strength  at  all,  loeo  as  fluids. 

Althou{^  some  qualitative  statements  can  be  made  from  such  studies,  this 
approcch  has  failed  to  yield  a  rigorous  theoretical  analysis  of  impacts  at 
such  velocities.  Therefore,  the  depth  of  penetratiMi  or  depth  of  surface  mass 
loss  b7  meteoroid  impact  is  still  a  matter  of  spec  datlon. 

It  ml^  be  mentioned  here  that  use  of  the  data  of  Table  II  and  an  elementary 
analysis  yields  time  of  impact  of  the  order  of  microseconds.  Although  this 
fact  is  not  to  be  taken  literally,  it  can  be  used  together  with  the  shock 
response  chart  in  Part  II  to  give  a  measure  of  the  vibration  induced  in  the 
vehicle  as  a  result  of  the  Impact. 

The  transfer  of  energy,  momentum,  or  possibly  combinations  of  both  may 
accompany  meteozitic  impingement  on  space  vehicles.  At  these  hl^  velocities 
the  general  rules  of  physics  are  no  longer  valid  and  prevent  any  quantitative 
prediction  of  vibration  attributed  to  the  meteorite  environment.  Hany  factors 
enter  into  an  adequate  definition  of  the  hypezvelocity  ijiq>act  process. 
Concurrent  with  the  impact,  various  physical  reactions  occur  in  the  projectile 
and  the  target  material.  Variants  such  as  tonperature,  pressure,  density, 
particle  velocity,  internal  energy  fields,  viscosity,  heat  conduction,  rate 
of  impact,  etc.,  add  to  the  problem  of  solving  hypervelodty  mechanics  and 
the  prediction  of  vibration. 

Considering  the  magnitude  of  meteorites  vhleh  will  not  pmeture  a  vehicle, 
together  vrith  the  impact  time,  it  is  concluded  that,  in  general,  vibrations 
Induced  by  extra-terrestrial  materials  will  be  negligible  in  ma^pdtude  and 
confined  to  a  series  of  discontinuous  impacts  rather  than  a  continuous  rain. 
Certainly  occasional  meteor  showers  with  masses  greater  than  normal  could 
create  damaging  structural  vibrations.  However,  these  encounters  may  be 
considered  exceptions  to  the  case  and  extremely  difficult  to  predict.  Further- 
moi^,  it  is  probable  that  meteorites  capable  of  producing  damaging  structural 
vibration  will  create  an  extremely  severe  puncture  problem  so  that  the  latter 
problem  will  occur  first  in  time  and  be  of  paramount  importance. 
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VI  DIRECT  VIBRATION  EXCITATiai 


ROCKET  ENGINE  COMBUSTION  INSTABILITY 

Cci&bus';^lon  instability  in  a  rocket  engine  is  a  potential  source  of  considerable 
vibration.  This  vibration  will  endure  as  long  as  the  rocket  engine  operates, 
without  regard  for  the  external  aaibient  conditions.  Thus,  in  outer  space  ^ere 
most  other  sources  of  excitation  have  ceased  to  exist,  operation  of  a  rocket  engine 
will  continue  to  induce  vibration.  In  general,  the  vibration  environment  will  tend 
to  be  most  severe  at  positions  near  the  engine,  and  diminish  in  more  remote  loca¬ 
tions  due  to  the  damping  inherent  in  the  vehicle  structure.  It  should  be  emphasized 
that  although  the  following  discussion  gives  general  relationship  regarding  these 
instabilities,  there  is  a  tremendous  variability  in  the  vibration  characteristics  of 
rocket  engines  of  varying  desi^.  Hence,  it  is  desirable  that  the  designer  obtain 
measvired  data  pertaining  to  his  specific  design. 

Liquid  Rocket  Engines 

Two  regimes  of  liquid  rocket  engine  instabilil  *,  directly  associated  with  combustion 
phencmena  of  propellants  in  the  thrust  chamber,  have  been  noted.  The  oscillations 
which  occur  at  lower  frequencies  are  known  as  "chugging,"  while  higher  frequency 
oscillations  are  termed  "screaming."  They  will  be  treated  separately  in  the 
discussion  which  follows. 

Chugging 

The  phenomenon  described  as  chugging  is  a  low-frequency  instability  characterized  by 
abrupt  and  severe  variations  in  combustion  intensity  which  result  in  loss  of 
specific  impxilse.  The  severity  is  such  that  it  can  cause  the  distortion  or  rupture 
of  the  chamber  or  injector. 

Chugging  is  attributed,  by  many  authors,  to  hydrodynamic  coupling  between  the  com¬ 
bustion-chamber  pressiore  and  the  flow  rates  of  propellants  in  the  feed  lines.  The 
instability  arises  from  a  i^ase  difference  between  the  oscillations  of  these  two 
systems  >diich  can  be  visualized  from  the  following  analysis,  originally  presented 
in  Reference  1.  The  propellant  feed  system  and  the  combust ion-chasiber  pressure  are 
closely  interdependent.  This  interdependence  dictates  that  a  decrease  in  chamber 
pressure  below  its  equilibrium  value  will  cause  an  increase  in  the  propellant  flow 
to  restore  equilibrium.  In  practice,  however,  the  increase  in  propellant  flow  is 
not  simultaneous  with  the  decrease  of  chamber  pressure.  This  delay  results  from  the 
inertia  of  the  fluid  in  the  feed  lines  and  is  termed  the  inertia  time  lag.  A  second 
time  lag,  termed  combustion  time  delay,  is  caused  by  the  time  required  for  injec-’ 
tion,  impingement,  mixing,  vaporizing,  pre-ignition  reactions,  ignition,  and 
combustion. 

Followjjig  combustion,  a  third  delay  associated  with  the  time  required  to  charge  the 
chamber  with  gas  takes  place  before  the  required  pressur”?  rise  can  occur.  This 
third  and  final  delay  is  called  the  charging  time  lag.  I'hese  time  lags,  between 
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the  onset  of  increased  propellant  flow  and  the  resulting  increase  in  chamber 
pressure,  allow  am  excessive  amount  of  propellaoit  to  enter  the  chamber »  Therefore, 
\rtien  the  chamber  pressiu:*e  does  rise,  it  exceeds  the  pressure  required  to  re-estab¬ 
lish  equilibrium  conditions.  This  overpre88\u*e  then  causes  the  propellant  flow  rate 
to  drop  below  normal  with  a  subsequent  decrease  in  chamber  pressure.  Thus,  the 
sustained  chugging  oscillations  result  if  no  devices  aa*e  present  to  stabilize  the 
system.  Note  that  the  coincidence  of  a  mechanical  resonance  in  the  engine  or  its 
feed  lines  with  the  chugging  frequency  usually  results  in  engine  destruction. 

Since  chugging  has  been  rather  thoroughly  investigated  and  is  now  readily  eliminated 
in  newly  designed  rocket  engines,  it  is  not  expected  to  be  a  vibration  soiirce  for 
operational  rockets.  The  above  discussion  has  been  included  in  this  report  to 
provide  the  designer  with  an  awareness  and  basic  understanding  of  the  chugging 
problem.  Those  who  desire  fiurther  information  on  this  topic  may  refer  to  Reference 
1. 

Screaming 

Screaming  of  a  rocket  engine  is  associated  with  acoustical  i*e8onance8  within  the 
combustion  chamber.  Its  onset  is  often  characterized  by  an  audible  wailing  sotind 
(500-10,000  cps),  a  change  in  exhaust  flame  color  toward  blue,  and  oscillations  of 
the  shock  positions  in  the  exhaust  wake  (Reference  2).  This  form  of  instability 
exists  in  most  high  performance  liquid  rocket  engines  and,  once  initiated,  will 
generally  persist  as  long  as  the  engine  operates.  Althou^  screaming  generates 
vibration  excitation  and  results  in  increased  heat  transfer  to  the  chamber  surfaces 
(>rtiich  may  cause  chamber,  injector,  or  nozzle  bxirnout  failurb),  it  provides  some 
benefits.  These  benefits  include  an  increase  of  specific  iji^ulse  and  improved 
efficiency  in  the  fuel-oxidizer  mixing  process. 

Screaming  is  considered  to  result  from  a  coupling  between  one  or  more  of  the 
acoustical  modes  within  the  ccanbustion  chamber  and  the  energy  release  from  the 
combustion  process.  The  occurrence  of  screaming  in  an  engine  design  depends  upon 
many  factors,  including  the  properties  of  the  fuel,  fuel-oxidizer  mixture,  chamber 
pressure,  and  chamber  geometry.  Consequently,  investigations  with  a  particular 
type  of  engine  often  discover  regions  of  stability  and  instability,  depending  on 
the  combination  of  these  parameters. 

The  frequency  associated  with  screaming  oscillations  usually  corresponds  to  one  or 
more  of  the  normal  acoustical  modes  of  the  chamber  (Reference  3).  These  basic 
modes  include  the  longitudinal,  transverse,  and  radial  resonances  which  are  sketched 
for  a  cylindrical  chamber  in  Figure  47.  The  frequencies  for  a  cylindrical  chamber 
(Reference  4)  are  given  by 
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Figure  m.  Normal  Aonurtloal  Modaa  lor  a  OFlirndrical  Coatoiatlan  Chambar 


wher«  f  »  freiyiency,  cps 

a  <»  velocity  of  somid  in  the  chamber 
R  B  chamber  radius 
L  «  chamber  length 

°^m,n  a  constant  obtained  from  exact  solution 
of  the  classical  wave  equation,  and 

m,n,q  a  integer  wave  numbers  for  the  various  modes. 

m^n^q  »  0,  1,  2...®® 


If  two  of  the  three  wave  numbers  are  0,  the  oscillation  corresponds  to  a  pure 
fundamental  acoustical  mode.  Hence,  m  ■  n  «  0  and  q  ■  1  corresponds  to  the  funda¬ 
mental  longitudinal  organ  pipe  mode  tdiere  the  wavelength  is  twice  the  chamber 
length.  Note  that  the  choked  flow  condition  at  the  nozzle  acts  as  a  reflection 
surface.  The  other  combination,  m  =  q  ■  0,  and  n  >■  1  gives  the  fundamental  radial 
mode,  and  n^q^O,  mvl  gives  the  fundamental  transverse  mode.  Values  of  <^mn 
for  the  fundamental  and  higher  modes  are  given  below  in  Table  III. 

TABLE  ni 

Characteristic  Values  of  oLtm  for  the  Cylindrical  Chambers  (Reference  4) 


Values 
of  m 

0 

Values  of  n 

1 

2 

3 

0 

0.0000 

l.a97 

2.2331 

3.2382 

1 

0.5761 

1.6970 

2.7140 

3.7261 

2 

0.9722 

2.1346 

3.1734 

4.1923 

3 

1.3373 

2.5513 

3.6115 

4.6428 

Although  the  velocity  of  so\ind  is  not  constant  throxighout  the  combustion  chamber, 
being  higher  in  the  regions  of  high  combustion,  the  obseirved  screaming  frequencies 
are  usually  close  to  those  calculated  from  the  average  velocity  of  sound  in  the 
chamber,  >diich  is  given  by 


a  B 


(ft /sec) 


where  Tq  Is  the  chamber  temperature  (oR)  and 


m  is  the  molecular  weight  of  the  combustion  gases. 
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Thus,  the  expected  frequencies  from  cylindrical  combustion  chambers  can  be  calciila- 
ted  for  a  particular  rocket  if  its  chamber  temperature,  combustion  gas  molecular 
weight,  and  geometry  are  knowne 

Figure  48  gives  the  calculated  range  of  frequencies  for  the  fundamental  modes  as  a 
function  of  chamber  dimensions  for  a  range  of  conmon  propellants.  This  figure  can 
be  utilized  for  general  orientation  only  and  should  not  replace  the  more  exact 
calculation. 

A  number  of  parameters  must  be  considered  to  determine  whether  a  rocket  engine  will 
scream  in  the  longitudinal,  the  transverse,  or  a  combination  of  modes.  First,  it 
appears  that  a  given  chamber  tends  to  support  the  mode  requiring  the  least  amount  of 
energy  (e.g.,  the  lowest  frequency).  From  the  equations  it  is  seen  that  the  longi¬ 
tudinal  mode  is  the  lowest  mode  for  a  chamber  in  which  the  length-to-diameter  ratio 
exceeds  1,71,  Thus,  for  cases  where  this  length-to-diameter  ratio  is  not  exceeded, 
the  first  transverse  mode  is  the  lowest  frequency  mode  for  the  chamber.  This 
description,  however,  is  an  oversimplification  and  f\irther  considerations  are 
necessary. 

Consider  the  normal  combustion  chamber  idiose  length  is  greater  than  1.71  diameters. 
For  a  very  low  chamber  pressure  it  iray  be  found  that  no  instabilities  exist. 
Increasing  the  chamber  pressure  by  the  addition  of  greater  amounts  of  propellant 
may  result  in  the  initiation  of  longitudinal  oscillations.  Further  increasing  the 
chamber  pressure  may  provide  a  heat  release  rate  sufficient  to  sustain  a  high  fre¬ 
quency  transverse  mode,  which  will  then  be  superimposed  on  the  longitudinal  wave. 
Forcing  the  chamber  pres8\u*e  still  higher  may  cause  the  longitudinal  wave  to  disa¬ 
ppear  entirely,  leaving  e  pure  transverse  mode.  Thus,  as  the  energy  available  is 
increased,  higher  modes  are  seen  to  compete  with  the  lower  modes  for  prominence. 

The  amplitude  of  the  pressure  oscillation  in  a  screaming  thrust  chamber  is  difficult 
to  compute  because  it  is  affected  by  a  multitude  of  parameters.  The  problem  of 
analytic  representation  is  further  ccanplicated  by  unknown  local  variations  in  cham¬ 
ber  conditions.  There  are  a  number  of  agencies  presently  engaged  in  experimental 
research  to  further  the  state-of-the-art  in  this  area, 

A  stud'  conducted  I7/ the  Jf at ional  Advisory  Comittee  for  Aeronautics  to  determine 

the  tendencies  of  various  fuels  to  produce  screar.ing  (deference  5)«  A  2CC-lb. 
thrust  liquid-oxygen  and  fuel  rocket  engine  was  employed  in  this  investigation. 

The  fuels,  in  order  of  increasing  screaming  tendency,  were  (1)  hydrazines  (these 
did  not  scream  at  all),  (2)  branched- chain  oaraffins,  aromatics  and  amines,  and 
(3)  sti-ai'’’nt-chain  paraffins.  This  trend  of  increasing  screaming  tendency  was 
noted  to  correlate  with  increasing  evaporation  ratio.  In  addition,  the  scream 
amplitude  was  observed  to  decrease  slightly  with  increasing  oxidant-fuel  ratios 
greater  than  that  required  for  peak  thrust  performance.  However,  the  oscillatory 
pressure  amplitudes  were  not  repeatable  for  identical  runs,  indicating  a  rather 
complex  mechanism. 

Data  from  a  number  of  experiments  in  rocket  combustion  instability  (References  5 
and  6)  indicate  that  the  peak-to-peak  amplitude  of  the  screaming  pressures  may 
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niEQUENCY  IN  CYCLES  FBI  SECOND 

Figure  hB,  Calciaated  Range  of  Frequencies  for  the  Tundamental  Modes  of  a  Closed- 
closed  cylindrical  chamber  as  a  Function  of  chamber  Dimensions. 


reach  75  to  100^  of  the  mean  chamber  pressure c  This  would  indicate  that  the  total 
longitudinal  force  (rms)  on  the  rocket  motor  at  th«i  longitudinal  screaming  fre¬ 
quency  could  be  as  much  as  35$  of  the  rocket's  average  thrust o  However,  because  of 
non-linear  acoustical  considerations  associated  with  high  amplitude  sound  waves, 
the  wave  shape  of  the  pressure  oscillation  becomes  very  steep  approaching  more 
nearly  a  sawtooth  wave  than  a  sinusoidal  wavec  Hence,  the  maximum  rms  force  at  the 
fundamental  longitudinal  screening  frequency  is  more  probably  on  the  order  of  25  to 
3C$  of  the  thiuisto 

Similar  magnitudes  of  pressure  fluctuations  may  occur  at  the  fundamental  transverse 
code.  However,  in  this  case  of  the  net  force  mn  the  actor  will  be  proportional  to 
the  magnitude  of  the  pressxire  and  the  ar<}a  of  the  chamber  over  which  it  acts.  How¬ 
ever,  if  the  transverse  mode  is  characterized  by  a  spinning  action,  as  shown  by  d 
in  Figure  47,  the  net  force  vector  will  be  materially  reducedo  Consequently, 
although  screaming  in  the  transverse  mode  may  result  in  high  vibrations  on  the 
chamber  walls  which  may  prove  destructive,  the  phase  relationships  of  these  vibra¬ 
tions  over  the  entire  chamber  often  reduce  their  importance  as  a  source  of  vehicle 
^’ibration. 

Solid  Hockat  Engines 

Solid  rocket  motors  are  often  subject  to  the  screaming  oscillations  previously 
discussed  for  the  liquid  propellant  engine.  The  frequencies  of  the  various  modes 
may  be  calculated  in  the  same  manner  as  for  the  liqtdd  engines  (see  Reference  7 
for  additional  discussion  and  references) c  However,  in  general  the  fimdamental 
transverse  mode  predominates  unless  the  rocket  burns  only  from  the  end  of  the 
propellant  grain,  which  will  excite  tne  longitudinal  modCc 

Frcm  ohe  '."icration  viewpoint,  the  major  difference  in  the  screaming  characteristics 
of  liquid  and  solid  rockets  is  the  variation  of  the  frequency  of  the  solid  rocket 
vLtr.  -.ime  from  rocket  ignition  which  contrasts  with  the  stable  frequency  charac¬ 
teristic  of  the  liquid  motors^  This  variation  in  frequency  'trith  time  reflects  the 
increased  internal  dimensions  within  the  solid  rocket’s  combustion  area  which 
res'ult  from  the  burning  of  the  grain-.  Hence,  as  burning  progresses,  the  frequency 
cf  the  trans'.'erse  mode  decreases. 

A  recent  experimental  series  of  vibration  studies  of  a  small  center  burning  rocket 
used  for  high  altitude  final  (tage  boosts,  conducted  by  NRL  (References  8  and  9) 
has  illustrated  that  this  decaying  frequency  associated  with  the  transverse  mode 
persists  during  the  major  portion  of  the  buinrilng  time  and  is  replaced  at  the  end  of 
the  ran  by  a  short  burst  of  high-level  vibratory  energy  at  the  frequency  of  the 
fundamental  longitudinal  mode^  Analysis  of  the  data  indicated  that  the  net  rms 
force  from  this  longitudinal  mode  was  at  least  25$  of  the  rocket  thrust*  This  is 
consistent  with  the  maximum  estimates  previously  made  for  the  liquid  engine* 

It  should  be  noted  that  the  URL  experiments  have  shown  that  a  considerable  differ¬ 
ence  in  the  magnitude  of  screaming  vibration  exists  between  supposedly  identical 
rockets.-  F’orthermore,  rockets  of  a  design  known  to  scream  will  on  occasion  not 
scream  at  all  d’uring  firing*  Hence,  if  a  designer  is  to  have  reasonable  assurance 


of  the  vibrations  resulting  from  screaming  for  a  specific  t3rpe  of  rocket  motor,  it 
appears  necessary  to  study  the  results  from  several  firings<- 

Thrust  Variations 

Thrust  variation  will  be  important?  (1)  for  the  configuration  of  the  vehicle  vdiich 
places  the  exhaust  stream  aft  of  *11  vehicle  structures,  (2)  for  the  interconnecting 
structure  between  engine  and  vehicle,  and  (3)  for  the  time  following  the  peak  of  the 

acoustic  excitation  from  the  exhausts  It  seems  desirous  to  hold  the  engine  peak 

thrust  variation  to  a  limiting  value,  such  as  three  per  cent  or  lesso  New  design 
projects  should  give  high  priority  to  determining  this  quantity  and  to  engine  or 
propellant  redesign  vdien  the  thrust  variations  are  excessive. 

The  basic  mechanism  involved  in  thrust  variation  is  probably  rough  burning.  The 
extreme  titrbulence  within  the  combustion  chamber  is  a  result  of  the  variable 
intensity  of  the  combustion  process  and  a  result  of  the  influence  of  pressure  and 
ten^jerataire  fluctuations  on  the  rate  of  burning.  Since  the  degree  of  rou^ness 
will  not  repeat  itself  on  successive  runs  of  the  same  engine,  it  shows  the  sensi¬ 
tivity  of  the  burning  to  the  internal  turbulence  and  to  the  fluctuations  in  pressure 

and  ten?)erature  >diich  follow  from  the  near  explosive  nature  of  the  propellants. 

Viben  the  thrust  variations  are  of  the  order  of  the  three  per  cent,  discussed 
previously,  the  variations  are  probably  not  due  to  acoustic  vibration  within  the 
chamber  or  to  combustion  instabilities,  both  of  which  are  discrete  in  frequency. 

The  Rocketdyne  data  (References  10  and  11)  shows  the  thrust  variations  to  be  broad 
band.  The  integral  of  the  pressure  fluctuations  on  the  head  of  the  case  should 
equal  the  thrust  variations,  A  large  ratio  of  burning  surface  to  the  size  of  the 
chamber  head  would  appear  to  be  an  alleviating  parameter.  The  flexibility  of  the 
chamber  and  the  damping  of  the  combustion  chamber  structure  might  enter  to  a  small 
extent . 

Force  variation  in  interconnecting  structure  will  be  loosely  termed  **thrust  varia¬ 
tion”  in  many  cases.  The  force  variation  in  the  interconnecting  structure  will  not 
be  the  same  from  case  to  case  when  the  stiffness  of  the  structure  is  not  equivalent 
nor  vdien  the  stiffness  and  mass  of  the  back-up  structure  are  not  equivalent.  The 
thrust  variation  and  the  dynamics  of  the  entire  system  act  to  determine  the  force 
variations  in  interconnecting  structure.  It  will  be  likely  that  broad  band  data 
contains  peaks  at  the  natural  frequencies  of  the  complete  dynamic  system  which  will 
often  invalidate  the  data  unless  it  is  carefully  interpreted  by  a  vibration 
specialist . 

It  should  be  noted  that  the  explosive  nature  of  the  ignition  of  a  solid  or  liquid 
rocket  engine  creates  a  rapid  build-up  in  thrust,  with  approximately  a  10^  over¬ 
shoot  in  the  thrust  relative  to  the  steady  state  thrust  magnitude.  The  initial 
time  lapse  required  for  the  thrust  to  attain  its  steady  state  magnitude  is  on  the 
order  of  10  or  20  milliseconds  for  a  number  of  rocket  engines.  This  time  interval 
is  very  difficult  to  control  for  any  engine,  and  therefore  it  is  usually  specified 
in  terms  of  a  maximum  possible  time  lapse.  This  maximum  time  interval  is  a  function 
of  the  type  of  igniter  and  propellants  used,  and  the  combustion  chamber  design. 

This  rapid  thrust  rise  acts  as  a  shock-type  input  to  the  vehicle  structure,  and  as 
such,  is  a  potential  source  of  structural  vibration. 
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At  burnoyt,  the  thrust  decay  is  much  more  gradual),  requiring  on  the  order  of  o5  to 
3  seconds o  Normal  burnout  is  therefore  not  expected  to  be  of  concern  to  the  vehicle 
structural  vibration  problem. 

Liquid  Rocket  Engine  Vibration  and  Thrust  Variations 

Several  excellent  examples  of  recent  liquid  rocket  engine  data  concerning  vibration 
and  thmist  variations  reported  in  References  10  and  11  woire  reviewed  for  this 
report.  The  results  from  the  preliminary  fli^  rating  test  of  the  Rocketdyne  B2C 
engine  are  presented  in  Tables  IV“VlIo  Data  were  recorded  in  three  directions  at 
each  of  four  points;  (1)  The  top  of  the  adaptor  flange  between  the  7"  expansion 
joint  and  the  fuel  tur^pump  Inlet,,  (2)  the  lower  pillow  block  of  the  #2  thrust 
chamber  gimbal  bearing ^  (3)  the  bottom  channel  band  of  the  B-2  engine,  #2  thinist 
chamber,  and  the  bottom  reinforcing  band  of  the  B-3  engine,  #2  thrust  chamber,  and 
(4)  the  strut  attachment  supporting  the  lube  oil  tanko  Gtilton  plesos  were  used 
whose  characteristics  ranged  as  high  as  35,000  cps  resonance  frequency,  a/g  range 
from  ..5  to  4,000  g*s  with  a  useful  frequency  response  from  20  to  12,000  cpso  The 
instrumentation  is  shown  in  Figure  49o 

Reference  to  the  high  response  levels  shows  that  the  many  instrumentation  problems 
which  were  experienced  were  not  unexpected «  S(a»  accelerometers  wers  damai^d  beyond 
repair  and  a  high  maintenance  schedule  was  required o  Vibration  levels  at  ignition 
and  cutoff  were  7  to  10  times  larger  than  vibration  levels  during  mainstage.  The 
highi  levels  tended  to  overdi*ive  the  tape  while  the  lew  levels  were  below  the  system 
noise o  The  runs  were  analyzed  on  the  Panoramic  Sonic  Analyzer  and  the  Tektronix 
Oscilloscope.  The  analyzer  pro'irided  a  frequency  spectrum  from  40  to  20,000  cpSo 
The  values  given  in  the  tables  are  approximations  from  the  analyzer  and  the  oscillo¬ 
scope  at  the  dominant  frequencies <>  Vhen  the  data  is  summarized  in  so  brief  a 
fashion,  data  concerning  the  non-dominant  frequencies  are  lost.  Reasonable  tests  of 
the  data  were  made  concerning  a  possible  suprious  signal  and  concerning  acoustic 
coupling. 

The  maximian  values  obtained  were; 


g  ms 

cps 

®o-peak 

Adaptor  Flange  to  Fuel  Puap  Inlet 

350 

8000 

850  vert 

Gimbal  Bearing 

150 

1100 

625  vert 

Thruait  Chamber 

550 

2200 

1850  vert 

540 

1200 

2000  lato 

Lube  Oil  Tank 

75 

600 

210  vert 

The  time  intei'val  used  to  detenpine  the  peak  value  was  2o0  seconds  for  ignition  and 
cut-off  and  a  variable  from  five  seconds  to  <,5  millisecond  for  the  mainstage. 

The  Rocketdyne  S-3D  engine  has  150,000  poioids  thrust  and  is  used  in  Weapon  System 
315A,  the  Thor  missile.  The  engine  is  attached  to  the  vehicle  structxure  at  three 
attach  points  with  a  tubular  truss  interconnecting  structure.  The  thrust  variation 
(Figure  50)  listed  represents  the  maximum  peak  thrust  vacation  during  a  time 
interval  of  .7  seconds,  approximately  ten  seconds  after  ignition.  The  variations 


112 


TABLE  IV 


SUMKAHI  OF  MAXIMUM  ACCELERATION  RESULTS 
PFRT  VIBRATION  STUDY  FOR  THE  B2C  ROCKET  EMGINE 


ADAPTOR  FLANGE  VIBRATIONS 

Direction  and 

Run  Number 

Panoramic  Sonic  Analyzer  Tektronix  | 

Predominant 
Frequencies  (cps) 

HgH 

Vertical 

Plane 

Iffiltion 
&  Cutoff 

8000 

176 

Cutoff 

900 

lotion 

8000 

350 

1700 

Lateral 

Plane 

Mainetage 
&  Cutoff 

8000 

176 

680 

Cutoff 

8000 

147 

645 

Longitudinal 

Plane 

Ignition 

4000-5500 

8000 

40 

90 

660 
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TABLE  V 


SUHKART  OF  MAXIMUM  ACCELBRAnON  RB3UI/FS 
PFBI  VIBRATION  TEST  FOR  THE  B2C  ROCKET  ENGINE 


GIMBAL  BEARING  VIBRAHONS 

Panoramic  Sonic  Vj 

ibrationa 

Tektronix 

Direetion,  and 

Run  Nuosibor 

1 _ 

Frequencies  (eps) 

Max."g" 

rma 

Peak*^-Peak 

Vertical 

Plane 

Ignition 

Mainatage 

900 

A2 

Ignition 

255 

Cutoff 

UOO 

184 

520 

Cutoff 

1100 

150 

1250 

Lateral 

Plane 

Kalnstage 

Cutoff 

1600-2200 

3 

Cutoff 

233 

Cutoff 

1200 

94 

430 

Cutoff 

.  UOO 

56 

685 

1200-4000 

19 

Longi¬ 

tudinal 

Plane 

Cutoff 

50 

53  . 

320 

500-2200 

8-23 

X0:iitlon 

40 

240 

UOO 

60-200 

64-160 

Cutoff 

1100  , 

42 

250 

250C 

18 

5500-3000 

12 
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TABLE  VI 


I 


SUIOfAHX  OF  MAXUSJX  ACCELERATION  RESULTS 


PFRT  VIBRATION  TEST  FOR  THE  B2C  ROCKET  EKGINB 


THRUST  CHAMBER  VIBRATIONS 

Panoramic  Sonic  Analyzer  | 

Tektronix 

Direction  and 

Run  Number 

Predominant 
Frequencies  (cps) 

Max.wg" 

nns 

Max.wg" 

Peak-to-Peak 

l0iltlQn 

550 

100 

540 

800 

216 

Vertical 

Cutoff 

1200 

270 

3280 

Plane 

1600-1800 

216 

2200 

A40 

Cutoff 

1100-2000 

220-275 

2200 

550 

3700 

Ignition 
&  Cutoff 

800-1000 

75 

570 

Lateral 

Plane 

800 

270 

Cutoff 

800-1100 

320 

4000 

1200 

540 

Ignition 
&  M.  S. 

500-1800 

30-70 

760 

50 

53 

220 

Lcngltu- 

Iffilticn 

500-2200 

8-23 

dinal 

Plane 

Cutoff 

1200 

460 

2600 

Cutoff 

1100 

340 

3400 

115 


PFRT 


Direction  and 

Run  Number 

Vertical 

Plane 

Ignition 

H.S. 

Cutoff 

H.S. 

ngim 

Lateral 

Plate 

Ignition 

M.S. 

Cutoff 

M.S. 

— 

M.S. 

Cutoff 

Longitu-  Ignition 
dinal  M.S. 

Plane  Cutoff 


K.S. 


TABLE  VII 


WARY  OF  MAXIMUM  ACCELERATION  RESULTS 
riBRATIOM  TEST  FOR  THE  B2C  ROCKET  ENGINE 


LUBE  OIL  TANK  VIBRATIONS 

Panoramic  Sonic  Analyzer 

Tektronix 

Predtaninant 

Maa;<,"g” 

Max."g" 

Frequencies  (cps) 

ms 

Peak-to-Peak 

500-7000 

5-25 

220 

600 

75 

425 

600 

50 

280 

1800 

35 

500-4500 

5-20 

180 

600 

100 

360 

400-4500 

10-50 

230-300 

450-7000 

5-20 

Cutoff 

190 

400 

_ _ _ 

50 

215 

No  Records  Available 


OR/ENTATION  OF"  ACCELEROMETBRS  LOCATED  ON  THE  BBC  ROCKET  ENGINE 


Figure  A9.  Sketch  of  flocketdyne  B2C  Rocket  Engine  Vibration  Instrumentation 


Notssi 


lo  MuiELnum  peak  ibract  variation  oeaurring  in  o7  saeonda  of  malnataga 
burning y  10  seconds  following  ignition. 

2.  Predominant  frequencies  ware  500  and  650  ops. 

3.  No  significantly  greater  thrust  variation  appeaired  to  exist  during 
ignition  and  cutoff. 


Figure  50.  Thrust  Variation  During  Mainstage  Burning  ■-  S-3D  Bocketdyne 
Engine  150,000  lbs.  Static  Thrust. 
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describe  the  mainstaga  biirning  and  do  not  include  the  periods  of  ignition  and 
cut-off o  For  thmat  variations,  the  frequency  range  ie  2  to  1250  cps.  For  all 
firings,  the  predominant  frequencies  were  500  and  650  cpso  A  low  frequency  instjru- 
mentation  system  covered  thrust  frequency  bands  of  0  to  200  cpso  There  were  no 
predominating  frequencies  less  than  40  cps.  Frequencies  between  40  and  80  were 
present  dvtring  ignition  and  cut-off  on  one  firing  and  are  shown  in  Figure  51 o  The 
other  twenty  firings  did  not  have  frequencies  less  than  110  cps  during  ignition  and 
the  mainstage.  Frequencies  of  80,  100,  and  1100  cps  were  present  during  cut-off  at 
all  three  attachment  points >  A  high  frequency  instrumentation  system  covered  the 
band  250  to  10,000  cps.  A  rotjgh  combustion  cut-off  accelerometer  monitors  the 
engine  operation  over  the  frequency  band  40  to  3,500  cps.  The  vibration  on  either 
side  of  the  attachment  points  (engine  side  or  upstream  struct  tire)  was  approximately 
equal  in  each  case.  The  vibration  data  was  taken  at  seven  points:  (l)  The  three 
attachment  points,  vertical  direction,  (2)  lateral  motion  along  the  axis  about  which 
the  missile  pitches,  (3)  lateral  motion  along  the  axis  about  iriiich  the  missile  yaws, 
(4)  lox  injector  flange,  the  vertical  direction,  (5)  rough- combust ion  cut-off 
accelerometer  on  the  head  of  the  engine,  vertical  direction.  The  latter  two  pick¬ 
ups  are  very  close  and  a  {dioto  suggests  the  two  should  read  nearly  equal  an^itudes 
>rtiich  is  borne  out  by  the  majority  of  the  data  but  not  by  the  extreme  values. 

Maximum  values  recorded  were 

±4.7  per  cent  variation  in  total  tiurust 

±  6.5  per  cant  variation  at  any  one  attachment  point 

However,  the  arbitrary  restriction  to  reading  data  at  a  point  ton  seconds  following 
ignition  was  responsible  for  ignoring  a  thrust  variation  equal  to  twice  the  value 
used.  For  this  one  case,  the  maxlmvm  values  are  then- 

±  6  per  cent  vibration  in  total  thirust 

±  7.4  per  cent  variation  at  snj  one  attachment  point 

Maximum  vibration  acceleration  g  rms  5n  low  frequency  region  less  than  150  cps  were 

1.1  g  rms,  ignition,  55  cps 

8.1  g  rms,  cut-off,  100  cps 
6  go-p,  ignition 

30  g^p^  cut-off.  See  Figures  51  and  52. 

Maximum  values  of  the  high  frequency  vibrations  (predominant  frequencies  500  and 
600  cps)  were 
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Figure  51o  Low  Frequency  Vibration  of  Attach  Points-  S-3D  Rocketdyne 
Engine  Frequency  Analysis o 
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g  rms 

80-peak 

Figure 

Attacbiment  points,  vertical 

27 

87.5 

53 

Attachment  points,  lateral  along  pitch 

40 

80 

54 

Attachment  points,  lateral  along  yaw 

28 

105 

55 

Lox  flange,  vertical 

32 

127 

56 

Rough  combuat-ion  cut-off  accelerometer. 

68 

200 

57 

vertical 


A  very  interesting  exan^le  of  direct  vibration  from  solid  rocket  boosters  is  given 
in  the  following; 

Early  reliability  failures  on  the  Snark  missile  led  to  ground  firings  of  the  large 
solid-propellant  booster  rocket  which  are  used  to  zero  launch  the  missile.  The 
missile  is  la\mched  in  horizontal  flight  at  ein  acceleration  of  4  g*s  under  the 
combined  260,000-pound  thrust  of  these  two  boosters.  For  these  ground  firings,  the 
boosters  were  detached  structurally  from  the  missile  to  determine  the  importance  of 
the  acoustic  environment.  For  the  purposes  of  this  report,  an  opportunity  existed 
to  determine  if  an  increment  in  response  were  present  which  should  be  ascribed  to 
thrust  variations  transmitted  directly  to  structures,  A  drawing  and  some  of  the 
characteristics  of  the  booster  bottles  are  shown  in  Figure  92  ,  The  nozzle  is 
canted  down  and  away  frm  the  fuselage,  with  a  26-degree  angle  between  the  thrust 
centerline  and  the  bottle  centerline,  A  pick-up  on  basic  stmictures  at  Fuselage 
Station  600  near  the  main  guidance  equipment  rack  is  within  a  few  feet  of  the 
nozzle.  Instead  of  the  vibration  being  lessened  with  bottles  detached,  it  was 
Increased  by  approximately  1/3  over  the  whole  frequency  spectrum,  although  the 
variation  at  individual  1/3  octave  bands  was  large. 

During  the  "acoustic  firings"  the  missile  and  the  rocket  are  within  a  few  feet  of 
the  ground  giving  a  ground  plane  effect  which  is  net  present  in  an  actual  launching. 
A  3  db  increase  in  the  environment  is  probable  which  yields,  according  to  Figures 
93  -  98,  a  21  to  40  per  cent  increase  in  z*esponse  acceleration  depending  on  the 
frequency  band.  This  coincidence  of  the  two  increments  suggests  there  was  no  effect 
on  the  response  created  by  thrust  variations. 

Assuming  the  increase  in  total  response  woTild  have  to  be  10  to  15  per  cent  to  be 
noticeable,  the  response  due  to  thrust  variation  would  need  to  be  .3  to  .57  of  the 
response  due  to  the  acoustic  environment  because  of  the  way  in  which  random  traces 
are  added.  The  ability  to  detect  small  thrust  variation  by  response  compcurisons  is 
negligible. 

An  important  deduction  was  responsible  for  identifying  the  domination  of  the  Snark 
acoustic  environment  from  some  of  the  available  oscillograph  data.  A  nose  pick-up 
at  the  instant  of  launch  presented  the  data  shown  in  Figure  58.  Structural-borne 
vibration  proceeds  throi;igh  structures  at  a  speed  which  varies  from  15,000  ft.  per 
second  for  plane  waves  traneaitted  longitudinally  in  the  material  to  crJy  2,400 
ft,  per  second  at  1,200  cps  and  600  ft.  per  second  at  100  cps  for  skin  waves  trans¬ 
mitted  longitudinally  in  the  cylindrical  fuselage.  The  smooth  build-up  to  4  g»s 
horizontal  acceleration  is  shown  on  the  Statham,  identifying  the  instant  of  build-ip 
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Figure  52 «  Variation  in  Ciitoff  Vibration  During  Sepeurate  Firings  at  the  "niroe  Attach  points^ 
(S-3D  Engine) 
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Figure  53.  Vibration  at  the  Attach  Points  in  the  Thrust  Direction. 

Only  the  amplitudes  of  the  Most  Dominant  Frequencies 
are  Shqwn  (S-3D  Engine) 
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Figure  54.  Vibration  at  the  Attach  Points  Perpendicular  to  the  Thrust  Direction  -  S-3D 


_  uoT'^.’ead'^eoov 
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Figure  56.  Vibration  at  the  Lox  Injector  in  the  Thrust  Direction  (S-3D  Engine) 
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Firing  Ntnnber  Firing  Nuanber 

Figure  57  <>  Vibration  on  the  Head  of  the  Conibustion  Chaniber  in  the  Thrust  direction  -  S-3D  Engine 
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Figure  58.  Snark  Launch  Vibration  Measurement  During  1st  0o2  Secs. taken 
by  a  Trailing  Wire^ 


of  thrust,  the  point  of  maximum  variation  of  thrust  variation  .03  seconds  later  and 
maximum  thrust  at  .11  seconds.  The  piezos  at  fuselage  station  240  show  the  struc¬ 
tural  borne  vibration  which  precedes  the  arrival  of  the  acoustic  excitation  to  be  a 
minor  component  of  the  order  of  20  per  cent  of  the  response  following  the  arrival 
of  the  airborne  excitation.  The  maiiTfold  increase  in  structural  i^esponse  following 
the  arrival  of  the  acoustic  excitation  provided  the  most  iji^rtant  evidence  of  the 
domination  of  the  acoustic  environaent.  The  ability  of  the  structure  at  the  nose  of 
the  fuselage  to  act  as  a  measure  of  thrust  variation  is  certainly  limited,  but  it  is 
reasonable  to  infer  from  the  data  that  the  Snark  thrust  variation  is  responsible  for 
no  more  than  10  per  cent  of  the  total  response. 
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sductiom 


Vs  625 


/  \  T<C10 

I  ■ _  \gS  605 

10  100  1000  10,000 
Fig.  59  -  Frequency- cps 
Reduction  in  Noise  Due  to  the 
Use  of  a  Relgnition  Inhibitor 


A  third  feattire  from  the  Snark  program 

to  be  related  concerned  the  program  to  :§  l^O*  ^ 

reduce  booster  excitation.  One  example  ,  ^ 

was  a  reignition  inhibitor,  2  per  cent  ^  ^  \ 

potassium  sulfate,  added  to  the  booster  ^  ^  ^ 

propellant.  Figuire  59  shows  the  Influ-  ^  '  Reduction  \ 

ence  on  the  external  microphone  showing  ,  V 

the  greatest  reduction  cmnpared  to  a  g  tiq.,  - - 

firing  withotxt  the  inhibitor.  Ifefor-  g 

tunately,  these  gains  in  lowered  £  /  \ 

external  environment  were  not  reflected  ®  I30  ^ductionK,,,^^^^^ 

in  lowered  response,  possibly  because  "S 

the  gain  can  be  characterized  as  a  low  5  / 

frequency  gain  where  the  slope  of  the  ^  120  / 

response  to  environment.  Figures  94,99,&100^  /  \  mCK 

is  small.  This  failure  of  structural  I  ■  '  .  .  \FS  6( 

vibration  to  lesson  following  a  sizable  10  100  1000  10,000 

reduction  in  the  environront  is  also  Fig.  59  -  Frequency-cps 

reported  in  Reference-  27*  On  the  test  Reduction  in  Noise  Due  to  the 

stand  a  30  to  40  per  cent  reduction  in  Use  of  a  Relgnition  Inhibitor 

vibratory  loads  in  the  thrust  direction 

for  structure  upstiream  of  the  isolation  material  was  determined.  Acceleration 
measurements  on  missile  structiires  showed  loads  as  high  as  ±27,000  pounds  in  the 
upstream  structure.  The  peak  vibratory  load  in  the  interconnecting  structure  was 
reduced  to  ±4,000  pounds  for  a  later  version  of  the  same  booster.  This  reduced 
level  in  a  solid  propellant  booster  of  ±3  per  cent  of  the  total  thrust  corresponds 
to  that  shewn  in  Figuw  10  for  a  liquid  rocket  and  also  to  the  limiting  value  of 
allowable  thrust  variation  in  many  liquid  rocket  engineering  specifications. 

The  swiftness  of  the  decay  in  time  of  0  6  •/  \ 

structural  response  to  an  acoustic  /  \ 

environment  is  shown  in  Figure  60  of  the  2  ”  ^  ’  \ 

acceleration  at  fuselage  station  204  in  “  p  \ 

the  Snark  as  a  resiilt  of  two  influences  g  \ _ 

of  the  Increasing  speed  of  the  vehicle.  — 1*  A  k  I 

First,  the  noise  generation  depends  on  <Z  ^ 

the  difference  between  the  exhaust  velo-  lame-^conds  ,  ... 

city  and  the  vehicle  velocity  ^d  second,  -pjjjjg  purine  Launch  at  ^S,  204 

the  noise  which  reaches  the  vehicle  from 
an  aft  source  is  diminished. 

*  Section  Itt  Part  II  Page  239 


I  2  ^  L 

Time-Seconds 

60  -  Variation  of  Amplitude  with 
Time  Purine  Launch  at  ^S,  204 
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ADVANGSD  PROPUISION  SISTBS  iND  POWER  UKITS  FOR  SPACE 


Ther«  am  a  large  cnWber  of  defflcea  which  bate  been  eonceired  for  erantual  use  in 
space  propulsion  and/or  providing  auslllaiy  power  for  space  vehiclee.  Manor  of 
these  are  classified  as  "eaitie"  g^stass  and  only  a  few  are  past  the  ecnceptual 
stage  and  transferred  to  the  experlaMntal  reseandi  phase.  Hoiranror,  it  is  possi¬ 
ble  to  evaluate  the  potential  utlUtj  of  the  aajoritj  of  these  conceptual  devices 
for  space  fll|d>^  and*  In  a  Halted  wagr*  to  assess  their  potential  as  vibration 
sources. 

Table  Tin  gives  an  overall  viair  of  the  various  types  of  prc^mlslon  units*  idiich 
aa^  beeoae  practical*  together  with  their  tiunist  wel|^t  ratio*  specific  iaqwlse* 
advantages*  dieadvantagee  and  possible  ^ppHcatlons.  This  Bsterial  has  been  taken 
frcn  Reference  12.  In  addition*  the  table  gives  the  author's  assessment  of  the 
categories  of  vibration  sources  which  will  aceo^panip  each  type  of  propulsion  engine 
together  with  an  estLaate  of  present  knowledge  of  these  prohlams. 

It  is  clear  from  Table  Tin  that  the  najor  sources  of  vlhratoqr  ansrgjr  from  these 
propalalon  engines  will  be  from  anxlliary  electrical  power  generators*  pmape*  eom- 
preseors,  and  lalJer  asudliaries.  Thus*  for  the  majority-  of  the  proposed  systaau* 
vibratoxT-  prrihlis  will  be  of  the  eoavanticnal  types  associated  with  rotating 
aaidtlneiy.  Bewsver*  for  many  of  the  alsctrical  (Ion  «nd  PTniami  Rrives) 

the  thrust  will  be  eittaer  pulsed  or  f oHow  a  full  wave  rectified  alternating 
current  s&goal.  The  frequencies  wbidi  will  be  aieounbered  range  from  a  few  pulses 
par  day  to  the  order  of  10*000  per  second.  Altbou^  the  electric  engines  will  be 
utiliaed  (if  they  bereme  practical  in  the  distant  future)  primarily  for  very  lew 
ttarmst  inteivapaee  acceleration.  Hence*  the  vibratory  forcos  involved  are  ejqpectei 
to  be  nMdl.  It  is  eapected  that  the  thermal  sagiaB  will  be  the  mainstay  of  space 
resesrdi  for  the  naadt  decade  at  least*  with  a  trensttien  occurring  froai  primary 
reliance  on  chemLcal  fuels  to  reliance  on  nuclear  fuels. 

It  should  he  noted  that  the  thermal  engines  will  all  produce  Jet  noise  rdiich  will 
be  iiqiortant  during  the  boost  phase  at  vehicle  velocities  below  Mach  1.  Althouib 
the  nagnitude  of  this  noise  can  he  evaluated  fbom  Ssetlon  H*  the  velocities 
eopected  for  nuclear  rockets  utilising  bydeogen  as  a  propallanb  are  of  the  order 
of  20*000  feet  per  second.  This  is  apprcodiMtely  three  times  exit  velocltieB  for 
conventional  chsailcal  rockets  and*  hanee*  prediction  of  noise  dioold  be  sqiple- 
mented  by  msasarement  at  the  earliest  prsetieable  date. 

The  source  of  power  for  anxLliazy  lUnctisns  and  propulsion  on  the  qiace  -vdiiela 
will  depend  rqnn  the  length  of  the  adseion  and  the  total  power  requirements.  In 
gneral*  ecnventicnal  rotating  sachinery  la  preferable  for  convereion  of  energy  to 
electrical  power  at  powers  over  100  kilowatts*  vfaereae  direction  convereion  (solar 
cells*  fuel  cells*  chaadeal  bstteries)  are  generally  prafervble  for  poware  Ims 
than  1  Idlowatt.  For  long  duration*  solar  anargy  collectors  appear  desirable  for 
patiara  less  than  IX)  IdJLowatts*  but  at  powers  above  100  kUowatte  nuclear  beat 
aonrcee  have  superiority.  Thus*  it  is  probsble  that  all  but  the  aamllest  ttnmannod 
iprobee  will  have  tuibine-generating  machinery  for  electrical  power  and  will  also 
prebably  have  iiiaauioue  auxiliaries  as  part  of  a  nuclear  energy  aouree. 
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It  should  be  eoiphasized  again  that  control  of  the  vibration  for  most  of  the  auxili¬ 
ary  equipment  discussed  is  in  the  hands  of  the  designer.  In  addition,  since  the 
major  source  of  vibratory  snsr-gy  from  a  majority  of  types  of  machinexy  under  con¬ 
sideration  Is  unbalanced,  serious  consideration  should  be  given  to  the  provision  of 
portable  balancing  capability.  This  technique  allows  the  ultimate  in  balance  to  be 
obtained  by  balancing  the  machine  in  its  own  bearings  at  its  operating  rpm,  thus 
balancing  out  any  manufacturing  or  assembly  eccentricities. 
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AUXILIARY  EQUIPMEIT  VIBRATICK  EXCITATK)N 


AuxLliaiT'  equipment  will  be  a  source  of  vibration  in  space  vehicles.  This  source  of 
excitation  will  ordinarily  be  of  secondary  Importance  with  the  main  power  plant 
operating.  However,  its  long  tine  operation  in  a  space  environment  can  lead  to 
fatigue  problems  in  the  immediate  area  of  such  equipment.  It  is  also  possible  that 
the  dominant  vibration  in  the  immediate  area  of  the  eqtilpment  would  originate 
mechanically  in  the  equipment  even  with  the  main  power  plant  operating. 

Mechanical  vibration  sources  originate  in  the  acceleration  of  moving  p>arts  and  in 
the  periodic  variations  of  gas  forces,  electrical  forces  or  other  energy  sources. 
Rotation  alone  serves  to  generate  the  sinusoidal  forces  coning  from  static  or 
dynamic  unbalance.  The  periodic  nature  of  the  inertia  forces  is  apparent  in 
eccentric  parts,  linkages,  cams,  wobble  plates,  and  gear  teeth.  The  fundamental 
frequency  associated  with  the  forces  is  that  determined  by  the  apparent  frequency- 
of  the  motion.  Frequencies  tdiich  are  integral  multiples  of  the  fundamental  fre¬ 
quencies  are  also  present  when  the  motion  is  not  perfectly  sinnsoidal.  These 
mechanical  vibration  forces  act  both  as  forces  within  the  equipment  and  as  exter¬ 
nal  forces. 

The  band  of  frequencies  over  which  the  equipment  operates  should  be  coiqDared  to  the 
various  translational  and  rotational  natural  frequencies  of  the  qystem.  The 
natural  frequencies  are  the  resmiant  frequencies  at  ^ich  an  applied  periodic  force 
creates  relatively  large  response. 

The  ideal  solution  to  the  problem  of  vibrational  forces  is  to  design  the  equipment 
free  of  such  forces.  This  freedom  from  vibration  can  never  be  completely  accom¬ 
plished  as  long  as  motion  is  present.  Where  these  vibrational  forces  must  exist 
due  to  the  function  of  the  ei^pment,  the  adjacent  structure  can  be  protected  by 
vibration  mountings  which  diminish  the  transmitted  forces.  The  equipment  may  also 
benefit  by  the  soft  mounting  if  the  lowered  natural  frequencies  of  the  overall 
dynamical  system  are  sufficiently  removed  from  the  exciting  frequencies. 

The  many  ways  in  which  mechanical  vibration  is  troublesome  should  be  considered. 

The  list  includes  wear  out,  malf\aiction,  fatigue  and  comfort  problems.  £Bq}hasls 
will  be  required  on  the  fatigue  problem.  The  performance  demands  on  space  systems 
will  require  relatively  low  structural  weight  and  greater  structural  efficiency. 

The  final  limit  in  these  attempts  to  obtain  lower  structural  weight  will  be  deter¬ 
mined  by  fatigue.  Detailed  knowledge  of  the  loading  history  will  be  required.  It 
is  interesting  to  note  the  rapidity  with  idiich  large  nmibers  of  cycles  are  accumu¬ 
lated  in  certain  fatigue  problems.  In  cases  where  vibrations  are  induced  by 
acoustic  phenomena  and  high  speed  machinery  a  million  cycles  per  hour  are  possible. 
The  allowable  stress  for  design  purposes  must  be  less  than  the  endurance  limit  in 
these  cases.  In  the  acoustic  fatigue  problems  the  allowable  rms  stress  level  is 
only  a  small  fraction  of  the  endiurance  limit  stress.  New  military  specifications. 
Reference  13(Wlll  require  vibration  mapping  of  the  esqpected  vibration  environment 
in  the  design  stage.  When  this  is  done,  one  portion  of  the  many  inputs  required 
for  the  fatigue  analysia  will  be  available. 
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The  role  of  freeplay  and  tolerances  defining  bearings,  hole  sizes,  and  shafts, 
should  be  noted.  The  eccentricities  ^ich  generate  the  mechanical  vibration  forces 
associated  with  rotating  parts  8a*e  the  same  order  of  magnitude  as  these  tolerances. 
Freeplay  at  these  rotation  points  will  need  careful  control  in  many  cases.  In  many 
cases  design  provision  for  portable  balancing  of  the  assembled  machine  running  imder 
its  own  power  will  give  the  minimum  vibration. 

The  designer  will  find  it  desirable  to  use  the  specified  vibration  limit  noted  in 
the  applicable  equipment  specification  for  use  in  calculating  forces.  Experience 
shows  that  equipment  vibration  is  in  the  near  proximity  of  these  limits. 

Self  excited  vibration  instabilities  auLso  present  conplex  mechanical  vibration 
problems.  In  this  case  the  oscillatory  motion  is  sustained  by  a  force  vdilch  is 
created  or  controlled  by  the  motion  itself. 

The  study  of  several  exaa^les  %rill  be  beneficial.  The  following  problems  demon¬ 
strate  the  ease  %dth  which  an  understanding  of  the  forces  and  moments  can  be  gained 
from  calculations. 

The  engine  installed  in  the  Northrop  T-38  airplane  provides  a  suitable  exai^le  for 
the  calculation  of  normal  vibratory  forces  and  as^litude.  The  rigorous  solution  to 
this  problem  is  quite  coit9)lex  but  this  presentation  is  in  a  simplified  method  to 
illustrate  the  ease  with  vdilch  analytical  techniques  can  be  applied  to  the  problem 
of  unbalanced  rotating  eqtiipment. 

The  engine  rotor  has  two  main  bearings;  the  aft  bearing  located  at  the  turbine  sec¬ 
tion  and  the  forward  bearing  located  toward  the  aft  portion  of  the  compressor  sec¬ 
tion.  This  arrangement  causes  the  forward  portion  of  the  compressor  section  to  be 
cantilevered  from  the  front  bearing  producing  a  critical  speed  at  approximately 
of  engine  nmodmum  speed.  The  acceleration  measured  at  the  front  frame  on  one 
particular  engine  at  this  critical  speed  was  22  ”g*s”  vdilch  can  be  considered 
roughly  equivalent  to  a  sinusoidal  single  amplitude  of  .C06  inches.  Other  measure¬ 
ments  are  sunmarized  in  Figure  61. 

If  it  is  assumed  that  the  engine  centerline  describes  a  conicstl  shape  with  the  apex 
of  the  cone  in  the  vicinity  of  the  main  trunnion  mounts,  the  force  at  the  front 
vertical  engine  support  may  be  approximately  in  the  following  simplified  analysis. 

The  angular  acceleration,  ,  of  the  complete  engine  projected  in  the  vertical 
plane  is: 

06  »  ^  -  22  X  386  in/sec^  _  2^2  rad/sec^ 

L  42  in. 

where,  a^j  =  vertic£il  linear  peak  acceleration 

L  ^  distance  from  main  trunnion  mounts  to  frcxit  frame. 
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Range  of  Acceleration  —  g*s  —  Compressor,  Front  Frame 


Notes;  1.  All  Readings  at  Military 

2.  As  a  Measia’e  of  Service  Acceptability, Periodic  Vibra¬ 
tion  Measurements  Were  Made  on  the  Bulk  of  the  Early 
T-38  Engines.  The  Average  Number  of  Readings  Avail¬ 
able  Per  Engine  was  Eleven  (11),  Varying  from  Three 
(3)  to  Twenty  Nine  (29),  Readings  were  Taken  in  an 
]^gine  Teat  Stand  and  Part  Installed  in  the  T-38  Air¬ 
craft.  Consecutive  Readings  in  the  Aircraft  and  in 
Test  Stand  Showed  no  Variation  Due  to  Mounting.  This 
Figure  Presents  the  Range  of  those  Readings. 


The  torque,  T,  required  to  produce  the  above  angular  acceleration  is: 


X  =  IpOC  -  1040  Ib-in-sec^  x  202  rad/sec^  «  210,000  in-lbs. 

whare,  is  the  pitch  moment  of  inertia  of  the  comqplete  engine  about 
^  the  aads  through  the  aaln  trunnions 

oC  ■  angular  acceleration 

The  force,  F,  exerted  at  the  front  support  is: 

F  -  T  =  210.000  in-lb  -  7.000  lb. 

"JT  30  in 


where,  r  -  distance  between  the  main  trunnion  mounts  and  the 
forwau^  vertical  engine  support. 

Since  this  force  must  come  from  the  unbalanced  rotor,  the  radius,  e,  of  the  circle 
described  by  the  rotor  center  of  gravity  is: 


7000  lb 


=  .0185  in 


2  ra^ set 


It  should  be  noted  that  an  additional  bearing  has  been  incorporated  in  the  latest 
engine  design  >diich  has  reduced  this  vibratory  force  considerably. 

It  should  not  be  considered  that  troublesome  vibrations  must  originate  with  masses 
as  large  as  an  engine  rotor.  On  the  contrary,  small  motors  on  rotary  ^uipment 
with  masses  in  the  order  of  one  or  two  pounds  and  an  unbal^ced  measured  in  inch 
ounces  can  create  a  large  oscillating  force  when  the  rotation  speed  is  high.  For 
example,  consider  an  unbalanced  rotor  weighing  two  pounds  haying  an  uribalance  of 
one  Lch  ounce  or  an  eccentricity  of  .031  inches.  The  oscillating  force,  F,at 
10,000  RPM  is: 


F  -  mr«? 


2  lb  X  .031  in 
386  in/sec^ 


f2  /  2 

rad  /sec 


175  lb 
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.The  magnitude  of  the  oscillating  force  estimated  in  the  above  simplified  manner 
tends  to  be  high  due  to  the  assumption  that  all  masses  and  attachments  are  rigid. 
They  are  of  course  elastic. 

If  the  nature  of  the  rotary  equipment  is  such  that  it  cannot  be  balanced,  then  an 
isolation  system  should  be  considered.  The  transmitted  force,  Fxr,  through  a 
single  degree  of  freedom  isolation  ^stem  (i.e.  center  of  gravity  system)  is; 

^ _ -  jf  *  ' 

vdiere,  sinut  ■  oscillating  force  of  the  unbalanced  rotor. 

c/cq  -  ratio  of  actual  damping  of  the  isolation  ;Qrstem  to  a 
critically  damped  system. 

CJ  -  frequency  of  oscillating  force. 

^n  -  natural  frequency  of  isolating  system. 

In  order  to  accomplish  any  reduction  in  the  transmitted  force,  the  frequency  ratio, 
n,  of  the  forcing  frequency  to  the  natural  frequency  of  the  isolation  system  must 
be  at  least  1.5.  As  n  increases  above  1.0,  the  transmitted  force  decreases.  For 
example,  an  isolation  ayatem  with  ten  percent  of  critical  damping  wi.ll  transmit  34 
percent  of  the  oscillating  force  when  n  is  two,  whereas  when  n  is  six,  the  trans¬ 
mitted  force  is  only  three  percent  of  the  oscillating  force. 

High  speed  rotary  equipment  which  is  to  be  used  in  space  vehicles  should  be  con¬ 
trolled  in  regard  to  the  vibratory  forces  originating  within  them.  Some  vendors 
have  measured  data  which  describe  these  forces.  Care  should  be  exercised  that 
these  data  are  applicable  to  the  proposed  equipment  installation  because  the  trans¬ 
mitted  force  is  dependent  upon  the  mounting  system  as  well  as  the  originating 
oscillating  force. 

Other  rotary  equipment  is  controlled  by  specification  which  limits  the  force  or 
amplitude  of  motion  of  the  rotary  equipment.  An  example  of  this  is  the  jet  engine 
>diich  is  usually  limited  to  five  to  eight  double  amplitude. 

Another  type  of  vibratory  force  originating  within  equipment  is  that  of  a  self- 
excited  nature.  The  oscillating  force  is  not  attributed  to  an  unbalance  but 
develops  from  the  function  of  the  equipment. 

As  an  example,  the  following  equatiwi  is  derived  from  data  taken  from  turbo-pumps 
used  on  current  liquid  fuel  rockets.  The  energy  inherent  in  the  cavitation  at  the 
impeller  blades  is  not  of  an  alternating  nature  but  is  a  relatively  constant  source 
of  energy  for  the  vibrating  systeni  The  vibration  spectrum  is  typified  by  a 
relatively  low  level  broad  band  random  vibration  upon  which  is  superimposed  spectral 
peaks  at  multiples  of  the  impeller  rotary  speed.  The  overall  root  mean  square 
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Vibration  is  roughly  proportional  to  the  thrust  of  the  rocket  motor  being  fed  by  the 
pump,  Figure  62. 

An  approximate  expression  for  the  overall  gj^g  accelerations  originating  at  the 
pump  is: 

Srms  -  2.5  X  ICT^T 

%<here:  T  is  the  thrust  of  the  rocket  motor. 
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Overall  Acceleration  Amplitude 
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VII  NOISE  EXPOSURE  FOR  HYPOTHETICAL  VEHICLE  AND  MISSION 


The  characteristics  of  the  majority  of  the  sources  of  vehicle  vibration  which  have 
been  discussed  in  this  report  depend  on  a  myriad  of  design  and  mission  parameters. 
Many  will  never  be  encountered  except  by  vehicles  with  unusual  design  features  or 
unusual  mission  profiles.  Others,  such  as  motor  vibration  and  thrust  variation, 
depend  on  specific  ha^^lware  which  is  utilized.  However,  the  launch  noise  and  the 
boundary  layer  pressure  fluctuations  are  conriion  to  all  contemporary  vehicles 
operating  from  earth. 

Therefore,  it  is  interesting  to  examine  the  characteristics  of  these  two  vibration 
sources  in  terms  of  a  hypothetical  vehicle  and  mission  profile.  Figure  63  illus¬ 
trates  a  hypothetical  three-stage  vehicle  intended  to  launch  the  third  stage  and 
payload  into  a  recoverable  orbit.  Figure  64  gives  a  possible  exit  profile  for  this 
vehicle,  specifsring  both  altitude  and  velocity  as  b.  fmction  of  time  from  launch. 
Figure  65  gives  a  possible  re-entry  profile  for  the  nose  and  first-stage  section  of 
the  vehicle  assuming  a  high  drag  device  is  used  to  decelerate  this  section  during 
the  re-entry.  Note  that  this  r4-entry  deceleration  duration,  approximately  suitable 
for  a  manned  re-entry,  is  on  the  order  of  ten  times  longer  than  in  a  ballistic 
re-entry. 

Calculations  have  been  made  for  the  variation  of  rocket  noise  and  boundary  layer 
pressture  fluctmtions  at  two  positions  along  the  vehicle.  For  those  calculations 
it  was  assumed  that  the  vehicle  was  launched  at  sea  level  from  a  vertical  position 
just  above  a  flat  ground  plane. 

The  variation  in  over-all  sound  pressure  level  at  the  two  positions  during  the 
initial  launch  period  is  Illustrated  in  Figure  66ae  As  can  be  seen,  the  increase 
of  rocket  noise,  resulting  from  the  chmige  in  the  directional  radiation  character¬ 
istics  of  the  flow  impinging  on  the  ground  plane,  controls  the  noise  exposure  for 
the  first  1.5-2  seconds  of  flight  until  the  nozzles  reach  an  altitude  of  the 
order  of  50  nozzle  diameters,  ^y  this  time  the  noise  vjcposure  has  been  decreased 
to  that  anticipated  directly  forward  of  an  unobstructed  rocket  flow.  However, 
because  the  vehicle  is  in  motion,  the  rocket  noise  continues  to  decrease.  Note 
that  the  level  at  position  A,  which  is  well  forward  of  position  B,  is  consideralxLy 
less  than  the  level  at  position  B. 

Figure  66b,  >diich  has  a  more  condensed  time  base,  illustrates  the  continued  decrease 
of  rocket  noise  at  both  positions.  However,  this  increase  in  vehicle  velocity 
tlroi'igh  the  atmosphere  brings  an  attendant  increase  in  freestream  dsmamic  pressure 
(qw>).  Hence,  as  the  q  is  increased,  the  boundary  layer  pressure  fluctuations 
increase  and  begin  to  assume  importance.  Thus,  at  the  end  of  the  first  ten  seconds 
for  this  hypothetical  vehicle  and  mission,  the  external  noise  ceases  to  decrease 
and  begins  to  increase.  In  this  example,  the  maximum  over-all  level  of  the 
boundary  layer  pressure  fluct\iatlon  approximately  eqvials  the  maximian  launch  noise 
at  position  B  and  exceeds  the  launch  noise  at  position  A.  However,  the  relative 
magnitudes  of  the  levels  from  the  two  sources  will  vary  with  many  factors,  including 
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Figure  64=  Exit  Profile  for  Hypothetical  Vehicle  Showing  Velocity  and 
Altitude  as  a  function  of  tim. 


Fif^nre  6p,  Re-Entry  Profile  for  Hypothetical  Vehicle  Shovdng 
Velocity  and  Altitude  as  a  Function  of  Time. 
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Figure  66.  Estimated  Variation  in  Overall  Sound  Pressure  level  for  two  positions  on  Hypothe¬ 
tical  Three-Stage  Vehicle  as  a  Function  of  Mission  Time  (from  Figures  64  &  65). 


position  along  the  vehicle,  mission  profile,  parameters  of  the  boost  rocket  motor, 
and  launch  configuration. 

Figure  66c  illustrates  the  variation  in  overfall  sound  pressiure  level  at  position  A 
throuf^out  important  portions  of  the  nlsaion  ehen  the  vehicle  Is  in  the  atmosphere. 

It  Is  obvious  that  the  maxinum  level  during  re-entry  is  on  the  order  of  20  db  less 
than  that  obtained  during  exit.  However,  calculations  based  on  a  possible  ballistic 
re-entry  where  the  maximum  deceleration  occurs  at  smch  lower  altitude  than  in  Figure 
65  give  exterior  oveivall  levels  on  the  order  of  165  db,  35  db  greater  than  illus¬ 
trated  in  Figure  66e.  Here  it  should  be  noted  that  this  hi^er  value  will  only 
result  if  the  re-entry  vehicle  has  a  fully  developed  turbulent  boundary  layer. 

Figure  6?  gives  a  similar  presentation  of  the  variation  of  the  level  in  several 
frequency  bands  at  position  A.  As  can  be  seen,  the  relative  spectra  are  continuously 
changing  during  the  fli^.  For  this  particular  exasple,  the  middle  frequency 
region  is  predosiinant  during  launch,  the  hi^er  frequencies  during  exit  and  all 
frequencies  are  approximately  equal  during  re-entry.  It  is  noted  that  the  calcula¬ 
tion  of  the  position  A  boundary  lasier  pressure  fluctuations  asstsMd  that  the  bound¬ 
ary  layer  was  fully  turbulent  aft  of  the  shoulder  of  the  third  stage,  and  that  the 
flow  external  to  this  boundary  layer  had  expanded  to  freestresm  condition  aft  of  the 
shoulder. 

Figure  68  gives  a  similar  analysis  of  the  variation  with  time  of  the  spectra  at 
pQ^on  B  prior  to  the  first  stage  burnout.  Coiq>arison  of  the  spectra  of  the 
boundary  layer  fluctuations  at  the  two  positions  illustrates  the  greater  relative 
energy  at  the  lower  frequencies  at  the  aft  position  B.  Typical  mean  square  pressure 
spectra  for  this  hypothetical  vehicle  at  various  mission  phases  art  glvsn  for  two 
positions  in  Figures  69  and  70. 


(a)  Initial  Launch  I  I  (b)  Launch  and  Exit  I  I  (c)  Launch,  Exit,  Re-entry 


Figure  6?.  Estimated  Variation  in  Overall  Sound  Pressure  Level  and  the  Level  in  Three  Octave  Bands 
as  a  Function  of  Time  (from  Figure  66)  at  Position  A  on  the  First  Stage  of  the  Hypothe¬ 
tical  Vehicle 


Mean  square  pressure  per  cycle  (lbs*-sec/fi'^) 

•  •  • 


POS.  A. 


/  ^ 

/  V 


- y - - ^ 

/  S  \ 


V  \ 


.00005 


0  (lounch) 


Approximate 
Durotion  (seconds] 

2 


~  2  tec. after  launch  5 

*  •  •  45  tec. after  launch  20-30 

250  sec. after  beainning  reentry  i  50 


20  50  100  200  500  1000  2000  5000  10,OOC 

Frequency  (CPS) 

FigW«  69o  Estiraated  Mean  Square  Pressure  Per  Cycle  at  Several  Times 
During  Mission  for  Position  A. 


Spectrum  Level  in  db  re  .0002  dyne/cm' 


.Mean  square  pressure  per  cycle  (lbs®sec/ft  ) 


POS.B 


Figure  70.  Estimated  Mean  Square  Pregsure  Per  Cyele  at  Several  Times  During 
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I 


INTRODUCTION 


Th«  prediction  of  the  vibratozy  responses  and  stresses  in  aircraft  and  space 
vehicles  resulting  from  tite  various  sources  discussed  in  Part  I  of  this  report 
is  a  most  formidable  task*  When  the  exciting  forces  were  primarily  sinusoidal 
in  nature  (,  as  is  the  case  with  propeller  aircraft  and  helicopters  p  the  problem 
of  predicting  response  is  somewhat  slmplerp  if  only  for  the  fact  that  the  number 
of  possible  major  exciting  frequencies  is  finite*  Howeverp  for  space  vehicles 
and  high  performance  aircraft ^  the  major  excitation  resxilts  from  jet  or  rocket 
noisep  boundary  layer  and  base  pressure  fluctuations  and  other  phenomena  which 
are  characterised  by  continuous  frequency  spectra  and  random  amplitudes s  Further** 
morep  although  structural  fatigue  is  predominant  at  frequencies  below  500  cpSp 
equipment  malfunction  and  electronic  component  fatigue  extend  the  frequency  range 
of  concern  to  at  least  lOpOOO  cps*  Hencop  for  many  casesp  the  prediction  of 
vibration  response  for  advanced  aircraft  and  space  vehicleSp  must  Include  concern 
for  all  frequencies  below  lOpOOO  cps* 

Tin  vibration  of  any  portion  of  the  vehicle  resulting  from  a  source  of  energy 
depends  on  characteristics  of  the  sourcop  the  path  between  the  source  and  the 
receiver  and  the  characteristics  of  the  receiver  Itselfp  as  illustrated  in  the 
following  sketch* 


At  low  frequencieSp  the  response  of  the  entire  vehicle  is  maximum  at  the  basic 
body  nodes p  «id  the  magnitude  of  the  response  depends  primarily  upon  the  location 
relative  to  the  body  mode  shape  p  the  magnification  factor  for  the  modSp  the  mag¬ 
nitude  of  the  forcing  function  over  the  entire  vehicle.  At  higher  frequsnciee 
the  Buodma  rcepone<«s  occur  at  the  resonances  of  the  various  panels  and  the  mag¬ 
nitude  of  the  response  depends  on  the  characteristics  of  the  sourcsp  the  panelp 
the  transalasion  path  between  panel  and  recelvsrp  and  upon  the  receiver*  At 
frequencies  above  the  panel  fundamental  resonances  the  factors  influencing 
response  bceeme  veiy  complex  and  the  poesibillty  of  resonances  along  the  path 
beeoeies  sufficiently  high  as  to  suggest  that  the  path  be  treated  as  a  transmission 
line  with  lumped  parameters  whlchp  in  addition  to  source  and  receiver  characterls- 
tiesp  detezmi^  the  vibration  response * 

From  this  bzlef  discusslonp  it  is  clear  that  a  detailed  stepwise  approach  for  the 
pndiction  of  vibration  for  any  general  case  would  be  exceecdngly  ccs&plex  and 
cumbersome*  Furtherp  it  is  clear  that  a  practical  analytical  solution  of  the 
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vibration  characteristics  oi'  a  mechanical  system  must  He  in  judicious  slmpllfi'- 
catlon  of  the  is^steot  to  a  series  of  sub-systems  whose  solutions  are  knowno 

The  following  sections  begin  with  an  analysis  of  the  simplest  vibratory  aystem  - 
a  single  degree  of  freedom  systems  This  discussion  is  followed  by  an  examination 
of  vibration  response  data  obtained  in  both  aircraft  and  missiles^,  illustrating 
broad  trends  in  the  datso  Successive  sections  give  the  fundamental  factors  idiich 
must  be  considered  in  the  analysis  of  the  vibration  of  a  systemp  and  discuss  the 
natural  vibratory  characteristics  of  mechanical  systems  encountered  in  aircraft 
and  missiles  and  the  fatigue  i^ch  can  result  from  excessive  vibratione 


II.  PROPERTIES  OF  THE  SINGLE  DEGREE  OF  FREEIX»I  SISTEM 


As  notsd  in  ths  Introduction^,  ths  understanding  and  solution  of  the  complex  vibra¬ 
tion  phenomena  in  aircraft  and  Mssiles  reqoires  great  sophistication  in  both  the 
methods  and  concepts  utilised  bj  ihe  engineer.  VhereaSp  in  the  past  the  engineer 
was  confronted  with  relativeljr  well-behaved  sinusoidal  forcing  functions  resulting 
from  rotating  aaehlnergr,  it  is  now  necessary  to  be  concerned  with  random  forcing 
functions p space  and  tiata  eorrelationsp  and  the  statistical  properties  of  random 
phenomena.  Furthemorep  the  responses  to  these  random  forcing  functions  are  com- 
pUeated  by  the  properties  of  the  missile  structurep  to  the  point  tdiere  the 
resulting  vibration  alsost  defies  tnalysls.  Howeverp  as  will  be  seen  in  snbsequeni 

0ovwxOiio^  atWjr  Cumpx^iL  prw^vmo  vwi  a/o  mmij  wa«v  woe* 

be  simplified  to  an  extent  that  it  becomes  a  series  of  smaller  problemsp  each 
capable  of  direct  solution. 


The  purpose  of  this  section  is  to  study  the  most  fundamental  vibratory  system 
which  is  a  basic  building  block  in  the  analysis  of  more  complex  ^sterns.  This 
basic  building  block  is  the  sln^e  degree  of  freedom  system  which  p  idien  idealised 
to  a  l^BQMd  parameter  systemp  includes  a  sprlngp  s  viscous  dasqMr  and  a  mass  idiich 
is  constrained  to  move  in  one  coordinate.  This  constraint  is  essential  if  the 
idealised  system  is  to  have  a  single  degree  of  freedom  since  each  additional  axis 
of  linear  motion  or  plane  of  rotation  permitted  adds  an  additional  degree  of  free¬ 
dom  to  the  system.  Although  the  restriction  of  motion  to  only  one  degree  of 
freedom  is  unrealistic  in  many  cases p  it  often  serves  in  the  estimate  of  the 
lowest  resonant  frequency  of  more  complex  systems.  Consequentlyp  since  vibratoiy 
motion  of  a  system  generally  has  its  maximum  amplitude  p  and  hence  maxlffinm  stress 
within  the  system  at  its  lowest  resonant  frequencyp  the  single  degree  of  freedom 
approach  often  has  great  practical  utility. 


A  detailed  discussion  is  given  below  of  the  vibration  characteristics  of  this 
idealised  lumped  parameter  sln^e  degree  of  freedom  for  transient  excitatlonp 
fbroed  sinusoidal  excitatlonp  sinusoidal  foundation  motion  excitatlonp  trans^s- 
slbllity  between  the  mass  and  the  foundation  for  sinusoidal  excitatlonp  followed 
by  a  discussion  of  the  vibration  characteristics  for  random  excitatlonp  and  a 
discussion  of  the  electrical  analogies  and  impedance  concepts  often  used  to  more 
easily  understand  this  system.  In  order  to  show  how  continuously  distributed 
systems  can  be  analysed  by  single  degree  of  freedom  conceptsp  a  mathasmttleal 
derivation  of  the  most  general  single  degree  of  freedom  system  equations  is  pre¬ 
sented  nextp  showing  the  equivalence  to  lumped  parameter  systems  and  introducing 
the  concept  of  mode  shape.  Finally p  for  convenient  reference p  the  mathsMtical 
steps  used  to  solve  ths  governing  differential  equation  are  given  along  with  a 
Bunnaiy  of  the  various  response  functions  obtained  for  several  sinusoidal  and 
random  excitations  of  the  system. 
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FREE  VIBRATION  AND  TRANSIENT  EXCITATI(»I 


The  general  equation  for  the  Itnqped  parameter  sin^e  degree  of  freedom  systen  of 
Figure  71  is  developed  directly  from  Newton* e  second  law:  Force  equals  mass  tines 
acceleration.  Therefore,  f (lowing  References  1  and  2, 


inertia  force  •¥  damping  force  -f  spring  force  ■  exciting  force 

Bx  +  cx  kx  -  F(t) 

where  m  >  nass 

c  «  viscous  damping  constant 
k  «  spring  constant 

F(t)  >  exciting  force  as  a  function  of  tia» 
and  X,  X,  X  ••  dlqplaeeamnt,  velocity,  and  acceleration, 
respeetlvelyD 


(1) 


If  the  mass  is  displaced  to  the  ri^  of  its  equilibriiat  position  an  amount  x^ 
and  then  released,  its  motion  will  be  given  by  a  solution  of  (1)  as: 


X  m  XQ^ 


t 


Note  that  the  general  solution  for  free  vibration  is  of  the  fom 


(2) 


whore 


Sit 

As  ^ 


Sot 


*  Be 


•1.  Sj.gi 


(3) 


and  where  the  constants  A  and  B  are  dependent  on  the 
initial  conditions. 


If  the  daiqping,  c,  is  sero,  then  (2)  reduces  to 


X  * 


iwnt 


V 


(4) 


where  w^  ^  undaa^d  natural  frequency  in 

radians  per  second. 

The  resulting  motion  is  sinusoidal  and,  because  c  *  o,  continues  indefinitely  as 
illustrated  in  Figure  72a.  It  should  be  noted  that  the  undaaqMd  natural  frequency 
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Figure  72 o  Vibration  Response  for  Various  Damping 


can  b«  sinply  obtained  from  energy  considerations  where  the  maximum  potential  energy 
,  2 

j  kxdx  ~  s  kx^  >dien  the  mass  is  at  x^st,  equals  the  maximum  kinetic  energy, 

^  r\ 


C  °  mxdx 
J  o 


•  2 

^  BXg  idien  the  mass  passes  through  its  equilibrium  position.  Since 


Xjj  o  for  sinusoidal  motion,  than  »  -,  as  before.  However,  when  is 
Ic 

greater  than  s,  both  terms  in  the  exponent  of  Eq,  (2)  are  real  and  nsgativs.  There¬ 
fore,  the  motion  is  an  exponential  decay  toward  the  equilibrium  position.  The  amount 
of  damping  required  to  Just  prevent  oscillatory  motion  or  crossing  of  the  x  ■  o  axis 
as  shown  in  Figure  72b,  is  the  value  of  c  which  makes  the  radical  in  (2)  equal  to 
zero.  This  value  of  danQilng,  called  the  critical  value  of  damping,  Cc,  also  is 
given  by 

Cg  «  2  v/^  •  2mwn  (5) 

Uhen  the  value  of  the  danping  constant  is  less  than  the  critical  value,  the  motion 
fwsultlng  from  release  from  position  Xq  is  a  damped  cosine  wave,  as  illustrated  in 
Figure  72c.  The  dasped  natural  frequency,  q,  is  less  than  the  tmdanped  natural 
frequent,  as  shown  by 


fK  c* 


,  where  T  ■  ^ 

«c 


The  filial  motion^  eubetitizting  (6)  and  ?  »  -S- 

w. 


[-5-1  .„t 


into  (2)  becomes 

2mwii 


There  are  two  limiting  cases  of  transient  excitation  irtiich  can  be  easily  visualized 
from  the  preceding  discussion.  The  first  case  is  the  sudden  application  of  a  con¬ 
stant  force,  or  a  step  forcing  function,  such  as  the  sudden  release  of  a  missile  at 
liftoff  after  the  engines  have  come  up  to  full  thrust.  The  second  ease  is  the 
application  of  a  force  for  a  very  shoirt  time,  an  impulsive  force,  such  as  the 
explosive  separation  of  missile  stages. 

The  maximum  response  of  an  undamped  system  to  the  sudden  application  of  a  steady 
force,  Fg,  can  be  seen  easily  frcm  energy  considerations.  The  net  energy  input 
accoaplished  by  F-  in  Figure  73a  occurs  In  the  initial  one-half  cycle  and  equals 
Fo%.  xne  potential  energy  stored  in  the  system  when  the  mass  is  brought  to  rest  at 
% 

,  2 
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Responss  to  Step  and  Impulee  Forcing  Functions 

Figure  73 
166 


2F 

Hencv,  the  maximun  displacement  of  the  mass  Is  equal  to  ,  or  t^ce  the  static 
displacement  which  would  resiolt  from  a  very  slow  application  of  Fq.  For  the  dasq^d 
system,  it  follows  from  (7); 


It  should  be  noted  that  the  response  is  essentially  unaltered  if  the  total  force  is 
not  applied  Instantaneously  but  is  incireased  from  0  to  in  any  time  which  is  less 
than  the  time  (t^)  required  for  a  one-quarter  cycle  of  the  free  vibration  (t^  ^  'Tf'), 

2Wjj 

Wten  the  time  requii*ed  for  the  force  to  reach  its  constant  value,  F^,  exceeds  one- 
qearter  cycle,  the  maxistim  response  is  less  than  that  given  by  (8).  (See  Reference 
3  for  several  exas^les.) 

The  response  to  an  Impulse  is  illustrated  in  Figure  73b.  The  response  equation  is 
derived  from  (1)  assuming  that  the  momentum  acquired  by  the  system  equals  the 
i^nilse  Foto*  Tbe  resulting  motion  (see  Reference  4)  is. 


*  -  »„•  .In  qt  (9) 


This  solution  is  valid  for  any  force  input  (F^)  whose  duration  is  less  than  one- 
quarter  cycle  of  the  free  vibration  (T  ^  Ih). 

2q 


F<«CED  SnroSOIDAL  VIBRATION 


VIhen  the  damped  single  degree  of  freedom  system  is  driven  by  a  sinusoidal  forcing 
function,  F(t)  ■  Fgsin  wt,  the  response  consists  of  two  parts,  an  initial  decaying 
transient  response  which  dei'pends  upon  the  starting  conditions,  and  a  steady  state 
or  continuous  forced  vibration.  Ihe  steady  state  motion  is  given  by 


and 


,x  ■  XpOin(wt-^)  »  £s  jH(w)  j  sin  (wt-^) 
Ic 


(10) 
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^ere 


|h(v)1 


-i 


±8  th«  absolute  value  of 


the  magnification  factor, 

/  la  the  phase  an^e  between  the  force  and  dlsj^aeement , 
/  «a  tan“^  — SSL.  ■  tan“^  ~  — 


k-w^ 


’'n  «c 


a 

and  Xg  «  •Y  the  static  displacement  resulting  from  a  static  force  equal  to  Pg. 

The  absolute  value  of  the  magnification  factor  is  given  for  several  damping  ratios 
in  Figure  74  a  It  can  be  intex^reted  as  either  the  ratio  of  the  maximum  spring  force 
ts  the  exciting  force  or  as  the  ratio  of  the  maximum  disj^acement  of  the  mass  to  the 
displacement  which  would  result  from  a  static  force  Fgo  It  is  clear  that  verj  little 
magnification  occurs  idien  the  frequency  of  the  applied  force  is  less  than  one-half 
of  the  undaaped  natural  frequeneja  In  this  low  frequency  region,  the  sTstem  is 
skiffness-controUed;  hence,  the  maximum  spring  force  is  approximatelj  equal  to  and: 
^posed  bj  the  driving  force,  Fo^kx,  since  the  driving  force  and  the  displacement 
axre  in  phase,  as  seen  in  Figure  75o 


HcMover,  as  the  frequency  of  the  exciting  force  approaches  the  natxiral  frequency  of 
the  system,  the  spring  force  and  the  inertia  force  begin  to  cancel  each  other,  and 
a  very  considerable  magnification  can  occur,  depending  upon  the  danpinga  Note  that 
the  damped  natural  frequency,  q,  is  within  one  per  cent  of  the  undamped  natwal 
frequency  for  all  damping  ratios  less  than  0al4o  At  w  >■  w^,  the  magnification 
factor  is  inversely  proportional  to  twice  the  damping  ratio,  and  its  value  is  often 
denoted  as  Qo  Hence, 


Q 


1 

2T 


(n) 


For  all  lightly  damped  systems,  Q  is  the  maximum  value  of  the  magnification  factor, 
as  can  be  seen  in  Figure  74 »  and  the  motion  at  the  natwal  frequency  is  controlled 
by  the  damping  force  (wrCXo  »  Fq)o 

VRien  the  frequency  of  the  driving  force  exceeds  the  undamped  nattiral  frequency, 
amplitude  of  the  motion  of  the  mass  becomes,  approximately,  inversely  proportional 
to  the  square  of  the  forcing  frequency  and  hence,  decreases  asymptotically  as  the 
forcing  frequency  increases  a  In  this  frequencv  region,  the  motion  is  inertia  con¬ 
trolled  and  the  maximum  inertial  force  of  the  mass  is  approximately  equal  to  the 
driving  force  (mw^Xg  '■  Fq). 
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Rvlative  Frequency  |^| 

Figure  74 »  Resonant  AmplificatiBh  Factor 


It  shoTild  be  noted  that  the  resonant  amplitude  for  the  lightly  damped  system  can  be 
readily  calculated  by  equating  the  power  input  to  the  system  with  the  power  dissi¬ 
pated  in  danping.  It  can  be  shown  that  the  power  input  (Pj;)  for  a  sinusoidal  forcing 
function  is  given  by 

P,  =  w  sin  vdiere  at  resonance,  sin  =  1, 

^  2 

and  the  power  dissipated  in  damping  (P,j)  is 

cw^Q^  mw^Xo^  (12) 

Pj  = - 2_  = - 2_ 

2  2Q 

Hence,  ^  =  £0® 

mw^  k 


MOTIC»I  EXCITATIOI 

The  preceding  solutions  of  eqviation  (l)  have  been  concerned  with  the  response  of  a 
single  degree  of  freedom  system  attached  to  a  rigid  foundation  excited  by  a  force 
>diich  drives  the  mass.  However,  when  equipment  are  mounted  on  vibrating  structure, 
the  motion  of  the  foundation  provides  the  excitation  and  the  force  F(t)  in  equation 
(1)  is  provided  by  the  inertia  of  the  mass.  If  Xf  is  the  foundation  displacement, 

Xq  the  magnitude  of  the  mass  displacement,  and  Xj.  is  the  relative  motion  between  the 
mass  and  the  foxindation,  equation  (l)  becomes  mXj.  +  cxp  +  kx^  =  mx^-  and  the  solution 
for  (xf  «  xf  sin  wt)  isj 


fr 

*f 


HCw^) 


sin  (wt  -  j^) 


(13) 


Note  that  this  is  identical  %irith  equation  (10 ),  except  that  Fq  has  been  replaced  by 
the  inertia  force  of  the  mass  (mw^f).  The  ratio  of  the  magnitude  of  the  relative 
displacement  to  the  foundation  displacement,  Xf/x(t±s  given  in  Figure  76  for  several 
values  of  damping,  and  the  phase  relationships  of  Figure  75  also  api>ly.  At  fre¬ 
quencies  below  resonance,  the  motions  of  the  foundation  and  mass  are  in  phase  and 
for  w_  ,5  the  relative  displacement  is  proportional  to  the  foundation  displacement 
w'n 
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times  the  square  of  frequency,  which  is  si’^ply  the  acceleration  of  the  foundation. 
This  frequency  region  is  utilized  for  the  operation  of  most  accelerometers o 

At  resonance  the  relative  motion  is  90  degrees  ahead  of  the  motion  of  the  founda¬ 
tion  and  the  magnitude  of  the  relative  motion  is  controlled  by  damping,  equalling, 
for  the  lightly  damped  system,  Qxf,  as  before*  Above  resonance  the  relative 
motion  leads  the  motion  of  the  foundation  by  180  degrees  and  the  ratio^^j 

approaches  unity*  Hence,  the  mass  remains  nearly  motionless  in  a  fixed  coordinate 
system*  Both  displacement  and  velocity  vibration  Iransducers,  which  operate  on  the 
seismic  principle,  are  designed  to  operate  in  this  frequency  range  above  resonance. 
It  might  be  noted  that  the  amount  of  damping  in  the  transducer  determines  its  ac¬ 
curacy  at  frequencies  near  resonance* 


TRANSMISSIBILITY 


When  a  spring  is  used  for  the  isolation  of  delicate  eq^uipsaont  from  vibrating  stinic- 
ture,  or  the  isolation  of  the  foundation  from  vibrating  machineiT',  it  is  desirable 
to  determine  the  degree  of  isolation*  One  measure  of  the  isolation  provided  be¬ 
tween  the  foundation  and  the  mass  is  known  as  the  tranamiesibility*  For  Hiotion 
excitation  it  is  the  ratio  of  the  absolute  displacement  of  the  mass  to  the  dis¬ 
placement  of  the  foundation,  whereas  for  force  excitation  it  is  the  ratio  of  the 
force  transmitted  to  the  foundation  divided  by  the  external  force  driving  the  mass. 
Thus  the  transmissibility  is  given  from  (10)  and  (13)  by? 


1  +  4 


c_ 

C, 


Tl/2 


_  '  *  %  k) 


(U) 


This  relationship  is  illustrated  in  Figure  77  for  several  values  of  damping* 

Note  that  in  the  stiffness-controlled  range  below  the  natural  frequency,  the 
transmissibility  is  approximately  unity,  indicating  small  isolation*  Near 
resonance  the  transmissibility  equals  Q*  In  this  region  the  motion,  or  the 
force,  is  amplified  by  the  single  degree  of  freedom  ^stem*  However,  above 
resonance  the  transmissibility  decreases  below  unity  becoming  nearly  proportional 
to  and  decreasing  asymptotically  to  zero,  indicating  an  increasing  degree 

of  isolation* 


It  should  be  emphasized  that  these  relationships  can  be  directly  applied  only  to 
a  single  degree  of  freedom  system*  If  the  mass  is  free  to  move  along  another 
axis  or  to  rotate  in  a  plane,  or  if  the  foundation  is  flexible,  additional  degrees 
of  freedom  are  added  vMch  Influence  the  solution*  These  more  complex  situations 
are  considered  in  later  sections. 
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RiOiDCM  EXCTTkaim 


Manor  of  the  moat  severe  vibration  enviroiotents  encoontered  in  current  aircraft  and 
mlasiles  result  from  noise  generated  aerodynanlcally  bj  the  interaction  of  the  pro¬ 
pulsion  Jot  with  the  atmosphere  and  from  prossuro  fluctuations  in  the  turbulent 
boundaiy  layer  which  surrounds  the  vehicle  daring  flighto  Both  of  these  forcing 
functions  contain  energy  at  frequencies  throughout  a  relatively  wide  frequency 
range  of  at  least  several  octaves  and  the  amplitudes  of  both  vaiy  in  a  random 
fashion.  It  is  therefore^  instructive  to  examine  the  response  of  the  sln^e  degree 
of  freedom  system  to  a  random  force  or  motion  inputs  in  addition  to  its  response 
to  a  single  transient  and  a  sinusoidal  input  which  have  been  considered. 

It  is  uaiually  assumed  that  the  amj^i-tude  probability  distribution  in  a  random  noise 
forcing  function  follows  ths  noxnal  or  Gaussian  probability  lav.  This  assumption 
has  baan  generally  supported  by  analysis  of  the  two  forcing  functions  mentioned 
shove,  further (  it  is  assumed  that  the  random  forcing  function  is  both  stationazy 
and  ergodlc.  The  assunqption  of  stationarity  requires  that  the  statistical  proper¬ 
ties  of  the  function  do  not  vary  with  tlnep  so  that  any  two  samples  taken  from  a 
single  continuous  record  of  the  function  must  appear  statistically  equivalent.  The 
assmaptlon  of  ergodlclty  requires  further  that  any  sample  taken  from  a  single  con¬ 
tinuous  record  of  the  function  be  statistically  equivalent  to  the  entire  record  of 
the  function.  When  these  requirements  are  fulfllledp  the  average  properties  of 
each  sample  of  any  record  are  similar  and  do  not  vaxy  with  time.  This  pendlts  the 
use  of  the  time  averages  in  lieu  of  ths  more  awkward  sample  or  ensemble  averages. 
Furtherp  fulfillment  of  these  requirements  enables  use  of  Fourier  transforms  to 
relate  the  statistical  auto-correlation  of  the  forcing  function  with  its  frequency 
epectrump  as  will  be  seen  in  later  sections. 

It  should  be  noted  that  many  of  the  random  forcing  functions  which  are  encountered 
during  launch  and  flight  do  vazy  with  time  and  arsp  thereforsp  neither  stationazy 
nor  ergodic.  Howeverp  in  nmy  eases  the  tine  history  function  can  be  divided  into 
several  shorter  time  periods  within  which  the  function  is  reasonably  stationary. 
Vhen  the  length  of  these  shorter  time  periods  is  not  sufficiently  large  compared 
to  the  time  period  of  the  response  p  large  variations  can  be  azqMcted  between  the 
responses  at  diffei*ing  timssp  because  the  sample  length  is  not  sufficiently  long 
to  give  the  time  averages.  This  factor  is  undoubtedly  responsible  for  much  of  the 
variation  that  is  often  found  in  missile  vibration  data  when  comparisons  are  made 
between  the  vlbi«tlons  of  individual  missiles p  bexongizig  to  a  group  of  similar 
mlssllespoccurrizig  during  similar  flight  periods. 

Mhcn  the  force  input  to  a  linear  single  degree  of  freedom  qrstem  is  random  the 
response  is  also  random.  If  the  force  contains  energy  at  all  frequencies  over  a 
relatively  wide  frequency  range  which  includes  the  resonant  frequency  of  the 
systemp  ths  energy  at  frequencies  near  the  resonant  frequency  will  be  magnlfledp 
as  in  Figure  74.  Therefore  p  the  response  will  appear  to  be  approximately  sinu¬ 
soidal  with  an  a!!^}lltude  widch  violes  randomLy  idtb  time.  Figure  78  Illustrates 
a  sample  of  the  response  of  a  panel  to  Jet  noise  excitation.  The  instantan€K>us 
amplitudes  are  distributed  normally  about  a  zero  mean.  The  normal  probability 
density  is  shown  at  the  bottom  of  Fi/^rs  78.  The  probabilityj  or  the  proportion 
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Ratio  of  Initantcneoui  amplitude  to  rmt  amplitude 

Figure  78 

i;’6 


of  time  that  ^  is  between  ^  and  product  of  the  probability 

lienalty  at  and  the  interval  A  ^  . 

Xp  *r 

The  probability  density  for  the  peak  responses  of  the  lightly  damped  single  degree 
of  freedom  system  are  distributed  in  accordance  with  the  Rayleigh  distribution 
illustrated  in  the  upper  portion  of  Figure  78.  Comparing  these  two  probability 
density  functions,  it  is  clear  that  the  probability  of  a  zero  instantaneous  anqjli- 
tude  is  higher  than  the  probability  of  any  other  value  ps  illustrated  by  the  normal 
probability  density  function.  However,  it  is  improbable  that  the  peak  amplitude  in 
any  cycle  equals  zero,  as  illustrated  by  the  Rayleigh  probability  density  function 
triiere  the  most  probable  peak  amplitude  is  seen  to  be  the  rms  amplitude,  ^  =  1. 

Xr 

The  probability  distribution  functions  for  these  two  distributions  are  given  in 
Figure  79.  The  probability  distribution  is  the  integral  of  the  probability  density 
and  gives  the  probability  that  the  amplitude  ratio  is  less  than  or  equal  to  any 
value  of  the  ratio.  Thus,  for  the  normal  distribution  of  amplitudes,  it  is  equally 
probable  that  the  instantaneous  amplitude  be  positive  or  negative  relative  to  the 
mean  of  zero.  Further,  68^  of  the  instantaneous  amplitude  are  less  than  the  root 
mean  square  value.  For  the  Rayleigh  distribution,  39?  of  the  peak  amplitudes  are 
less  than  the  rms  amplitude,  50?  are  less  than  lol8  times  the  rms  vaJLue,  86?  are 
below  2.0  times  the  rms  value,  and  99?  are  below  3.0  times  the  rms  value.  As  can 
be  seen  in  the  sample  response  shown  in  Figure  78,  the  maximum  peak  amplitude 
occtared  at  the  99?  level  and  three  peaks  equal  or  exceed  the  95?  level. 

It  should  be  noted  that  the  Rayleigh  distribution  will  be  expected  only  in  the 
single  degree  of  freedom  system.  When  additional  degrees  of  freedom  exist  in  the 
system,  additional  resonant  frequencies  will  exist.  The  response  will  be  more 
conplex  and  the  peak  amplitudes  will  tend  to  be  more  normally  distributed  about  the 
mean  aoplitude.  However,  vdien  the  response  is  analyzed  through  a  filter  with  a 
narrow  bandwidth,  the  peak  amplitudes  from  the  filter  will  tend  toward  the  Rayleigh 
dlstribxition. 

It  is  clear  that  the  distribxition  of  amplitudes  in  a  randan  forcing  function  or 
response  can  be  conveniently  described  in  terms  of  the  root  mean  sqxiare  amplitude. 
However,  the  importance  of  the  distribution  of  amplitudes  relative  to  the  rms 
amplitude  cannot  be  overemphasized  for  the  vibration  engineer.  In  comparison  with 
the  steady  state  sinusoidal  case,  this  distribxition  adds  another  dimension  to  the 
analysis  of  vibration  data,  the  evaluation  of  a  vibration  environment  for  either 
equipment  or  structure,  and  the  selection  of  test  methods  for  the  determination  of 
eqxiiproent  or  structural  reliability.  The  necessity  of  this  added  dimension  results 
directly  from  the  fact  that  the  majority  of  equipment  malfunctions  occur  at  the 
maximum  peak  amplitudes  and,  as  will  be  seen  later,  a  disproportionate  amoxmt  of 
the  fatigue  damage  to  structure  is  caused  by  the  relatively  infrequent  peaks. 

In  order  to  determine  the  response  of  the  single  degree  of  freedom  system  to 
a  random  forcing  function,  it  is  necessary  to  define  the  frequency  distribution 
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Figure  79 :  Normal  and  Rayleigh  Probability  Distribution  Functions 
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as  well  as  the  amplitude  distribution  of  the  random  input.  It  was  noted  in  the 
discussion  of  forced  sinusoidal  vibration  that  the  amplitude  a^  resonance  could 
be  determined  by  equating  the  power  input  to  the  system  with  the  power  dissipated 
by  dffinplng  within  the  system.  Now  the  instantaneous  power  dissipated  by  damping 
eqpals  the  instantaneous  damping  force  times  the  instantaneous  velocity  of  the 
fflotlon.  Therefore,  the  average  damping  power  (P^)  which  is  dissipated  between 
time  t],  and  t2  is  the  integral  of  the  Instantaneous  power  during  the  time  interval, 
divided  by  the  duration  of  the  interval,  or 


Pd 


1 

ti  -  t2 


(15) 


where  cx  is  the  instantaneous  damping  force  and 
X  is  the  instantaneous  velocity. 


Since  c  la  a  constant  (when  riscotis  da]!^>ing  can  be  assumed),  the  damping  power 
equals  c  times  the  average  or  mean  value  of  the  square  of  the  velocity  during 
the  time  interval*  Hence  (15)  could  be  written 

P(i  ■  cx?  (16) 

where  x  is  the  mean  square  velocity  (or  the  square  of  the  rms 
velocity).  It  is  convenient  to  utilize  the  concept  of  damping  power  in  the 
definition  of  the  frequency  distribution  of  the  random  forcing  function  or 
response*  For  example,  consider  a  random  forcing  function  which  contains  force 
components  at  all  frequencies  within  the  frequency  region  between  fiL  and  f2,  and 
which  excites  a  single  degree  of  freedom  system  consisting  of  only  a  viscous  damper. 
If  the  damper  were  separated  from  the  forcing  function  by  a  seides  of  unity  gain 
filters  covering  the  frequency  range  between  fi  and  fzo  ®s®h  with  bandwithAf, 
the  power  dlselpated  in  the  dwper  resulting  from  the  portion  of  the  forcing 
function  passed  through  the  filter  of  frequency  f^  iss 

APfi  •  c^*a  (17) 

where  A  x^  ie  the  mean  square  velocity  resulting  from  the  portion  of 

the  forcing  function  of  bandwidth  Af  centered  on  frequency 

fa» 


The  Power  Spectral  Density  (PSD) 
second,  or 


PSD  -  • 


is  simply  the  damping  power  per  cycle  per 


cx^(f) 


and  the  total  power  P^  between  frequencies  fn  and  f2  is  the  sum  ef 
the  mean  sqpare  velocity  per  cycle  per  second  times  the  bandwidth 
Af  and  the  damping  constant  c  throughout  the  frequency  range; 
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(18) 


Because  of  the  convenience  of  the  power  spectral  density  approach,  the  term  is  often 
applied  to  accelerations  or  dlsplacsMnbs  as  well  as  velocitiese  Further,  idien 
allied  to  these  other  quaaitltles,  it  is  tacitly  assiand  that  the  value  of  e  is 
unity  and  the  result  hecowes  the  power  qwctral  density  of  the  function  (either  in 
displaceieent ,  x,  or  velocity,  x,  or  acceleration,  Xo)  To  avoid  confusion,  it  is 
often  preferred  to  speak  of  seen  square  (di^laeaaent,  velocity,  or  acceleration, 
depending  on  the  quantity  used)  per  cycle  per  second  rather  than  power  spectral 
densityo  This  distinction  tdlows  the  reservation  of  the  word  *^|>owsr*'  for  actual 
mechanical  power. 

The  response  of  a  single  degree  of  froedcw  system  to  an  applied  randcsi  forcing 
function  idilch  is  characterised  by  a  continuous  distribution  of  mean  square  force 

per  C3rcle  per  second,  F^(f)*  is  given  by  the  sun  of  the  mean  square  responses 
associated  with  each  narrow  frequency  band  Af.  However,  since  the  response 
functions  derived  earlier  for  the  sinusoidal  case  were  given  in  tones  of  w  in 
radians  per  second,  it  is  desirable  to  use  the  mean  square  force  per  radian  per 

second,  idilch  is  and  the  band  width  (Aw). 

*  2Tr 

-j—  2 

Then  from  (10)  x^(f )  ■  hfp  ^-4^  (^9) 

and  the  total  mean  square  response,  x^,  is  the  sum  of  the  responses  in  each  Aw, 
from  wi  to  W2S 

^  "  — i-  H(»)  ^  /\w 

4i 


and  idien  the  forcing  function  is  continuous  throxighout  the  resoxiant  frequency 
range,  it  can  be  shown  (sea  Heference  4)  that  the  total  naan  square  response  is 


U,2  V2  «/ 

Mh.r.  tb.  r.kpon..  .quals  sl.  affertlv.  baiulNidth  kjat.  q2  and  bjnn  th.  Man 

square  force  per  cycle  per  second  divided  by  the  square  of  the  stiffness.  It 
should  be  noted  that  the  mean  square  resonant  response  to  a  random  forcing  function 
of  constant  F2(f)  differs  from  its  mean  squeu^e  response  to  a  sinusoidal  forcing 


180 


function  of  which  colncldea  with  the  natural  frequoncj  and  haa  the  aaaa  magni- 
tudo  aa  F^(f)»  ainqply  by  the  effective  reaponae  bandwidth  ^  fn  . 


Hence,  the  mean  aquare  reaonant  reaponae  to  a  random  forcing  function  ia  propor¬ 
tional  to  Q  timea  the  mean  aquare  per  cycle  value  of  the  forcing  fimetion,  whereaa 
in  the  ainuaoidal  caas,  the  mean  aquare  reaponae  ia  timea  the  mean  aquare  value 
of  the  forcing  function. 


DYNAMIC  ANALOGIES 


The  vibration  charaeterlatlea  of  many  coopleK  mechanical  aysbema  can  often  be 
determined  by  applying  electrical  network  theory  to  the  intsrrelationshipa  between 
the  varloua  mechanical  element  a  rather  than  atteopting  the  aolutien  of  the  appro» 
priate  differential  equatlona.  The  ai^lcability  of  thia  technique  reaulta 
directly  from  the  similarity  between  the  baalc  differential  equatlona  for  the 
electrical  circuit  and  those  for  the  mechanical  system. 

Figure  6  0  lUustratea  two  types  of  electrical  analogies  for  the  sin^e  degree  of 
freedom  ayatem.  The  impedance  analogy,  ^ere  tlte  mechanical  impedance  la  the  ratio 
of  the  exciting  force  to  the  velocity  of  the  maaa,  la  aeen  to  be  equivalent  to  the 
electrical  concept  of  iapedance  which  is  the  ratio  of  voltage  to  current.  The 
mobility  analogy  is  the  Inverse  of  the  impedance  analogy  and  the  mechanical 
mobility  is  the  ratio  of  the  velocity  of  the  mass  to  the  exciting  force.  For  the 
majority  of  mechanical  systems,  the  mobility  analogy  is  far  easier  to  apply  than  is 
the  impedance  analogy.  This  results  directly  from  the  ease  of  measuring  velocities 
at  various  points  in  a  mechanical  system  and  voltages  at  various  points  in  an 
electrical  circuit.  On  the  other  hand,  the  impedance  analogy  required  measurement 
of  mechanical  force,  tdilch  necessitates  breaking  into  the  system  or  circuit. 

The  use  of  these  analogies  permits  both  the  direct  calculation  of  response  to 
apj^ied  force  or  motion  throu^  the  standard  electrical  network  solutions.  How¬ 
ever,  in  addition  it  offers  the  possibility  of  pl^sically  constructing  an  electri¬ 
cal  analog  of  the  mechanical  syrtem  under  study,  and  actually  measuring  the 
responses  at  desired  points  in  the  circuit  to  an  applied  electrical  signal  idiich 
simulates  the  expected  mechanical  exciting  function. 
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Figure  BOo  Mechanical  -  Electrical  Analogies  for  the  Single 
Degree  of  Freedom  System 
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MATHEMATICAL  DERIVATI(»I  AND  SIMIARY  OF  THE  RESPONSES  CF  A  SINGLE  DEGREE  OF 
FREEDOM  SYSTEM 

The  discussions  presented  heretofore  on  the  characteristics  and  responses  of  the 
single  degree  of  freedom  system  have  been  somewhat  intuitive  in  order  to  emphasize 
the  i^ysical  concept. s  involved  and  to  show  the  precise  relationships  between  the 
various  engineering  paramators  used  in  vibrations  and  their  corresponding  mathe¬ 
matical  expressions •  The  vibration  engineer's  understanding  of  the  characteristics 
of  such  systems,  his  ability  to  skillfully  apply  these  concepts  to  solving  actvial 
vibration  problems,  and  his  vinderstanding  of  the  limitations  of  such  systems  and  the 
restrictive  assumptions  often  imposed,  are  enhanced  by  a  knowledge  of  the  mathe¬ 
matical  steps  used  to  derive  the  response  solutions  of  the  governing  differential 
equations  of  motions,  especially  when  random  excitations  and  random  responses  occur. 
Also,  a  better  understanding  of  the  methods  for  solving  more  complex  problems,  which 
may  be  mathematicalJ.y  tractable,  and  the  meanings  of  the  various  response  fimctions 
obtained,  can  be  gained  from  a  knowledge  of  the  mathematics  of  the  most  fundamental 
of  vibration  systems.  In  addition,  the  single  degree  of  freedom  system  analyzed 
above  was  a  limped  parameter  system,  consisting  of  a  single  Ivanped  mass,  a  single 
lumped  spring,  and  a  linear  viscous  dashpot.  It  is  desirable  to  broaden  the  dis¬ 
cussion  to  include  also  continuous  systems,  such  as  beams,  plates,  shells,  etc., 
vriilch,  in  many  cases,  have  responses  irtiich  are  characteristic  of  the  response  of  a 
single  degree  of  freedom  lumped  parameter  system. 

The  present  discussion  is  therefore  concerned  first  with  a  presentation  and  discus¬ 
sion  of  the  governing  differential  equations  of  the  general  single  degree  of 
freedom  system;  secondly,  the  derivation  of  the  steady  state  solutions  of  these 
equations  for  periodic  forcing  functions;  thirdly,  the  derivation  of  the  expressions 
for  the  power  spectral  density  (pad)  functions  of  response  in  terms  of  the  psd  and 
cross-pad  functions  of  the  excitation,  or  forcing  functions,  and  finally  the 
derivation  of  expressions  for  the  over-all  rms  response  to  Gaussian  >diite  noise 
excitation.  The  solutions  of  the  various  cases  considered  are  presented  in  Table  IX 
for  convenient  reference. 

EQUIVALENCE  OF  LUMPED  PARAMETER  AND  CONTINUOUSLY  DISTRIBUTED  SINGLE  DEGREE  OF 
FREEDOM  SYSTEMS 

The  vibratory  motion  of  any  volume  or  mass  of  elastic  material  is  classified  as 
single  degree  of  freedom  type  oscillation  if  the  response  of  the  material  can  be 
defined  everywhere  by  the  product  of  a  time  function,  tp  (t),  and  a  space  function, 
h(x,y,z),  so  that  at  any  point  (x,y,z)  in  the  material  and  at  any  time  t,  the  total 
oscillatory  motion  is  expressible  by  the  function  H(x,y,z,t)  whore 

H  (x,y,z,t)  =  (p(t)  o  h(x,y,z)  (21) 

The  function  h(x,y,2)  is  called  the  mode  shape  of  the  vibration  and  in  general 
defines  curves  or  surfaces  of  constant  phase  in  the  material,  thus  describing  the 
relative  phasing  of  the  vibration  at  any  two  points  in  the  material.  If  the 
material  is  a  volume-type  body,  such  as  a  block  of  rubber  or  a  complex  three- 
dimensional  airframe,  the  function  h  will  in  general  depend  upon  three  coordinates, 
X,  y,  and  z.  If  the  material  is  essentially  two-ddmensional,  such  as  a  flat  plate 
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or  curved  shell,  the  function  may  depend  only  on  x  and  y,  or  r  and  ©  in  polar 
coordinates.  For  such  configurations  as  a  bar  vibrating  longitudinally  where  the 
motion  is  rectilinear,  the  fimction  may  depend  upon  only  one  independent  variable, 
say  X.  The  function  (t)  merely  esqpresses  the  time  variation  of  this  mode  shape 
at  any  point o 

It  is  to  be  noted  that  the  oscillatory  motion  may  be  quite  general,  and  may  consist 
of  bending,  twisting,  and  expansion  or  eonpression  of  the  material  simultaneously, 
so  long  as  the  net  motions  are  defined  by  a  single  mode  shape  and  a  single  time 
function.  Such  a  general  type  motion  is  called  a  coupled  response,  characterized 
by  a  coupled  mode  shape,  consisting  possibly  of  several  distinct  types  of  uncoupled 
motions,  each  having  the  same  mode  shape  and  frequency  response  characteristics.  A 
two  degree  of  freedcan  system  is  characterised  as  one  requiring  two  mode  shapes,  h^ 
and  h2,  and  two  corresponding  time  functions,  (P2,  to  completely  define  the 
motion  so  that 


H(x,y,z,t)  =  f]_(t)  .  h^(x,y,z)  •  h2(x»y»2)  (22) 

Similarly  for  an  n-degree  of  freedom  system. 

The  governing  differential  equation  for  the  undamped  vibratory  motion  is  easily 
obtained  by  use  of  Lagranges*  equation  of  motion 

vdiere 

T  =  total  kinetic  energy  of  the  material 
V  =  total  potential  energy  of  the  material 
<P  =  generalized  coordinate 
^ (t )  =  generalized  force  acting  on  the  material 

The  total  kinetic  energy  is  given  by  the  expression 

o  h^(x,y,z)  . ^(x,y,z)  .  dx  dy  dz 

Vol. 

or  T  =  i  <p^(t)  M 

M  =  h^(x,y,z)  o/>(x,y,z).  dx  dy  dz  =  generalized  mass 

^ -  density  of  the  material. 


(24) 

(25) 
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The  equation  for  potential  energy  is  in  general  not  simply  expressed  as  an  integral 
over  the  volume,  and  it  is  sufficient  here  to  express  V  as 

V  ■=  i  „  K  (26) 

irtiere  K  is  the  generalized  stiffness  of  the  material,  found  by  integrating  over  the 
volxme  the  product  of  the  virtual  displacements  and  the  elastic  forces  which  must 
be  overcome  in  producing  those  displacement So  The  generalized  forco^(t)  is 

cocpressed  as 

^(t)  =  F(x,y,z,t)  «  h(x,y,z)  o  dx  dy  dz  (27) 

irtiere  F(x,7,z,t)  equals  the  applied  force  per  unit  volume  acting  at  (x,y,z). 
Substituting  (24)  and  (26)  into  (23)  gives  inmediately 

Mi^(t)  +  K  ^p(t)  -^(t)  (28) 

A  dissipative  term  is  generally  introduced  (for  linear  damping)  by  analogy  %ri.th  the 
differential  equation  for  a  lim^wd  parameter  single  degree  of  freedom  system.  Thus, 

M  ^(t)  +  C  f(t)  +  K  tf>(t)  =^(t)  (29) 

M  =  generalized  mass 
C  =  generalized  damping  =  MWq 
K  =  generalized  stiffness 
^(t)  M  generalized  force 

dOo  “  natural  frequency  of  the  system  «  "\/k/M 
3  =  (actual  dangling )/( critical  damping) 

Thus,  (29)  may  be  written  as 

(t)  +  2JaJo  (f  (^)  +^!  f  (30) 

^  O  M 
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which  Is  the  standard  equation  defining  the  single  degree  of  freedom  system,  and  is 
seen  to  be  equivalent  to  (1)  when  (5)  and  (6)  are  introduced o 


It  is  of  intei^st  to  note  that  if  the  density  of  the  material  is  constant  and  theforce 
applied  per  unit  volviae,  F,  varies  with  time  biit  is  invariant  spatially  (loSo, 
F(x,y,s,t)  «  F(t)),  than 

r  9/  V  h^(x,y,a)  dx  dy  dz 

M  »yoj  h^(x,y,*)  dx  dy  dz  »  m  -iSia - - 

W.  ^ 

^(t)  *  h(x,y,z)  dx  dy  dt  »  F^Ct)  f!* 

vdiere 

m  3  dx  dy  dz  »  total  mass  of  matsrlal 

JUftl  . 


TM  -  F(t) 


^  dx  dy 


dz  a  total  appllsd  fores  acting  on  the  material 


so  that 


M 


Fo(t) 


»rtiere 

71  =  =  fa'tor  accounting  for  the  fact  that 

r  the  ETstem  is  continuously  distributed. 

<iy  <i2 

Thus,  (30)  becomes,  for  a  continuously  disi.ributed  system  of  constant  mass  and 
applied  force  density s 

^(t)  +  2  joJq  (t)  +  qj  (t)  =^F^(t)  (3] 


For  a  lumped  parameter  system,  such  as  that  shown  in  Fi^71,  it  is  cleEu?  that  71,=  1^0 
since  h  =  l.O. 


Now  that  the  equivalence  between  continuously  distributed  and  lun^d  parameter 
single  degree  of  freedom  systems  has  been  established.  It  is  convenient  in  the 
mathematical  solution  of  this  equation  to  use  the  more  standard  terminology  of  the 
previous  discussion;  namely. 


inx  +  cx+kx»F(t) 

^ez^ 


(32) 


c  =  256)Qm=  y.C  critical 


The  solutions  of  this  equation  for  various  types  of  steady  state  excitation  are 
derived  below  and  presented  in  suatcaz*y  form  in  Table  IX  ,  using  the  tezmdnology 
appearing  in  (1).  It  is  important  to  note  that  these  sunnarised  response  functions 
correspond  to  a  lumped  parameter  system  so  that  in  applying  these  results  to  con¬ 
tinuously  distributed  systems,  the  response  functions  must  be  multiplied  by  the 
factor  n  above. 

DmiVATION  AND  SUMMARY  CF  RESPONSES  OF  THE  LUMPED  PARAMETER  SDXILE  DECREE  GP 
FREEDOM  SYSTEM 


Table  IX  presehits  a  sunnary  of  steady  state  responses  of  the  sin^e  degree  of 
freedom  system,  shown  in  this  table,  to  both  sinusoidal  and  randcm  excitations. 

Both  the  ms  absolute  response  of  the  mass  m  and  rms  relative  response  of  this  mass 
with  respect  to  the  massless  '•base,"  or  "foundation,”  are  listed  along  with  other 
important  response  parameters  such  as  phase  angle,  probability  density  of  the 
instantaneous  amplitudes  and  peak  amplitudes,  average  power  developed  in  dan9>ing, 
work  done  in  tine  At,  and  the  nxamber  of  response  cycles  in  time  At. 


The  rms  responses  to  sinusoidal  inputs  are  easily  obtained  from  the  diffezential 
equations  presented  in  the  table  by  substituting  the  following  steady  state 
excitation  and  z*esponse  equations: 


1.  Sinusoidal  F(t),  with  no  basp  motion 


F(t)  =  F^e^  ^  ^ 

Y(t)  =  Y(t)  =  Y(t)  =  o 


*0  '  ° 


i  (rel. 


I' 


(abs. 


relative  response) 
absolute  response) 
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2.  Sinusoidal  Y(t)  vdth  no  applied  force  F(t) 


Y(t)  »  Yo  •  e^ 
F(t)  =  o 


^el.  “  *orel.® 
^abs.  “  *oabs.® 


i(<jL.t+^) 
i(w  t+d) 


3.  Sinusoidal  F(t)  of  frequency  6,^,  and  Y(t)  of  frequency  u>2 
F(t)  =F^  ei^l^ 


Yo  =  Yo  e 


i(£J2t“^3) 


^3  =  phase  angle  of  Y  relative  to  F(t) 


x-gi  =  X.  e 
Orel. 


Xu  =  X„ 
abs.  o. 


The  phase  angles  for  this  case  and  for  the  case  where 

“^2  '  o  were 

not  detenninedo 

For  each  of  these  inputs,  solving  for  ^Or^i.  and  *Oabs,  Pt*o<i'ices  conqplex  algebraic 
expressionso  These  expressions  are  then  used  to  determine  the  complex  expressions 
for  Xrel,  and  Xabs,<>  The  mean  square  value  of  the  response  is  determined  by 
averaging  the  square  of  the  real  parts  of  Xrel,  and  x^bs.  over  one,  or  several 
complete  response  cycles  according  to  the  equations: 


4^1.  •  [^®^  (^rel.^i  ^ 

o' 

~T‘'  1  r  ^ 

^abs.  "tJ  I^®®^  ^^abs.)  dt 


The  root  mean  sqiiare  response  magnitudes  are  then  found  by  taking  the  square  root 
of  the  mean  square  responses.  Similarly,  the  rms  response  velocities  and  accelera¬ 
tions  can  be  determined  by  averaging  [Real  (xrel.)J  [Real  (x’abs.)]^* 


^r.1.  °  T  *  , 

T  “\  2 

*\b8. “?r  (Wy 


dt 


dt 


The  average  power  developed  by  the 


damper  is  easily  determined  from  the  equation 


P  -  ■£  o 

S  rel. 

and  the  work  done  in  time  (^t)  is  then 

Work  »  »  (ttt) 


Note  that  ^t  Is  assumed  to  be  much  greater  than  the  period  of  the  response. 

•  0 

For  the  caeea  of  combined  einueoldal  input  P(t)  and  I(t)^  the  expressions  are 
lengthy  and  these  appear  in  the  table  below  the  array  of  response  eqtiations.  In 
these  equationSi  the  Kronecker  delta  function  is  used  and  is  defined  as  follows: 


8(‘^2  “<^l)  “  ^2  “  ^1 

^(0)2  -Wi)  -  0, 


The  rms  responses  of  the  SDF  system,  shewn  in  Table  .IZ,  to  random  Gaussian  white 
noise  type  force  and  base  accelerations,  are  easily  constructed.  First  consider 
the  relative  deflection  xr  of  the  mass  m  with  respect  to  the  massless  base,  or 
foundation.  The  differential  equation  of  motion  governing  this  response  is 


mxp  +  cXj.  +  kXj.  =  F(t)  -  m  Y(t) 
Xr  +  +cu^Xj.  -  IM  _  f(t) 


The  steady  state  solution  of  this  equation  (33)  is  given  by  the  equation 
XpCt)  e- .  sinir-(t-r)  .  -  Y(T)j.  dT 


(33) 


(34) 


where 


=  u'o  Vl  “5^  “  damped  natural  frequency 

This  equation  (34)  can  bo  written  in  the  following  more  convenient  form,  prepara¬ 
tory  to  taking  the  Foiirior  transform  of  the  equation: 


x,(t)  h(t.<)  -pp-  - 

h(t)  ■  e  ,  sin^t 


(35) 


(36) 


etf 

Denoting  the  Fouriep.  transforms  of  the  quantities,  Xj.(t),  h(t),  F(t),  and  Y(t)  by 
Xp(u),  H(^o),  F(ci)),  T(a:)  and  applying  the  Fourier  convolution  theorem,  the  associated 
Foturier  transform  of  equation  (35)  is: 


Xp(di) 


H(^) 


vrtiere  the  Fourier  transform  of  h(t),  Eq.  (36),  is 


The  power  spectral  density  ^Xj.(6))  of  the  relative  response  is  defined  by  the 
equation: 

^  Xj.  *«  T.iin  {Xp(<0)|  _  Lim  Xr(6J)  .  X^(co) 

T-+00  T  T->oo  ip 

idiere 


:^(6J)  =  eesQjlex  conjugate  of  Xp(^). 
Now  Xj.(6o)  and  x5(^o)  are  given  by  the  equations: 
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XM 


,  r  F(6))  -  Y(a»)  ] 
L  K  0)^2} 


.  H(a>) 


Jiiui)  -  f  £*M  -  I!M1.  hV) 

L  u>o^  J 


so  that 


Xr(0>)  2  „  "(CJ)  *  TM  Y* 

<yc^ 


hM  h»(&)) 


.  rjlMlf  +  ilMlf  -  YM  .  .Fia>)  Y*((J)  1  I  h(W)I2 

k2  ^^4  K^2  j  I  (33) 

Dividirg  (38)through  by  the  time  duration,  T,  and  performing  the  limiting  process, 
(T-e^oo)  gives  the  equation 

§Xr(“)  -  4  ^  -  |fMj4^|  |Hto)p  (3,, 


Where 

“  PSD  of  the  relative  i^sponse 

^f(^)  “  PSD  of  the  force  input 

“  PSD  of  the  base  acceleration  input 

‘JftM  “  cross  PSD  functions  of  the  force  and 
acceleration  inputs 

Note  that  ^  F(t)  and  T(t)  are  coB?>letely  uncorrelated,  then  these  cross  PSD 
functions  (defined  more  precisely  in  Section  IV)  are  equal  to  zero. 

The  Man  squ^  relative  diadO-acement  response,  *3^2^  random  excitation  is  defined 
DjT  zm  oquation 


-  ✓CD  CO 

»  I'Xj.Cw)  .  df  #X^(4o)  .  dcL* 

Jn  2'tr  J 
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where  all  PSD  functions  are  in  terms  of  ”por  ops”  unitso  Substituting  the  above 
expression  (39)  for$Xj.(c«J)  in  this  integral  and  taking  the  square  root  of  the  mean 
square  displacement  response  gives  the  rms  relationships  shown  in  Table  IX 

The  rms  relative  velocity  and  acceleration  response  can  be  obtained  by  raplacing 
by  iXp((c)  and  $Xj.(w)  according  to  the  following  relations: 

Performing  the  integration  over  the  entire  frequency  band  as  lljefera  gives  the 
results  shown 0 

The  absolute  response  is  easily  determined  from  the  following  equation; 

Xab8.(^)  =  Xp(t)  +  T(t) 

=  Xr(t)  - 

the  Fourier  transform  of  »diich  is 


and  hence 


W"'  ■  -  7^ 

u)  * 


Substituting  for  ^Xp(6i))  gives  the  PSD  of  the  absolute  response,  the  equations  for 
which  are  as  follows: 


The  PSD  functions  ^^abso^^^  “**  then  determined  according  to  the 

relations: 


As  before,  integration  of  the  entire  fraquency  band  gives  the  results  shown  in 
Table  '  ' 
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The  ms  responses  for  a  constant  spectral  base  velocity  (a;)  and  a  constant 
spectral  base  deflection  ^’Y(oJ)  can  be  dox’ived  from  the  preceding  equations  by  the 
use  of  the  following  relationships: 

^  Y(td)  =  cO^^Yiu.)  =  (u^‘^Y(it:) 

.i.'FY0-‘>)  =  -  ~  " 

^YfM  =<^  ^ 

Ih  order  to  obtain  the  ras  i:*e8ponse  to  either  a  random  force  excitation  or  a  random 
base  excitation,  it  is  merely  necessary  to  drop  the  PSD  functions,  for  vdiich  there 
is  no  corresponding  excitation,  in  the  general  expression  derived  above. 

It  is  noted  that  in  performing  the  above  integrations,  the  integrals  ,  ..., 

I-Q,  defined  in  Table  IX,  must  be  evaluated.  Unfortunately,  all  of  these  inbegrals, 
except  Iq,  I]^,  and  I2,  are  infinite  for  the  frequency  range  from  UJ=  o  to  c.o=  00. 
Upper  and  lower  cutoff  frequencies,  u>u  and  excitation  spectra, 

*  Y*  **Y»  ^Y»  are  therefore  defined  in  order  to  obtain  more  practical  finite 

responses  for  the  SDF  system.  The  approximate  expressions  for  these  integrals  are 
presented  in  Table  IX,  and,  \diereas  the  solutions  of  the  integrals  are  exact  for 
I-3,  I-q,  Iq,  Ii,  l2»  I3,  and  I5,  the  solutions  are  only  approximate  for  I-4,  I-2 , 
I4,  l6»  latter  being  obtained  by  contour  integration.  For  the  approxi¬ 

mate  solutions,  it  was  assmed  that  the  cutoff  frequencies  were  well  outside  of  the 
bandwidth  of  the  SDF  system,  say  by  2  to  4  bandwidths.  The  higher  the  Q  of  the 
system  (i.e.,  the  lower  the  damping),  the  better  these  approximations  become. 
Approximate  and  simpler  expressions  for  these  integrals  can  bo  obtained  by  imposing 
the  assumption  that  the  excitation  spectra  are  constant  in  the  neighborhood  of  the 
system  natural  frequency  and  zero  elsewhere,  thus  eliminating  (approximately)  the 
effect  of  either  6JL  or 

In  order  that  the  expressions  appearing  in  Table  IX  may  bo  morr;  readily  used  in 
engineering,  a  consistent  set  of  units,  or  dimensions,  for  all  quantities  in  the 
table  is  presented  below. 
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<•  •  • 

Y,  g 

in/sec^ 

CO 

rad/sBc 

Work 

lb- in 

Power 

lb- in/ sec 

#F 

Ib^/cps 

(in/3ec2)2/cps 

<Iy 

(in/3ec)Vcps 

$Y 

inV  cps 

^  4*  ^  •« 

^YF,  *FT 

(lb-in/8ec2)/cps 

^YF,  ^FY 

(lb-in/8ec)/cps 

$YF,  $FY 

(lb-in)ycp8 
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@  = 


2K2 


it 


K 


cos  ^3  -tfttUj-U*])  —  ^^LSlSi^co5(A,  +  fl3i  JCcjj-  «,)  +i^^^^cos«2 


?  2  2 
U.  C* 


2U^ 

— '  ‘y  «  cos  /t 
KOJZ 

2  2-2 
o4^2'b 

"l‘^»1«2'b^  .. 

2U^ 

I 

M  M 

1 

i-,=r 

‘*V<Hj 


I-=  I 

^-3=  ( 

I-=  { 


“MVc^ 


■lMi 


[^]’hVh 

[^]-h3(^). 


NUSOIDAL  YU)  OF  COf^lNED  _^N£SOIDAj.  JNPUTS 
‘^PLITUDE  YqAND  \  FORCE  E(t:fjj,aJo)  T  FORCE~F0 
TION  V(t:Yo.cidA 


GAUSSIAN  WHITE  ,  GAUSSIAN  WHITE  ,  GAUSSIAN  WHITE  ,  GAUSSIAN  WHITE  .  COMBINED  GAUSSIAN  WHITE  NOISE  INPUTS 


FORCE  F(t;Fo.tui)  !  NOISE  FORCE  NOISE  ACCELERATION  NOISE  VELOCITY  NOISE  DISPLACEMENT  FORCE  F(t) 


FORCE  F(t) 


QUENCYoJo  ;F(t).0  |  ACCELERATION  V(t:Yo,^^ACCELERATION  F(t) ;  Y(t)  *0  |  Y(t)  .  F(l)  .  0  |  Y(t)  ;  F(t)  •  0 


Y(t)-.  F(t) «  0 


,a>  at  U)q 

«  CO  at  u'q 

.  0  elsewhere 

i 

.  0  elsewhere 

5  .constant  fi.«  constant  £.«  constant  .constant 

Ip  Y  Y  -t  y 


acceleration  Y(l)  I  VELOCITY  Y(t) 


$p  » constant 
.constant 


KQYo*  ,  , 

— - - 2_(4t) 

2 

K® 

- “Ut) 

(AsO 

K  © 

2n 

2/r 

— .  (  At 


2-<*h)  -I — >  \  cos  ^2 

j-W,)+i^2^C05tj 


I.  ■  I  ter"’-"*-"-'  ■  ^  ^ 

i.-ir 

i,.p 

r  „  1  o  r  n 

I3  =  j  h^M-cK*"/^)  =  -  yLN(H(u.„))  +  ^■^=^|^jr-Z(w„/u;o)j 

Ij=j  hV)'CK“/‘Hj)  =  ^ 

Ii  =1  [-^J  H^M-dl-iAb)  = 

T  -  r  )  =  ^2 

Jo 

I  ,  =  r  >  =  “  tLNChc  -^  ))  +  -2_  [tt-  Z(t«o/"u>l 

V/%  '■  r"iQ^  ^ 

1-2=  !  [^]'hV)<j(c^Ao)  =  ^ 

]  3=  (  [^]'HV>d(-/-o)  =  T[^f-  [’-  ^]LN(H(.j^))  +  -f-  -  a. 

V’  ^  ISj?" 

I  .=  r  -  ^  +  ^]  +  -3-[^]' 

.  /to,  J  L-' 


Htto)  =  J  , 


/  \2t2  r  32 

■(^)] 


ZCtu/oj^,)  =tan' 


.,  fe)  ir-fF 


2  ^ 

0  m 


--L^d - -  Z(u^„^)j 


1-1  =  f  ("1 ) 
,  =f-T 


USSIAN  WHITE  GAUSSIAN  WHITE  — _ I 

)ISE  VELOCITY  NOISE  DISPLACEMENT  FORCE  F(t)  FORCE  F(l)  FORCE  F(t) 

Y(l);F(t)«0  Y(t)-,  F(t)*0  ACCELERATION  Y(0  VELOCITY  Ytt)  DISPLACEMENT  Y{t) 

X  X  »  4  *00051001  §r  *00051001  $p  *  00051001 

soonstani  $  sooostanl  ^ 

^  ^  vy  ■  cooslaot  9^  "Constant  Ty  ‘Constant 

SABsT  RMSREL.  RMS  ABS.  RMS  REL  .  RMS  ASS.  RMS  REL.  RMS  ABS.  RMS  REL .  RMS  ABS.  RMSREL. 

PONSE  RESPONSE  RESPONSE  RESPONSE  RESPONSE  REPONSE  RESPONSE  RESPONSE  RESPONSE  RESPONSE 


RAND  O  M 


1  m:  1 I  I  ^  I 

RAND  O  M 

SItWiAllSiituifs;  iw 


RANDOM 


X  ■  response  displacement  either  relative  (REL.)  or  absolute  (ABS.) 
O'*  RMS  response  dispimt. 


X*  peak  response  displacement  A  either  relative  (REL.)  or  absolute  (ABS.) 


2ff  Q 


K  © 
in  uj„Q 


k(^ 

in  ujq  q 


Kigg) 

in  a>oQ 


^(M)  {  damped  system  ,  Q-jS 


r  _1 _ n2 


V  —  Z(u'^j/ub)j 


Qm-  Tan' 


1 

0” 

’  1 

;-( 

Z(<u/t^,)  =  TAN 


-1  y^l  o  V  i(/ 


1^] 

1  '  1 

(h>/  . 

Tf  -  Z^UJ^/<p^)j 

i-iri 


j^TT  -  ZCw/c.,) 


A,  =  ^  ("1 ) 
i  =-FT 


2  y 

"o  =  — 


/^2  =  ^<“'2> 


=  ‘^^+  “  T'^FV  +*-?F]}lo  +  5hM.2- 

=  *4^+  ■|^[*FV“^V'^l3+{“¥^  -  -^[spv+ivFjjlz+^o  Sylo 

=  "o  ^  “  "si?  [*fV  +  *yf]]  Io 

=  ‘^['^+  ^  "  ■d=7[*FV+*VF]]l2 
=  "o  [-^  +  -  idlj  [«fy  +  5vp]] 

=  “'°  [«ri-+»YF]]^ 

=  ^2 

k^[*ft-'I-4yf]]i4 
=  “o  ^  +  7  [^fy-^Vf]|i+  -^^yU 
=  “b  +  'T  [^fy  -^yf]  I3+  TUo  ivL 
=  “o  +  x[?Fy'5yf]I5^"PyT6 
=  "0!%  +iY+Y[^FY^YF  ]]  V  iSlW5YF]ll+^Yl2 


'  A  -F5y+7[^FY^^YF  ]|  V  T^^FY'^YFjls'-^^Yl 
=  +  7  [U^YF  ]|  l4-T#[iFY-iYF]ls+5t5vI 


©  =  "I  ^  +  ^^[fpY+§YF]  Io+f-o^y 


I - ^>'Qbs.(*) 


TABLE  IK 


mxpei.+  cxrgi  +  kxpj|  =  F(t)-mY(U 
Nixabs+'^''ab5  +  ''’'abs  =  F(l)  +  cY  +  KY 
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nmooucnoii 

9bd  vibration  eaginsor's  "rij^t  ara”  ie  Boat  often  Mic  "date"  vliteb  Iw  hM  ool- 
laeted  fvoB  hi*  own  •xporlmnte  and  fraa  tea  aafarlBaata  of  oteara.  Alia  MliaoM 
cn  data  doaa  not  naeaaaavUy  ttelFia  diatniat  of  ealeulatlon  or  teaorF>  ratear  it 
alMBifiaa  tea  naeaialtjr  for  n  sefs’Kssa  fgaai  teieh  oob  ba  uaad  to  plaiM  tea 
raaulta  of  SBalsftiofiS.  andaavora  In  a  propav  ozdar  of  B^paiituda.  forteart  teia 
dp.ta  auppHaa  tea  naeaaaary  ragpCsleal  oonatanta  for  tea  analptioal  a^wtioM  and 
if  often  uaaful  in  providing  a  f irat  goaaa  or  aatiaata  of  tea  probabiLa  vibration 
anviroarant  for  a  aav  and  untried  aircraft  or  apaea  vahiela. 

Alia  aaetion  ie  eoneanied  vite  tee  vibration  data  wbite  have  bean  Bsaeured  on  a 
variety  of  aircraft  and  aiaallaa  and  which  have  bean  aada  available  to  tea  anteora 
by  tea  efforta  of  anglnaars  of  bote  induatry  and  govenaaent  laboratorlaa*  It  la 
well  known  teat  tea  naj^ty  of  Beaaurad  data  ara  never  publlahed  butf  rateari 
due  to  tea  urgency  of  oash  s^oceaaive  project,  lie  in  tea  rear  of  daak  drawara 
and  in  te  Binds  of  individual  anginaera*  tele  uafoatenata  aitaation  la  partle* 
ularly  pravalant  in  the  vibration  field  baeauae  tea  aajorlty  of  vibration  ragl* 
neara  ara  prtearlly  reapoaalbla  for  tea  aolutlon  of  iaBOdiata  and  praaaing  probleBs. 
A>arafora,  onea  tea  data,  telte  have  been  obtained  in  tea  aanlyaia  of  a  problaB 
together  vite  tea  analytieal  ealeulatiosa  which  aaaiat  in  obtaining  aolutiona, 
have  served  their  foraaoet  purpoaa,  they  often  heeoBe  doamt,  and  known  only  to 
those  who  parforned  tea  actual  work.  However,  if  vibration  analyala  la  to  prograaa 
as  a  seianca,  at  tea  rata  dananded  by  tea  new  challangea  which  faoa  tea  vibration 
engineer,  aueh  greater  disaaBinatlon  of  data,  together  with  partlnaat  analyafa 
of  its  tnport,  ia  required* 

Am  purpose  of  this  section  is  tee  presentation  of  vibration  data,  tea  eongariaon 
of  data  obtained  in  different  claasas  of  vehicles  and  differant  flight  phaaaa, 
and  an  analysis  of  tea  broad  treads  which  can  ba  of  aaBiataaea  in  tea  predietlon 
of  vibration  anvlroaBents.  Amever,  before  diseuaslng  tee  data  teoaaalvaa,  it 
is  necasaary  to  consider  sone  of  tea  eireuastaaeaa  regarding  the  BeaouraBents 
and  analysis. 
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(main  OF  VIBRATION  DATA 


The  nature  and  quality  of  reported  vltoation  data  is  profoundly  Influenced  by  the 
techniqdea  eoployed  In  select ing>  locating  and  mounting  the  vibration  transducers, 
isy  the  recording  and  analysis  of  the  data,  in  addition  to  the  procedures  util¬ 
ized  in  designing  and  specifying  the  test  conditions.  These  many  requirements 
regarding  measurement  procedures  are  not  always  simultaneously  attainable  and 
conseqgaently,  such  data  oust  be  obtained  under  less  than  desirable  circumstemces. 

Historically,  the  methods  of  obtaining  and  analyzing  vibration  data  have  revolved 
about  available  instrumentation  and  the  nature  of  indlvidial  problems.  Prior  to 
the  1930 'a  most  data  were  acqnlred  by  mechanical  gadgets  such  as  vibrating  reeds, 
direct  mechanical  oscillographs  and  light  beam  indicators.  As  the  electronic 
capabilities  increased,  the  aulti-channel  ink  and  i^otographle  oscillographs 
gained  favor,  tracing  the  asgtllfied  electronic  signal  generated  in  strain  gauge 
acceleroewtera  and  moving  coll  velocity  pickups.  The  analysis  of  these  oscillo¬ 
grams  was  simple  for  relatively  pure  sinusoids  but  became  rather  tedious  when 
visual  and  mechanical  methods  were  xeqiuired  to  obtain  a  Fourier  analysis  of  a 
caaq;»lex  trace  composed  of  isany  sinusoids.  However,  although  the  electrical  out¬ 
put  of  the  transducers  was  occasionally  recorded  on  film  soundtracks,  as  in  the 
Mlrrograph  or  on  record  disks,  it  was  not  until  the  developamnt  of  magnetic  tape, 
that  the  oscillograph  had  a  serious  competitor.  It  is  fortunate  that  magnetic 
tape  development  preceded  today's  random  vibration  phenoa»na>  for  it  is  difficult 
to  imagine  the  analysis  of  random  vibration  without  sophisticated  electronic  fil¬ 
ters,  distribution  analyzers,  correlators,  and  the  many  associated  graphic 
recording  devices. 

There  are  many  factors  which  determine  the  selection  of  the  transducers  which  cure 
installed  in  aircraft  or  space  vehicles  to  determine  the  vibration  environment. 
These  factors  include,  besides  availability:  frequency  range,  vibration  sensi¬ 
tivity,  weight,  linearity,  etc.  The  locations  of  the  transducers  are  determined 
by  the  type  of  information  desired,  the  availability  of  space,  recording  or  tele¬ 
metering  channels,  convenience  of  mounting,  cuod  a  host  of  other  practical  consider¬ 
ations.  The  validity  and  applicability  of  the  recorded  data  clearly  depei»l  upon 
the  proper  consideration  of  all  of  these  factors  and  the  thorou^  calibration  of 
the  entire  system  to  insure  that  the  final  data  has  been  appropriately  corrected. 

In  this  sequence  of  over-all  system  calibration,  it  is  often  tacitly  assumed  that 
the  electrical  signal  from  the  traiuiducer,  after  correction  for  the  various  trans¬ 
ducer  response  characteristics,  represents  the  vibration  environment  at  the 
locations  of  the  transducer.  The  validity  of  this  assumption  depends  upon  the 
vibratory  characteristics  of  the  bracket  or  structure  on  which  the  transducer 
is  mounted.  Naturally,  when  a  transducer  weighing  only  a  few  ounces  or  less  is 
firmly  attached  to  a  piece  of  heavy  machinery,  the  transducer  mass  cannot  Influence 
the  machine's  vibration.  Further,  since  it  is  well  known  that  even  'tills  ll^t- 
weight  transducer  should  not  be  moun'ted  on  a  lightwei^t  panel  because  it  might 
Influence  the  panel's  vibration,  'the  extremely  lightweight  strain  gauge  is  often 
more  appropriate. 
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Althot^h  for  ma»j  pr«etieal  situations  thoss  roui;h  miss  of  tfaiad)  glfs  adeqpiato 
goidanes,  ths  problsus  In  ths  proTislons  of  8ultii>ls  nonnting  for  picleaps  on  li^t- 
soi^t  stmeturs  ean  bs  quits  subtlsa  Thsss  svblstlss  result  from  ths  deslrs  to 
sactsnd  ths  frsqpsney  rangs  of  Tlbrstlon  date  to  several  thousand  qreles  per 
seeoadj,  end  at  ths  sssw  tisHi  utilise  a  transducer  idiose  mass  can  resonate  in  this 
frsq;asnc7  range  on  its  braekst  or  with  a  i^ition  of  ths  lightwei^t  stmeturs  to 
whioh  it  is  suppoasdljr  attaehsdo  Thsss  often  unsspsetsd  msehanleal  mounting 
msonanessp  if  net  determined  prior  to  thii  measurement  p  can  cause  large  distor¬ 
tions  in  the  final  data  and  its  interpretations 

Ths  seriousness  of  possible  mounting  resonances  is  Illustrated  In  Figure 
where  stost  significant  vibration  asplltudes  appearing  in  the  reduced  aeeelsratlon 
data  are  shown  to  result  from  resonances  of  the  transducers  on  the  Bounbing 
brackets  The  oorreetiens  which  were  applied  to  the  data  bj  Blake  (Reference  1) 
resulted  from  his  method  for  finding  the  natural  vibration  characteristles  of 
ths  "installed"  transdncers  His  technique  consists  of  the  application  of  a 
standardised  shook  to  the  ease  of  the  transducer  by  a  small  portable  shock  device* 
The  device  produces  a  known  force  for  the  pulse  time  iMch  caa  be  varied  between 
10  and  30  milUaecondSe  An  analysis  of  the  resulting  transient  output  from  the 
transducer  defines  the  transducer-mount  transfer  fnnctionp  including  a  definition 
of  the  generalised  maes  of  the  local  structure e 

A  piqmr  by  Boulton  (Reference  2)  on  the  measurement  of  rocket  thrust  variations 
to  fkwqasneles  of  UgOOO  cps  is  another  fine  example  of  the  esq^Oleltnese  needed 
in  differenblatlng  between  the  casual  output  of  a  pickup  and  the  desired  quantity* 
In  this  ease  it  was  shown  how  the  thrust  variations  over  a  broad  frequency  band 
were  obtained  from  a  strain  gauge  located  at  a  point  in  the  interconnecting  struc¬ 
ture  between  the  rocket  and  its  base*  The  entire  dynamic  aystem  was  analysed  and 
revised  to  finally  yield  a  design  for  the  interconnecting  and  base  stmcture  with 
sufficient  stiffness  to  provide  meaningful  high  frequenqr  data*  The  iq>per 
limiting  frequency  of  this  aystem  was  defined  by  calibration  and  analyadsp  and 
its  natural  frequencies  were  never  in  danger  of  being  interpreted  as  excitation 
frequencies*  The  resulting  msehanleal  aystem  allcwsd  only  one  natural  freq^sney 
in  the  band  of  interest  and  the  response  was  quite  flat  except  for  the  one  sharp 
resonance* 

Although  a  detailed  discussion  of  vibration  measurement  and  analysis  procedures 
is  beyond  the  scorn  of  this  section  (see  for  examine  References  3  and  A  for  atddl- 
tional  discussion) p  the  discussion  of  the  data  which  follows  must  be  proceeded 
by  brief  consideration  of  the  filter  bamdwidths  employed  in  the  data  analysis 
a^  the  final  form  of  data  presentation* 

In  the  pMtp  the  form  of  data  presentation  has  been  pred.lcated  on  the  type  of 
tranaducer  and  the  analysis  procedure.  Therefore^  most  early  viteation  data  are 
reported  in  terms  of  the  displacement  of  the  motion  which  wm  the  yosntity  most 
often  obtained  tvm  msehanleal  vibration  pickup.  Tbls  trend  eontiausdp  even  with 
the  development  of  velocity  trsnsdueere  axsd  electronic  recording  oseiUofn^hSp 
often  by  eaployisg  electronic  integration  of  the  traiudueer  outputp  so  ttat  tbe 
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Figure  fil.  Exanple  of  ULssils  Vibration  Data  Without  and  With  Correction  for  Bracket  Reooneinee 
from  Blake,  Bef.  1. 


recordixig  vas  made  directly  in  terns  of  displacement.  Various  methods  vere 
utilised  in  the  description  of  the  displacement  trace,  dcuhle  amplitude,  peah-to- 
peak  amplitude,  single  amplitude,  etc.  ihese  descriptions  were  very  usable  for 
sinusoidal  and  conplex  sinusoidal  motion  and  were  directly  available  to  the  engineer 
who  analysed  the  oaclUoeram. 

However,  the  use  of  displacement  as  the  priisary  qpantlty  for  final  data  presen¬ 
tation  has  been  gradually  superseded  in  the  aircraft  and  missile  industry  by  the 
use  of  (jpantitles  related  to  the  acceleration  of  the  motion.  This  transition 
appears  to  result  from  the  widespread  popularily  of  accelerometers  for  siost 
measurements  which  Involve  an  extended  frequency  range.  Aceelercemter  data  which 
are  readout  from  oscillograms,  usually  previously  filtered  through  electronic 
filters,  are  most  often  reported  ss  peak  acceleration  ratio  in  a/g  units,  mean 
peak  and,  occasionally,  in  the  terma  of  the  peak  distribution.  However,  acceler¬ 
ation  data  which  are  readout  on  vacuum  tube  voltmeters  are  given  as  root  mean 
square  or  mean  square  per  cycle,  and  in  some  cases  a  complete  distribution  of  either 
the  instantaneous  amplltudea  or  the  peak  aspHtudes  are  given. 

Obviously,  there  are  a  multitude  of  quantities  which  can  be  utilised  for  data 
presentation.  Unfortunately,  few  of  these  quantities  can  sufficiently  specify  the 
actual  vibration  to  enable  accurate  comparison  with  other  vibration  data  idiich  are 
presented  in  other  terms,  except  where  actual  statistical  distributions  are 
presented. 

Furthermore,  the  fora  of  data  presentation  and  its  Interpretation  is  intimately 
linked  with  the  bandwidth  of  the  filter  utilised  during  analysis.  Filter  bazkdwidth 
la  particularly  important  when  data  are  reported  in  tenu  of  "Power  Spectral 
Penalty,"  which  baa  became  a  popular  practice.  In  most  cases  "Power  Spsctral 
Density"  refers  to  mean  square  acceleration  per  cycle |  however,  it  may  refer  to 
velocity  or  displacement,  as  discussed  in  Section  II.  The  speetrdl  density  con¬ 
cept  is  very  convenient  in  defining  random  processes,  as  will  be  seen  in  Section 
IV  where  the  mathematical  implications  of  this  concept  are  made  clear.  However, 
when  data  are  reduced  to  mean  aquaxe  values  per  cycle,  the  usual  data  reduction 
procedure  is  the  meaaureBient  of  the  mean  square  or  root  mean  sqjuare  amplitude  in 
a  finite  bandwidth  aztd  the  reduction  of  this  mean  sqguare  value  to  the  "per  cycle" 
basis  by  dividing  by  the  bandwidth.  This  simple  atrithmstie  procedure  siay  he  very 
misleading  if  the  filter  bandwidth  la  too  wide  for  the  phenomenon  under  apalyala. 
Since  data  are  often  analyzed  in  either  octave,  one-half,  one-third  and  one-aixth 
octave  bandwidths,  as  well  as  100  cps,  ^  cps,  20  cps,  ^  cps  and  2  eps  bandwidtbs, 
etc.,  many  problems  may  occur. 

The  potential  difficulties  can  be  readily  seen  in  the  examplb  of  Figure  82.  which 
was  taken  from  reference  5.  Here,  a  recorded  signal  from  en  accelerometer  is 
analyzed  by  three  filters,  each  having  differing  bandwidths;  one  epe,  one  octave, 
and  100  cps.  In  each  case  the  data  have  been  converted  to  mean  square  aceeleza- 
tion  ratio  per  cycle  (Power  Spectral  Density).  The  actual  acceleration  eonsiats 
of  several  Interrelated  sinusoidal  component a,  auperlmpoaed  on  a  continuoua  random 
acceleration,  and  ia  accurately  portrayed  by  the  one  cycle  bandwidth  filter. 
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Figure  82-.  Comparison  of  Ana^-ysis  of  a  Spectrum  with  Filters  having  Different 
Frequency  Bandwidths  and  Reduction  to  a  Per-cycle  Basis. 


Howvvr^  when  either  the  octave  hand  or  100  eps  hefadvldth  levels  are  reduced  to 
wan  square  aceel;s>ratlon  ratio  per  cycle «  they  indicate  an  a^^itude  inter- 
ysdiate  between  the  actual  continuous  randon  aean  square  acceleration  per  cycle 
and  the  Mean  square  aaoplitude  of  the  sinusoidal  coaponentso  For  the  100  eps 
bandwidth  filter j,  this  discrepancy  is  nost  severe  at  the  low  frequencies  and  less 
severe  at  the  hi{^  frequencies.  Bie  converse  is  true  for  the  octave  bandwidth. 
aoVf  it  is  recognised  that  the  exsaple  shows  sinusoids,  rather  than  resonant  peaks 
of  rasdon  vibration,  superlnposed  on  the  eontixaucus  randost  level.  However,  the 
prohlea  of  analysis  bandwidth  is  slailar  for  both  eases. 

Another  illustration  of  this  situation  can  he  seen  in  Figure  S3  iduieh  gives  the 
■nan  square  aeehleration  ratio  for  the  data  of  Figure  S2  as  directly  aeasured  hy 
the  filter  prior  to  dividing  by  the  bandwidth.  It  is  clear  that  large  dlserep- 
anhies  between  the  various  results  still  exist,  although  the  one-sixth  octave 
appears  to  give  a  usable,  or  interpxetabls,  result  with  this  particular  spectrum 
and  at  the  hlgber  fxequeneiee  '^e  100  eps  bandwidth  beeostts  fairly  accurate. 

Although  the  purpose  of  this  discussion  is  to  illustrate  the  analysis  problem, 
ratiiar  than  to  discuss  its  solution  in  the  necessary  detail,  a  few  general  comments 
are  appropriate.  First,  the  use  of  a  broad  band  filter  for  fin^  naalysis  of 
vibratory  phenomena  is  ^tlfisd  only  when  similar  data  have  bsen  found  to  have 
eontixBuous  spectra,  pr  when  the.  actual  vibration  mplitades  are  too  small  to  be 
of  concern.  If  neither  of  these  criteria  is  met,  it  is  noma31.y  preferable  to 
saaple  the  vibration  recordings,  with  filters  xduose  baadwldths  is  of  the  order  of, 
or  lese  than,  the  bandwidths  the  vibration  phencmena,  to  distinguieh  discrete 
frequency  components,  resonant  peaks  excited  by  rendom  forcing  fhnctlons,  sad 
eoutiauGua  rendom  vibration.  Second,  it  appears  misleading  to  reduce  data  analysed 
through  the  wide  hand  filters  to  a  spectral  density  basis  unless,  and  only  waless, 
the  vibration  is  known  to  be  of  a  contlnucus  spectral  distribution.  !Qilrd,  it  Is 
advisable  to  determine  the  distribution  of  peaks  for  all  important  frequency 
regions  in  the  vibration  spectra,  such  as  the  resonance  peaks,  since  the  avail¬ 
ability  of  a  distribution  enables  comparison  of  data  which  are  read  out  in  differ¬ 
ing  fashions  as,  for  example,  an  oscillograph  and  a  voltmeter,  and  is  of  importanee 
for  both  the  fatigue  sad  squlpmeat  aalfunetlon  problem  areas. 

fbe  various  major  difficulties  idiicb  arise  in  the  cemparison  of  vibratloa  data 
taken  by  several  orgpnlsations,  assuming  odl  data  have  been  corrected  for  the 
usuid.  response  factors,  stem  directly  from  the  three  problem  areas  discussed  in 
this  sub-section.  In  fact,  ceaiparlson  of  much  of  the  valuable  data  presently 
available  is  only  possibls  when  the  data  are  txransferred  to  am  arbitrary  stamdaxd- 
ised  presentatioB  form.  For  this  staadardisation  certain  ground  rules  were 
followed  which  were  felt  to  Introduce  the  least  error  in  detemlniag  and  compariag 
the  various  empirical  trends.  Ihe  data  which  are  available  had  been  reduced  by 
filters  of  one-half  octave,  100  eps  besdvldtb  and  a  series  of  smaller  bandwidths 
ranging  down  to  2  ops.  The  results  were  reported  as  displseemsat  or  aecsleratloa 
la  terms  of  meam  sqiuare  par  cycle,  rms  for  the  baadwidth,  ssaa  peak,  etc.  Statis¬ 
tical  distributions  of  either  peak  ampllti^  or  iastantaaeous  amplitude  were  also 
oeeasloaally  presented. 
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Amplitude  for  the  Total  Bandwidth. 


To  obtain  standard! zationj,  all  acceleration  data  were  converted  to  the  nas  aaq^l- 
tude  for  the  original  bandwidth.  Where  the  analysis  bandwidth  was  narrower  than 
the  bandwidth  of  the  resonance  phenomena^  the  energy  under  the  particular  rescxoanee 
was  suaned  and  the  result  reduced  to  the  rms  aicplitude  which  is  associated  with 
the  single  resonance.  Sinusoids,  where  Identifiable,  were  considered  separately 
as  appropriate  to  each  of  the  susssary  figures.  Where  only  the  saxtErjiii  oean  square 
amplitudes  per  cycle  of  resonant  peaks  were  reported,  the  ms  v8Q.ue  for  the  total 
resonant  vibration  associated  with  each  peak  was  estimated  over  the  resonance 
bandwidth  associated  with  a  Q  of  15,  which  seems  typical  of  many  missile  structures. 
Where  mean  peak  data  were  given  for  the  value  of  resonance  vibration  it  was  assumed 
that  the  resonant  peak  amplitudes  would  follow  a  Raylelf^  peak  distribution  and  tdie 
rms  amplitude  was  coaqputed  by  dividing  the  mean  peak  ai^plutde  by  I.19. 

VIBRATION  HI  .1ST  AIRCRAFT 

Although  the  major  emphasis  throughout  this  report  is  on  space  vehicles,  the  exam> 
inatlon  of  empirical  vibration  data  for  the  space  vehicle  is  asaisted  by  direct 
CGaqparlson  with  the  more  familiar  aircraft  vibration  environment.  For  this  reason, 
the  Buomary  of  aircraft  vibration  presented  by  Crede  axtd  lunney  (Reference  6)  is 
duplicated  here.  The  data  have  been  converted  fxxn  displacement  amplitude,  as 
given  originally,  io  root  mean  square  acceleration  ratio  to  be  consistent  vl'tti 
other  data  in  this  section. 

Figure  B4  gives  the  summary  of  Jet  filter  data  which  were  gathered  at  various 
flljdit  conditions  and  from  many  locations  on  structures  in  the  respective  aircraft. 
Althovi^  the  details  reg8xd.lng  each  of  these  data  hie  not  precisely  known  (see 
Reference  6) ,  they  are  considered  representative  of  the  vibration  environment  in 
the  conventions^.  Jet  fighter  aircraft. 

It  is  interesting  to  note  that  the  median  line  fitted  to  the  data  almost  represents 
a  line  of  constant  velocity,  which  is  proportional  to  the  acceleration  divided  by 
the  frequency.  Further,  when  these  data  were  examined  to  determine  the  median 
and  the  851^  limit,  it  was  fcuzui  that  their  logs  are  almost  distributed  normally, 
whereas  the  distribution  of  the  linear  amplitude s  was  very  skewed.  It  mie^t  be 
presumed  that  that  data  were  ac<pilred  from  several  transducers  randcnly  located 
on  each  aircraft,  sod  recorded  at  random  portions  of  the  flight  profile.  It  nay 
be  also  assumed  that  the  maximum  amplitudes  represent  the  more  severe  flic^t 
conditions,  say  takeoff  let  noise  and  maxiaum  dynamic  pressure  (q.)  fli^t,  and  the 
lower  amplitudes  represent  lees  severe  fli^t  cond5.tlon8.  The  tendency  in  the 
data  toward  a  log  normal  distribution  suggests  that  the  duration  of  the  more  severe 
vibration  occupies  a  significantly  shorter  period  of  time  during  a  typical  mission 
than  does  the  duration  of  the  lower  amplitude  vibrations.  This  mi^t  be  anticipated 
from  direct  observation  during  fli^t,  and  it  is  similar  to  the  log  normal  distri¬ 
butions  found  in  gust,  fatigue  problems. 

Figure  85  gives  similar  data  from  Crede  and  Luimey  for  the  and  B52  aircraft. 

As  can  be  seen  from  the  medians  for  these  two  aircraft,  the  B52  vibration  environ¬ 
ment  is  significantly  higher  than  that  measured  for  the  b47.  Althou^  this 
difference  may  result  from  the  positions  of  the  transducers,  which  are  not  known 
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to  the  authors,  it  stay  also  be  the  logical  result  of  the  higher  noise  es^osurts  of 
the  B52,  particularly  in  the  near  field  of  the  engines  under  the  wing,  and  froB  the 
higher  naxioum  flight  performance  for  the  B52.  Again,  the  data  for  each  of  these 
aircraft  tend  to  follow  the  log  normal  distribution  and  appear  to  represent,  more 
nearly,  constant  velocity  amplitude  rather  than  constant  acceleration  or  displace¬ 
ment. 

VIBRATION  IN  MISSILES 

Itae  vibration  environment  in  a  missile  varies  rapidly  with  time  during  a  typical 
flight  profile.  Ibis  rapid  variation  can  be  lUiistratad  by  the  continuous  record¬ 
ing  of  the  noise  in  a  forward  conpartment  of  a  small  ground-to-ground  missile.  It 
Bl^t  be  noted  that  a  recording  of  noise  is  illustrated  rather  than  a  recording  of 
vibration  simply  because  of  the  availability  of  the  former. 

Figure  86  from  Reference  7  illustrates  the  several  phases  of  noise  or  vibration 
environment  which  are  usually  found  in  missile  flight  data.  Ibe  rocket  noise  at 
launch  provides  a  high  level  of  vehicle  response,  which  decreases  rapidly  as  the 
vehicle  leaves  the  pad  end  accelerates.  However,  as  vehicle  velocity  increases, 
the  pressure  fluctuations  in  the  turbulent  boundary  layer  Increases,  the  pressure 
in  magnitude  and  the  vehicle  response  begins  to  Increase.  The  transients  shown  on 
the  graphic  level  recording  represent  a  shock  as  the  vehicle  velocity  exceeded  I'lach  1 
emd  a  second  shock  when  the  sustalner  engine  was  ignited.  As  can  he  seen,  the 
response  continued  to  Increase  until  the  maxiffluia  dynamic  pressure  was  reached,  at 
which  time  in  the  flight  profile  the  boundary  layer  pressure  fluctuations  are 
maximum.  As  the  vehicle  continued  to  accelerate  into  less  dense  atmosphere,  the 
q.  decreased,  as  did  the  response.  However,  when  the  vehicle  descended  into  more 
dense  atmosphere  in  the  terminal  portion  of  the  flight,  the  vehicle  q  and  response 
both  increased. 

It  was  evident  from  Figure  86  that  the  two  most  severe  vibration  environments  are  a 
result  of  rocket  noise  at  launch,  and  aerodynamic  phenomena  at  nmximuin  q.  INie 
relative  severity  of  these  two  forcing  functions  and  their  responses  in  a  specific 
vehicle  depends  on  many  factors,  including  the  flight  profile  asod  the  launch  con¬ 
figurations,  as  discussed  in  Part  I  of  this  report.  It  should  be  noted  that,  for 
s(»ie  vehicle  types,  other  forcing  functions  may  also  be  of  comparative  severity. 

Ibe  qjuest  for  missile  vibration  data  which  has  general  application  toward  ea^irlcal 
correlation  studies  is  very  laborious  and  difficult.  This  difficulty  results  from 
the  problems  encountered  by  vibration  engineers  in  industry  when  they  are  forced  to 
costpete  with  other  ionportaut  groups  for  the  eisslgnment  of  telemetering  channels. 

In  most  cases,  this  competition  severely  limits  the  number  of  transducers  which  can 
he  utilized  and  requires  ccanutat ion  of  the  various  transducers.  Furthenaore,  these 
limitations  require  that  potential  problem  areas  and  Importemt  equipment  areeeive 
priority  for  traxwducer  locations,  so  that  ideal  surveys,  which  phase  vibration  at 
various  structural  locations  throughout  the  vehlci.e,  are  seldom  realized. 

Figure  87  presents  data  obtained  at  the  launch  of  rocket  powered  ballistic  mlsBlles 
from  transducers  located  on  structure  in  the  middle  end  forward  positions  of  the 
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vehicles.  The  data  were  obtained  from  References  8  -  234  vhlch  Include  five 
BlssUes  'Which  have  gross  launch  wel^ts  less  than  1^,000  lbs.,  axtl  three  missiles 
which  have  gross  launch  veldts  In  'the  100 .,000  -  300,000  lb.  range.  The  lightweight 
vehicles  are  deno'ted  by  open  symbols  and  the  heavier  missiles  by  the  solid  s^ibols. 
It  is  evident  from  'the  figure  that  the  vibration  aaq^itudes  in  the  heavy  silselles 
are  on  the  order  of  20  'to  of  -the  emidltudes  measured  in  the  lig^'twelght 
vehicles . 

Figure  88  gives  similar  data  for  'the  vibration  at  maximum  q,  flight  phase  for  six 
missiles,  four  of  which  are  lightweight  and  two  of  which  are  in  the  heavyweight 
class.  Again,  it  is  clear  -that  the  vibration  of  the  heavy  missile  is  significantly 
lower  'than  the  vibration  of  the  light  missiles.  It  is  noted  that  'the  vibrations 
given  in  the  figure  are  thought  to  result  only  from  pressure  fluctuati<«t8  in  'the 
boundary  layer  along  the  vehicle's  skin.  Bxua,  the  figure  does  not  include  the 
data  from  a  missile  which  responded  to  the  high  turbulence  crea'ted  by  the  wakes  of 
its  dive  brakes  or  smother  vehicle  which  was  excited  by  base  pressure  fluctuations. 
Riese  two  known  special  cases  of  aerodynamic  excitation  ere  discussed  in  Part  I. 

Figure  89  presents  available  data  for  vibration  of  missile  structure  located  near 
the  engine.  Ihere  is  a  ra'ther  large  scatter  in  the  da'ta,  but  no  consistent 
division  is  seen  between  light  tmd  heavy  missiles.  Rather,  it  appesurs  that  much 
of  -the  data  irepresents  high  level  vibration  and  a  smaller  proportion  of  the  data 
represents  lower  level  vibration.  This  is  not  at  all  vmejQiected  because  of  the 
large  variability  in  structure  for  the  various  ^.ocations,  as  well  as  the  variability 
of  'the  vibratory  energy  output  of  different  types  of  rocket  engines. 

Figure  90  sunmarlzes  the  data  obtained  on  four  pieces  of  eqaipment,  two  of  which 
are  located  in  each  of  two  types  of  the  heavy  nissllen.  Ihe  range  of  da'ta  repre> 
sents  many  repeat  flligits  with  the  transducers  loca'ted  at  the  same  positions.  In 
general,  the  vibration  appeazvd  to  be  sinusoidal  at  several  harmonically  rela'ted 
fre^iencies  which  were  generated  by  the  particular  equipment.  Obviously,  these 
da'ta  represent  specific  cases  and  are  included  here  only  because  of  the  large  amount 
of  data  measured  on  each  of  these  equipments,  and  'to  give  a  feelixig  for  'the  amg^i> 
tudes  idklch  might  be  encountered  on  or  near  equipment  vibratory  sources.  However, 
'the  prediction  of  vibration  near  any  equipment  vibratory  source  should  be  predicated 
on  measurements  of  the  specific  type  of  equipment. 

C(]IIPAP.IS(Hf  OF  AIRCRAFT  AND  KISSIUB  VIBRATION  TRENDS 

In  each  of  the  figures  in  the  preceding  discussion  of  aircraft  and  missile  vibration 
a  median  curve  was  fitted  to  the  data.  These  ciurves,  taken  from  Figures  84  ,  85 , 

86,  87 ,  and  38 ,  are  sumnarized  in  Figure  9'i. .  As  'was  shown  in  the  original  data 
figure,  the  median  of  the  data  for  the  exceeds  that  for  'the  b47,  whereas  the 
median  for  the  Jet  fighter  vibration  data  lies  'between  the  medians  of  the  two 
bombers.  The  medians  for  light  missile  launch  and  maximum  q  flight  are  generally 
higher  than  those  for  'the  aircraft,  whereas  the  medians  for  the  heavy  missiles  are 
significantly  lower  and  ere  of  -the  same  order  as  the  Jet  figh-ter  and  B47  vibration. 
Note  that  the  vibration  on  structure  located  iwar  the  rocket  engine  is  considerably 
higher.  Thus,  this  figure  clearly  demonstrates  'that  the  severe  portions  of  the 
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Figure  88.  Missile  Flight  Accelerations  on  Structure  in  Forward  Halt  of 

Vehicle  and  Obtained  Near  Maximum  Dyiiami.?-  Pressure,  Flight  Phase ^ 
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Figure  39..  Missile  Flight  Accelerations  on  Structure  Adjacent  to  Rocket 
Engine . 
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Figure  90o  Range  of  Accelerations  for  Four  Types-  of  Self-Excited  Missile 
Equipment „ 
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vil}ratlon  environaiBnt  in  the  ll^t  alsBiles  generally  exceeded  those  ei^rleneed 
In  performance  Jet  aircraft.  Eowever>  the  vibrations  In  the  heavy  missiles 
of  the  IBESi  and  ICBM  category^  have  been  generally  of  the  same  order  as  those  of 
the  aircraft. 

It  should  be  noted  again  that  the  relative  severity  of  laimch  and  maxiauBi  q  fli^t 
l^ase  vibration  depends  upon  both  the  fli^t  profile  and  the  launeh  configuration. 
For  exaiagple,  all  of  launeh  data  result  froB  surface  lauxiches  rather  than  silo 
launches.  A  comparison  of  the  surface  launch  noise  environwtnt  vith  the  silo 
launch  noise  environment  based  on  the  infoxsMtion  in  Fart  I,  Section  II,  indicates 
that  the  magnitude  of  vibration  mi^t  be  on  the  order  to  3  to  ^  times  greater  in 
a  silo  then  on  the  surface,  ^us,  the  silo  launch  vibration  eqiyiipemnt  for  heavy 
missilea  mi^t  be  expected  to  approach  the  surface  launeh  vibration  enviroment 
in  the  li^^t  missiles. 

Ihe  median  curves  in  Figure  91  indicate  that  the  aircraft  acceleration  data  increase 
proportionately  with  increasing  fre<]!ueney.  nils  indicates  that  the  mediu  vibration 
has  essentially  constant  velocity,  regardless  of  fretpiency.  ’JBkis  constant  velocity 
characteristic  has  consideraliLe  implication  if  one  considers  the  total  rms  vibration 
over  the  entire  bandwidth,  of  the  measurement.  For  example,  when  the  aircraft  data 
are  recorded  in  terms  of  acceleration,  the  total  acceleration  measured  by  a  meter 
over  the  entire  bandwidth  is  predominantly  determined  by  the  high  accelerations 
which  occur  at  the  higher  freqjuencies.  thus,  the  total  rms  acceleration  for  a 
measurement  will  be  significantly  higher  if  the  upper  limit  of  the  asasureasnt  is 
1000  cps  rather  than,  say,  300  cps.  Cn  the  other  hand,  since  the  vibration  is 
characterised  by  constant  velocity,  a  meter  reading  of  total  velocity  over  the 
entire  bandwidth  from  a  signal  proportional  to  velocity,  would  be  less  affected 
by  the  high  frequency  cutoff  of  the  measurement  system  than  would  the  total  measured 
rms  acceleration.  Consequently,  comparisons  of  total  velocities  over  the  measure¬ 
ment  bandwidth  for  different  aircraft  tend  to  be  more  meaningful  than  cooparisoos 
of  total  acceleration.  However,  the  missile  vibration  seems  to  increase  with 
increasing  frequency  at  a  rate  Intermediate  between  constant  acceleration  and 
constant  velocity.  Hence,  use  of  acceleration  as  the  final  form  of  data  presen¬ 
tation  tends  to  emphasise  the  anplitudes  at  high  freqiuencleB,  whereas  use  of 
velocity  would  similarly  emphasise  the  lower  frequencies. 


217 


EMPIRICAL  PREniCTION  OF  VEHICLE  VIBRATIOT 


The  ultimate  objective  of  thle  report  is  to  assist  the  engineer  in  his  understand¬ 
ing  of  the  phenomena  tdiich  are  responsible  for,  or  control,  the  vibration  in  a 
space  vehicle,  and  to  assist  him  in  the  prediction  of  the  resulting  vibration 
environment.  As  is  the  ease  in  many  young  technologies,  tdiere  the  state  of  the  art 
is  not  sufficiently  eonplete  to  enable  direct  analytical  solutions  of  specific 
problems,  or  when  the  uialytieal  approach  involves  emeessive  coqplexlty,  it  is 
desirable  to  atteiqit  to  derive  direct  empirical  correlations  >dtich  may  be  utilized 
as  predictive  tests  and  ^ich  define  apparent  trends. 

The  success  of  these  eidipirical  correlations  generally  depends  tq;>on  the  degree  with 
which  the  correlating  parameters  represent  the  actual  physical  phenomena  under 
study,  and  their  actual  scaling  laws.  In  addition,  the  development  of  an  empirical 
correlation  which  will  stand  the  test  of  tins  often  depends  iq>on  the  relationship 
between  the  presently  available  range  of  each  of  the  parameters  and  the  range  of 
the  parameters  %dileh  will  eventually  be  encountered.  For  example,  empirical  corre¬ 
lation  of  jet  noise  from  data  which  represents  only  a  small  range  of  jet  velocities 
would,  in  all  probability,  not  result  in  a  proper  sealing  law  for  the  velocity 
parameter,  and  in  consequence,  be  a  very  inaccurate  predictive  tool  for  velocities 
vdiich  differ  significantly  from  those  considered.  The  preceding  cautionary  factors 
represent  the  basic  hazards  of  the  espirical  approach,  and  suggest  that  empirical 
correlations  be  re-examined  constantly  to  assure  that  they  remadn  consistent  with 
advances  in  the  general  "state  of  the  art." 

Direct  Correlation  of  Noise  and  Adjacent  Structural  Vibratimi  in  Aircraft 

One  approach  to  the  correlation  of  vibration  response  of  aircraft  with  external 
noise  has  been  previously  suggested  by  Convair  (References  2A-26).  This  correla¬ 
tion  was  obtained  by  directly  comparing  the  external  sound  pressure  level  on  the 
6-58,  resulting  from  jet  engine  noise,  to  the  vibratory  response  of  adjacent 
internal  structure.  Thus,  vibration  measurements  in  the  nose  of  the  aircraft  wez^ 
coepared  directly  to  soisid  pressure  levels  measured  on  the  external  skin  of  the  nose 
section,  and  vibration  measurements  in  the  aft  end  of  the  aircraft  were  compared  to 
sound  pressure  levels  measured  on  the  external  skin  of  the  aft  skin,  etc.  Since 
the  external  noise  environment  on  the  6-58,  and  other  types  of  jet  aircraft,  varies 
considerably  from  the  relatively  low  noise  levels  forward  to  the  very  high  levels 
toward  the  aft  end,  a  cosparison  of  this  type  includes  a  range  of  external  noise 
levels  of  the  order  of  approximately  30  db. 

As  an  example  of  this  direct  approach,  consider  the  noise  exposure  of  the  Snark 
missile  illustrated  in  Figure  ^ .  The  extennal  noise  level  at  launch  results  trG& 
two  rocket  boosters  which  are  mounted  beside  the  fuselage  and  e^diaust  alongside  the 
after  portion  of  the 'fuselage.  As  can  be  seen  froa  the  octave  bsmd  sound  presstirs 
levels  (spl),  the  noise  environment  at  the  fuselage  stations  aft  of  the  nozzles  is 
very  high. 

It  might  be  noted  that  the  Snark  noise  environment  is  the  most  severe  of  any  air¬ 
craft  type  missile  and  is  certainly  cosparable  to  the  most  severe  enviroriment  that 
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would  be  expected  for  any  ballletle  aieslle  utilising  present  engine  end  launch 
conceptSo  Of  coarse,  this  sererity  results  frm  the  pesitioning  of  the  noshles 
alongside  the  fuselage,  rather  than  at  the  aft  eado  Incidentally,  this  location 
was  not  selected  in  ignorance  of  potential  noise  problegu,  but  rather  as  a  neeosaary 
location  for  boostera  idiieh  wars  added  to  a  waapona  aysteai  to  give  it  a  aero  launch 
capability  aftar  tha  airfraae  had  baen  dasignad  for  conventional  takeoff*  !Riere- 
fore,  the  location  of  tha  boosters  and  thair  throat  axas  were  deternined  by  ths 
center  of  gravity  and  aarodynaaie  d»raetaristiea  of  an  eadsting  airfraaw.  The 
ensuing  severs  acoostle  anvironaant  resulted  In  a  very  extensive  teat  pregran  idddi 
has  been  deseribad  in  Rafaraneas  27  and  28* 

At  the  tine  idian  this  work  was  undertaken,  it  was  not  oniveraally  recognised  that 
tha  vibration  rshponao  at  launch  was  tha  result  of  the  cxtaraal  noise  rather  than 
tha  result  of  vibration  transsdttad  directly  to  the  structure  frow  the  engine  or 
booster*  Conaeqoently,  one  of  the  aere  interesting  phases  of  the  SBazic  teat 
program  was  tha  eoavarison  of  vibration  reaponaa  for  two  sarlaa  of  reatrainsd 
firings,  one  series  with  tha  boosters  nonudly  attached  to  tha  airfrana,  and  tha 
second  series  with  tha  boosters  eoaplataly  dataehed,  but  in  thair  norwal  position 
rolatlve  to  the  alrfrawio  The  testa  eoneluaiveCLy  proved  that  tha  vibration  response 
resulted  from  acoustic  excitation,  only,  and  that  reaponaa  to  direct  angina  vibration 
visa  not  slgnifieanb  in  eoaparlaono  lb  nij^  alao  be  noted  that  the  noise  reduc¬ 
tions  shown  on  Figure  92  in  the  forward  eeapartasata,  whldi  have  no  internal  acous¬ 
tical  absorption,  are  typical  for  a  li^wei^  axtamal  skin  (*19  in*  naj^aaiiaa)* 
The  hi^er  reductions  illusbi>atad  for  the  aftar  eonpartnanta  are  the  result  of 
added  internal  aeouatleal  absorption  aatorialo 

If  the  roaponso  of  the  internal  atrueture  is  directly  proportional  to  tha  adjacent 
external  noise  field,  it  ahouLd  be  possible  to  obtain  tha  constant  of  proportio«»> 
ality  by  ecagparlng  the  responaes  Msaured  near  a  given  station  with  tha  axtamal 
noise  at  that  station*  Furthemoro,  if  the  atrueture  ia  throu^out  tha 

fuselage,  it  would  bo  expected  that  tha  constant  relating  eccteraal  noise  with 
adjacent  rei^nsc  would  be  unchanged  aa  a  function  of  position  and,  hence,  noise 
level  along  the  fuselage,  ae  propoaad  by  Cenvair* 

This  coapariaon  has  been  nade  for  aeveral  frequent  bands,  including  tha  o7ax*-all 
noiao  and  vibration  lovela  uid  five  octave  frequency  bands  in  Figure  93  throu^  9B 
Rote  that  the  slight  differences  in  noise  level  repreawnt  differeixt  firings, 
whereas  each  group  of  data  aasoeistad  with  a  given  noise  level  represents  a  spse2.» 
fie  fuselage  station*  3h  addition,  the  acceleration  data  include  transducers 
oriented  in  various  directions,  but  all  attadied  to  actual  airfrana  structure* 

As  might  be  expected,  the  data  exhibit  considerable  scatter,  so  that  it  ia  poasibla 
ozily  to  eatinate  a  trend  line  throu^  the  points*  However,  more  significant  than 
the  scatter  is  the  elope  of  the  trend  line*  Note  that  if  the  acceleration  vq^ltuda 
incraasos  by  a  factor  of  ten  for  an  inersase  of  20  db  sound  pressure  level,  a 
direct  linear  relationship  exists  betwssn  the  Internal  structural  vibration  aapli- 
tuds  and  the  adjacent  external  sound  pressure  asplitude.  In  this  event,  the  trend 
line  throng  the  data  givea  the  constant  of  proportionality  between  external  sound 
and  internal  vibration* 
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Figure  97.  Correlatiori  Between  the  Vibration  Level  and  i^emal 
^  ir.vrit.nT.inn  of  the  Snark  Missile  -  300-600  cps 
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Figuro  980  Correlation  Between  the  Vibration  Level  and  the  External 
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HoMev^r,  If  the  trend  line  has  a  elope  of  Zees  than  unity,  as  is  the  case  of  the 
low  frequency  data  for  the  Snark  in  Figures  93  through  95  and  for  the  low  frequency 
Convair  data  in  Figure  99 »  a  direct  llneai:*  relationship  between  internal  vibration 
and  adjacent  external  sound  pressure  cann<3t  be  proved  by  the  correlation.  Several 
factors  might,  individually  or  collectively,  be  responsible  for  slopes  less  than 
unity.  These  factors  includes 

(a)  Structure  borne  transmission  of  vibration  from  high  external  noise  level 
areas  to  those  of  lower  extezuial  noise  level. 

(b)  Non-uniform  structure  throvighout  the  fuselage  (which  undoubtedly  contributes 
to  scatter. 

(c)  Non-linear  response  of  the  structure. 

(d)  Unfoz*tunate  selection  of  transducer  location  with  respect  to  modal 
response . 

Before  considering  any  of  these  factors  in  more  detail,  it  is  helpful  to  examine 
the  slopes  of  the  trend  curves  as  a  function  of  frequency.  Figure  IDO  stSEaarizes 
the  results  of  this  type  of  direct  correlation  for  foiar  aircraft-type  structures, 
including  the  B-66  of  Reference  29  together  with  Snark,  B-58,  and  ^52.  The 
upper  portion  of  the  figure  gives  the  slopes  of  the  trend  curves  and  the  lower 
portion  of  the  figure  gives  the  average  nns  acceleration  for  each  octave  band  when 
the  adjacent  external  octave  band  sound  pressure  level  is  150  db.  It  is  clear 
from  Figure  300  that  some  coiTelation  between  adjacent  exteivial  noise  taay  exist 
above  150  cps  for  the  Snark  and  at  the  higher  frequencies  for  the  other  aircraft 
where  the  dopes  of  the  trend  curves  approach  unity.  Since  a  large  number  of 
randomly  selected  transducer  locations  a2?e  included  in  the  various  suinreys,  it  is 
doubtful  that  the  accidental  location  of  transducers  with  respect  to  the  various 
vibration  modes  accounts  for  the  lower  slopes  at  the  lower  frecpiencies.  Sisdlarly, 
since  several  experiments  give  the  same  general  conclusion  with  regard  to  the  trend 
curves,  it  is  not  felt  that  structural  non-uniformity  is  a  particxilar  factor  in  the 
determination  of  the  slope  of  the  trend  curve,  although  it  undoubtedly  is  a  most 
significant  factor  in  the  scatter  of  the  individual  data. 

The  role  of  nonlinear  behavior  in  the  structure  cannot  be  evaluated  with  respect  to 
the  trend  curves  from  the  available  data.  However,  it  is  considerod  to  be  less 
i]q;>ortanb  than  the  fact  that  the  response  at  any  general  position  in  the  structure 
is  given  by  the  sum  of  the  noise  energy  transmitted  directly  to  adjacent  structure, 
plus  the  noise  energy  received  at  more  remote  locations  and  transmitted  as  vibra¬ 
tory  energy  through  the  structure  to  the  position.  Thus,  at  higher  frequencies 
batter  correlation  would  be  expected  between  adjacent  acoustical  excitation  and 
response  because  the  vibrational  energy  transmitted  through  the  structure  from 
remote  locations  has  been  attenuated  and  makes  only  a  minor  contribution.  Con" 
versely,  at  low  frequencies  the  vibrational  energy  transmitted  from  the  areas  which 
have  the  highest  external  noise  levels  to  those  with  lower  external  noise  levels 
wo\d.d  be  expected  to  exceed  the  local  excitation.  This  general  resxdt  might  be 
anticipated  since  the  attenuation  of  vibratory  energy  transmitted  by  bending  waves 
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Figure  99o  Sound  Preaeure  Level  vso  HHS  Ac  seleretion  for  Two  F^quen<7 
Banda. 
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(b)  Comparison  of  Absoluts  Values  at  150  db 


Octave  Bands,  ops 


Figure  100.  Simmary  of  Aircraft  E:npirical  Correlation  of  External  Noise 
vrith  A cce'' oration  of  Adjacent  Structure. 
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along  th«  fusolago  is  •sssnbially  constant  par  wavslsngth,  as  shown  in  Section 
from  measujred  l^iark  datSo  Thus,  the  high  frequency  energy  anffers  considerably 
moz^  attenuation  than  does  low  frequency  energy  idien  both  are  trananitted  for  the 
same  distance  throu|^  tho  fuselage c 

It  is  felt  that  the  results  of  this  direct  correlation  technique  are  encouraging  in 
the  hii^er  frequency  range  where  a  measure  of  correlation  is  achievedo  FurtheflMre, 
the  results  point  toward  a  method  of  sinndng  the  contribatlon  to  the  response  froa 
local  external  excitation  and  remote  external  exeltatlono  However,  in  the  lower 
frequency  range  the  results  asre  essentially  negativoo  Consequently,  any  applica^ 
ticn  of  these  results  in  the  prediction  of  aircraft  vibration  diould  proceed  with 
great  caution. 

Correlation  of  Ballistic  Hiaaile  Launch  Hoise  and  Response 

The  vibration  data  given  in  Figures  87  and  88  for  structure  forward  of  the  engine 
area  of  bristle  miseiles  during  both  launch  and  maximum  dynamic  pressure  flight, 
consistently  showed  that  the  vibration  environment  of  the  large  and  heavy  missiles 
was  significantly  less  than  the  vibration  of  the  saudler  and  lighter  missiles.  This 
suggests  that  the  next  generation  of  space  vehicle  launch  platforms  idiieh  are  anti¬ 
cipated  to  be  considerably  largar  than  the  present  IC3M*s,  ml|^  have  even  less 
severe  vibration.  Qtt  the  other  hand,  changes  in  launch  configuration,  angina  para¬ 
meters,  or  maxlmcm  q  could  result  in  increases.  It  is,  therefore,  desiraUe  to 
determine  an  eq>irieal  relationship  between  the  response  and  the  forcing  function, 
appropriately  modified  by  the  vehlcle*e  structural  paramstera. 

It  is  believed  that  an  empirical  correlation  can  be  found  by  equating  the  available 
energy  of  the  forcing  function  with  the  mechamical  energy  of  the  reacting  vibra¬ 
tion.  It  is  fxmdamental  that  these  two  quantities  are  related  since  all  of  the 
incident  acoustical  energy  idiich  is  absorbed  by  the  vehicle  must  result  in  vibra¬ 
tion  and  be  dieeipated  throu^  dsi^ing.  Unfortunately,  the  results  of  this  approach 
have  been  inconclusive,  probably  indicating  insufficient  sophistication  in  the 
definition  of  one  or  more  of  the  pwrtinent  parsnetera. 

However,  an  alternative  approach  to  the  correlation  of  the  launch  acoustical  forcing 
with  vehicle  response  appears  to  give  encouraging  results,  and  will  be  discussed  in 
detail.  As  will  be  shown  in  subsequent  sections,  complicated  (and  even  sixgpile) 
structure  has  sumy  resonances,  distributed  throughout  the  freqxtsney  range,  idiich 
occur  at  frequencies  above  its  fundamental  resonance  frequency.  Consequently,  the 
response  of  structure  to  a  random  forcing  function,  which  has  energy  approximately 
equally  distributed  over  a  broad  fz*equency  range,  exhibits  manv  rssonant  psaks. 
Similarly,  the  majority  of  the  missile  launch  data  in  Figure  87  Is  rsprsssntatlve 
cf  the  vibration  aaqilitudee  associated  with  one  or  more  of  the  many  resonaneea 
which  occur  in  the  missile. 

It  is  well  known  that  the  natural  vibration  eharacteristies  of  many  coaq^ex  struc- 
tuz^a  can  be  approzlBated  by  individual  consideration  of  each  resonance  or  node  of 
vibration,  assioaing  it  to  be  essentially  unaffected  by,  or  decovq^ed  from,  any 
other  iBode.  The  response  of  the  vehicle  in  any  one  of  these  modes  can  be  obtained 
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from  expressions  similar  to  those  developed  for  the  single  degree  of  freedom  if  an 
appropriate  definition  can  be  obtained  for  the  amount  of  the  total  mass  vdiich  is 
involved  in  actual  vibratory  motion,  and  for  the  effective  or  "generalized  force"  on 
the  vehicle.  Viewed  in  this  pers^ctive,  the  total  response  of  the  vehicle  at  ar^ 
location  is  simply  the  sum  of  the  contributions  from  all  of  the  vehicle’s  vibratory 
modes. 

In  Section  II  it  was  stated  that  the  mean  squaro  displacement  response  of  a  single 
degree  of  freedom  ^stsm  to  a  continuous  random  forcing  function  was  given  by: 

3  _  Q 

X  - - 


where  ^2  is  the  mean  square  displacement, 

Q  is  one  divided  by  twice  the  damping  ratio, 

"■jj  is  the  natural  frequency  in  radians/second 

is  bbe  mean  square  force  per  cycle 
per  second,  and 

k  is  the  stiffness  of  the  system. 

The  mean  square  acceleration  ratio  associated  with  this  response  can  be  readily 
derived  from  (1)  to  give;  “ 


where  W  is  the  weight  of  the  mass. 

in  order  to  ap|Q.y  this  sisiple  concept  of  the  single  degree  of  freedom  system  to  the 
empirical  correlation  of  n^ti-moda  missile  vibration,  it  is  necessary  to  consider 
the  relationship  between  the  generalized,  force  and  generalized  mass  of  the  vehicle 
with  the  single  forcing  function  and  single  mass  in  the  single  degree  of  freedom 
solution.  As  shown  in  Section  IV,  the  generalized  force  on  a  panel  in  a  space 
vehicle  resulting  from  acoustic  excitation  depends,  in  addition  to  the  actual  magni¬ 
tude  of  the  sound  pressure,  primarily  upon  the  spatial  correlation  of  the  sound 
preBBure,  or  ths  digtsncss  over  Wwich  the  pressurs  is  in  phase,  in  relationship  to 
the  distance  between  nodes  in  the  panel’s  bending  response.  It  is  also  known  that 
idien  acoustic  phenomena  are  similsu?,  except  for  a  scale  factor,  their  spatial  corre¬ 
lations  ar«  similar  when  compared  on  a  wave  number  basis.  Here  the  nondimensional 
wave  number  fk^-r)  is  equal  to  the  number  of  radians  per  unit  distance  <*  k*)  times 
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a  dlflbance  eharaetarlstlc  of  the  eiae  of  the  object  or  alssileo  Here,  k*  equals  the 
wave  number  (1//S  wn  length),  w  equals  the  frequency,  (rad/see),  and  equals 
the  speed  of  soundo  For  the  purpose  of  this  correlation,  r  is  defined  as  the  radius 
of  the  vehicle,  and  It  is  asswed  that  the  efpatial  correlation  is  essentially 
similar  at  launch  for  geometrically  similar  vehicles  and  similar  launch  configura¬ 
tions  idien  compared  at  equal  values  of  k«ro 

Continuing  with  the  panel,  the  natural  frequency  of  any  mode  of  two  geometrically 
similar  panels  varies  inversely  with  the  ratio  of  the  panel  dimensluis  (or  the  scale 
factor).  Consequently,  since  the  distance  between  nodes  on  the  panel  varies  directly 
with  the  scale  factor,  the  relationship  betwssn  ths  sealed  spatial  correlation  of 
the  sound  pressure  and  the  sealed  shape  of  the  bending  panel  remain  unaltered  idien 
compared  on  a  constant  kr  basis.  It  can  also  be  shown  that  the  gsneraliasd  mass  of 
the  sealed  panel  would  be  the  same  proportion  of  the  total  mass  for  the  same  mode  of 
vibration.  Hsnee,  it  would  be  expected  that  any  enpixdeal  correlation  for  geometri¬ 
cally  similar  structures  would  be  a  function  of  (k^r)  and  that  for  this  purpose, 

(2)  should  be  written 


o  2 

irtiere  p  represents  the  constant  of  proportionality  for 
all  factors  in  Eq.  (2)  and  is  a  function  of 
(k*r)u 

It  is  clear  that  both  the  da^ping  in  the  structxire  and  the  type  of  structure  will 
ai'fect  any  correlation  of  responae  with  forcing  function,  as  both  additional  damping 
or  additional  stiffness  in  a  specific  vehicle  will  reduce  the  reqponse  for  a  fixed 
forcing  function.  Therefore,  in  absence  of  sufficient  data  describing  those  two 
factors  for  the  various  missiles  of  Figure  87,  a  constant  Q  of  15  was  assuMd  for 
all  missiles  and  all  natural  freqwneies.  The  missile  weight  (W)  was  taken  as  the 
gross  launch  wsi^t,  but  the  stiffness  variablo  remains  in  the  correlation  as  an 
additional  unknown. 

The  forcing  fTsictions  were  calculated  for  surface  launch  of  each  of  the  eight 
missiles  represented  in  Figure  87»  utilising  Figures  8  and  13  from  Part  I,  together 
with  the  appropriate  engine  parameters.  The  actual  value  of  mean  square  fores  per 
cps  MM  obtained  by  integrating  the  predicted  naan  square  prees^s^e  per  ops  over  the 
entire  vehicle  to  determine  the  average  mean  square  pressure  per  ops  on  the  vehicle 
and  multii^ying  this  result  by  the  square  of  the  vehicle* s  surface  area.  It  is 
obvious  that  this  quantity  cannot  rspreseitt  the  true  gsnsrallmsd  foree  on  the 
vehicle,  but  it  should  be  proportional  to  the  gensraliisd  for  senatant  values 

of  k*r.  Eq.  (3)  was  than  solved  for  ^  for  each  of  pelnbs  in  Figure  87. 

The  results  are  given  as  a  function  of  k^r  in  FigureDiand  as  a  funetlaii  of  frequency 
in  Figure  102.  The  correlation  appears  only  sli^tly  bsttsr  when  00B|Mriid  with  wave 
nusber  rather  than  frequency,  bob  certainly  cannot  lead  to  a  dofinlta  preference. 


232 


Re'^.  12-20-61 


A  A 


235 


Figure  103.  Cumulative  distribution  of  data  from  figure  101  for  KR 


Considering  Figure  101  |3  appears  to  be  almost  constant,  slowly  decreasing  with 
increase  wave  numberc  The  standard  deviation  of  20  log  &  is  approximately  6  db, 
idiieh  indicates  that  68^  of  the  values  of  &  are  between  o 5  and  2o0,  as  seen  in  the 
histogram  of  Figure  103  o  Althoui^  it  wroold  be  desirable  to  effect  a  reduction  in  the 
scatter  of  the  values  for  &  ,  it  is  actually  soasidiat  surprising  that  the  scatter 
is  so  small  when  all  the  assu^ions  are  eonsideredo  Several  eosatents  are  pertinent, 
including  s 

First,  it  is  improbable  that  all  of  these  missiles  are  dynamically  similar, 
since  a  wide  variety  of  structural  design  concepts  are  representedo 

Second,  the  forcing  functions  have  been  estimated  throu^  necessity,  as  insuf¬ 
ficient  measured  launch  noiss  data  has  been  made  avmilableo  While  it  might  be 
thought  that  the  use  of  an  estimator  rather  than  measured  data  would  help  to 
insure  consistency,  the  estimation  did  not  consider  minor  and  largely  unknown 
variations  in  rocket  deflectors  and  other  configuration  detailso 

Third,  it  was  assumed  that  Q  has  a  constant  value  of  15  for  all  miasilea  and 
all  frequencies  whaz*e  Q  probably  varies  between  one-half  and  twice  this  values 

Fourth,  It  is  well  known  that  the  launch  noise  enviroroent  has  a  relatively 
short  duration  and  that  the  response  cannot  always  be  considered  stationary 
from  the  statistical  viewpoints  Consequently,  variation  in  rssponso  can  be 
expected  at  the  same  location  for  different  launches  or  short  duration  engine 
runups* 

Fifth,  the  scatter  at  various  transducer  locations  and  varlotia  fli^s  of  one 
missile  is  seen  to  be  almost  as  great  as  the  total  scatter  in  the  figure. 

fben  these  and  other  factors  are  considered,  the  results  of  this  correlation  are 
meouraglngo  Perhaps  the  most  startling  result  Is  the  fact  that  the  mean  vdue  of 
P  is  apprcudmately  one,  as  in  the  single  degree  of  freedom  case,  nils  indicates 
that  the  ratio  of  generalized  force  to  generalized  mass  remains  constant  with  wave 
ntaiiber,  and  that  the  method  of  obtaining  the  forcing  function  fortuitiously  gives 
the  ratio  exactly  equivalent  to  the  single  degree  of  freedom  case. 

It  would  be  highly  desirable  to  test  this  m^irical  correlation  with  additional  data 
and,  irtierever  possible,  substitute  measurement  for  calculation  and  assimiptlons  It 
would  be  desiraUe  also  to  t«^st  an  extension  of  these  concepts  to  the  maxifflua 
dynaadn  pressure  portion  of  fli^  I  however,  the  necessary  fli^t  parameters  were 
not  available  for  such  an  extension.  In  lieu  of  this  test,  it  m^pears  that  the 
value  of  |5  in  Figure  101  coxild  be  xitilized,  together  with  the  boundary  layer  pressure 
fluctuation  forcing  function  in  Section  HI  of  Part  I,  to  estimate  this  response. 

As  a  final  note  on  the  broad  trend  exhibited  between  vibration  amplitude  and  weight 
of  missile,  the  data  obtained  in  the  calculations  indicated  that  the  mean  square 
acceleration  at  a  constant  value  of  kr  varies  roughly  inversely  with  the  square  of 
the  radius  of  the  missile,  or  inversely  with  the  two-thirds  power  of  the  gross 
wei^ts  This  relationship,  Illustrated  in  Figure  IC^i.  ie  subject  to  innumerable 


i^strictions  and  should  ba  Interprated  only  in  this  vaino  For  exas^Sf  a  changa  in 
launcdi  configuration  to  a  silo  lai^t  bring  a  fiva-fold  inereass  in  tha  vibration^  or 
lasSf  dapanding  t^n  tha  acoustical  traatoiant  in  tha  siloe  Also^  a  change  in  tha 
thrust-wei^t  ratio,  aiaas-at  iff  ness  ratio,  daaping,  typa  of  rocket  straan,  ate*,  can 
aara  affect  this  generallaation,  and  should  ba  interpratad  analytically  aith  Figure 
Idas  a  poBsiUe  guide  or  rafaranca. 
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Figure  103?.-  Approximate  Trend  for  Surface  launch  Acceleration  as  a 

Function  of  Gross  Launch  Weight  Based  on  Present  Vehicles 
and  Engines- 
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IV  GaiEBAL  CONCEPTUAL  APPROACH  TO  STRUCTURAL  VIBRATIONS 


njTRODUCTKMJ 

nie  purpose  of  an^  investigation  of  the  structural  vibration  of  space  vehicles  is 
ultijisately  to  deteradne  the  reliability  of  the  structure  and  the  on-board  equipment 
throu^  the  prediction  of  fatigue  life  and  load  carrying  capacity  of  the  structural 
elements  and  the  ability  of  equipment  to  properly  function  under  the  induced  vibra¬ 
tion.  Both  engineering  analysis  and  direct  testing  are  used  to  siqpply  the  needed 
information  to  determine  this  reliability.  Analysis  is  generally  used  iidiere  rela¬ 
tively  sisq;d.e  mathematical  models  of  the  structure  and  the  applied  forces  provide 
sufficiently  accurate  results.  Tests  are  used  idiere  such  ideal  models  fail  to 
account  for  certain  significant  parameters  ^ich  involve  complexities  in  the  struc¬ 
ture  and  the  vibration  stimulus.  It  is  generally  more  desirable  to  have  analysis 
and  test  cospleawnt  each  other  by  providing  ani  independent  check  over  conmon  areas. 
This  adds  to  the  reliability,  and  often  to  the  accuracy  of  the  data  obtained. 
Analysis  further  provides  a  basic  insight  into  the  physical  character  of  a  given 
problem  area,  thus  providing  a  basis  for  developing  still  better  prediction  methods 
and  also  providing  for  the  iagtrovement  of  testing  procedures.  It  is  felt,  there¬ 
fore,  that  the  breadth  of  prediction  by  analytical  techniques  should  be  increased 
to  account  more  accurately  for  the  various  parameters  affecting  structural  response. 

It  is  intended  in  this  chapter  to  consider  the  structural  response  problem  from  a 
conceptual  approach,  and  thereby  to  shew  what  infomation  generally  is  required  to 
predict  response  and  to  present  in  a  broad  fom  the  equations  that  should  be  used 
to  obtain  this  result.  A  flow  diagram  has  been  constructed  in  Figure  104  tihleh 
contains,  in  block  form,  a  suanary  of  the  specific  type  of  data  that  would  be 
available  at  each  step  of  an  ideal  vibration  analysis.  Also  Included  in  this  dia¬ 
gram  are  the  symbols  chosen  to  represent  each  block  of  data  and  the  general  rela¬ 
tionships  which  exist  between  the  various  groups  of  data. 

For  most  engineering  vibration  problems,  a  complete  knowledge  and  description  of 
the  source  of  excitation,  the  ap|0.ied  force,  and  the  stiruetural  mobility  will  not 
be  avcdlable,  nor  will  the  actual  mathematical  relationships  be  ae  simple  as  those 
shown — ^these  may  nob  even  be  defined  mathematically.  However,  the  diagram  and  the 
discussion  have  been  made  sufficiently  general  to  cover  most  of  the  significant 
vibration  problems  of  concern,  and  they  are  further  made  fairly  conplete  so  as  to 
permit  a  better  assessment  of  how  far  scsie  present  analyses  are  forced  to  deviate 
from  an  accurate  prediction  method. 

A  short  discussion  of  excitation  sources  is  given  vhich  essentially  discusses  the 
distinction  between  the  actual  disturbance  source  and  the  api;G.ied  forces  and  pres¬ 
sures  acting  on  the  structure,  showing  the  need,  in  some  problsn  areas,  for  defining 
a  transfer  function  relating  these  two.  This  is  felt  to  be  is^rtant  since  during 
fll^t  the  characteristics  of  the  mechanism  of  transfer  may  change.  A  discussion 
is  then  given  of  the  forcir.g  function  used  to  define  these  applied  forces  and 
pressures.  Since  theae  forces  are  generally  random  in  nature,  the  statistical 
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Figure  104.  General  Vibration  Flow  Diagram  From  the  Source  of  Excitation 
to  Final  Response. 
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properties  of  the  forcing  function  are  diseueeed  in  detail  in  order  to  show  generally 
idiat  information  is  reqtiired  to  define  the  forces  and  how  this  information  may  be 
obtainede  The  physical  interpretations  of  the  various  statistical  parameters  used, 
such  as  power  spectral  density  ftmctlons,  mean  square  averages,  auto-  and  cross¬ 
correlation  functions,  are  discussed  which  lead  to  a  derivation  of  the  equations  for 
the  time  correlation  coefficient,  l^e  next  dlscusslcn  considers  the  interpretations 
of  space-time  correlation  coefficients  for  fluctuating  piressures  over  the  surface  of 
the  vehicle.  Equations  are  then  presented  for  the  generalised  force  input  to  the 
structure  in  tenns  of  these  space-time  correlation  coefficients  which  lead  naturally 
to  the  definition  and  equation  for  the  eosinonly  used  quantity  called  joint  accep¬ 
tance.  The  joint  acceptance  of  a  panel  acoustically  excited  is  prasented.  Once  the 
apiuied  forces  are  fully  defined,  it  is  possible  to  discuss  the  mobility  of  the 
structui*e  to  these  forces  and  the  general  problem  of  determining  structural  zmsponse, 
which  discussion  is  presented  next.  In  order  to  bring  these  various  concepts  into 
focus  on  an  actual  problem,  the  vibrations  of  a  panel  to  faivfleld  acoustic 
excitation  are  discussed  along  with  a  derivation  of  the  governing  equations.  The 
discussion  in  this  section  is  then  concluded  tdth  the  presentation  of  a  special 
case  of  the  two  degree  of  freedom  problem— resonance-on-resonance. 

EXCITATION  SOURCES 

Vibration  excitation  sources  and  their  characteristics  are  discussed  in  detail  in 
Part  I  report  and  are  considered  here  only  in  a  general  fashion  to  show  their  role 
in  the  oveivall  vibration  problem  and  to  indicate  possible  areas  of  difficulty. 

These  sources  of  excitation  can  be  divided  into  fotuc  major  categories:  acoustic 
noise,  various  types  of  aexvxljniamie  disturbances,  free  atmospheric  disturbances, 
and  mechanical  disturbances.  Each  of  these  categories  consists  of  essentially 
different  types  of  disturbances  which  create  a  wide  variety  of  forces  on  the  struc¬ 
ture,  and  may  include  localised  forces  acting  at  fixed  points,  pressing  disturbances 
over  areas  of  the  structure  ranging  from  the  relatively  snail  to  those  of  the  entire 
vehicle  exteivial  skin,  and  forces  and  pzmssures  which  are  essentially  stationary 
(spatially)  or  propagating  over  the  structure. 

Excitation  sources  are  often  defined  by  quasi-source  parameters  which  do  not  always 
define  the  actual  source  phenosienon,  but  which  partly  describe  the  effects  which 
these  stimuli  create  on  the  structure.  As  an  example,  rocket  engine  acoustic 
excitation  is  often  defined  in  terms  of  the  distribution  of  sound  pressure  level 
over  the  skin.  Also,  rocket  engine  combustion  instabilities  are  defined  in  terms  of 
the  force  acting  on  some  structural  link  attached  to  the  engine. 

Figure  10/f  shows  a  more  detailed  breakdown  of  the  process  >d)ich  actually  occurs.  The 
phenomena  causing  the  excitation  are  generally  located  either  in  the  medium  surround¬ 
ing  the  vehicle  or  within  on-board  equipment  and  thus  seldom  occur  directly  on  the 
structure.  A  propagation,  or  transfer,  is  required  between  the  source  and  the 
structure  in  oirder  for  these  to  produce  actual  forces  on  the  structux^.  The  para-= 
meters  presently  being  used  to  define  a  nuniber  of  sources  must  therefore  account 
for  both  of  these  effects.  When  more  detailed  information  and  a  better  understand¬ 
ing  of  the  excitation  sources  are  available,  it  may  ultimately  be  desirable,  where 
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practical,  to  separate  the  oouroe  parmeters  from  the  propagation  or  transfer 
pau’ametors.  A;,  siiov;ti  in  Figun-  10i4,'&E  symbolizes  very  generally  the  function  or 
functions  vjhich  define  the  acttial  source,  and  Te,F  represents  the  function,  or 
functions  which  transfer  the  disturbance,  defined  by  $E*  '^o  forces  on  the  stiructtire. 

It  is  usually  assumed  that  the  various  sources  of  excltatimi  can  be  considered  as 
independent  in  predicting  structural  response »  However,  for  similar  types  of 
sources,  such  as  wredynaaic  sources,  eotipling  may  occur  which,  because  of  non- 
linearities,  will  produce  a  cambinsd  source  whose  charaebsriaties  are  different 
from  thoee  of  the  original  sources.  For  exanq^e,  coupling  may  occur  between 
attached  shock  waves,  boundary  layer  disturbances,  base  pressure  fluctuations,  and 
acoustic  noise.  For  refined  predictions,  such  eouj^ing  effects  may  be  of  consider¬ 
able  interest. 

The  response  of  certain  structural  elements  of  the  vehicle  constitutes  a  second 
type  of  coupling  tdiieh  can  alter  the  characteristics  of  the  excitation  source.  This 
eoiipling  is  shown  symbolically  in  Figure  10/|..  Burning  instabilities  of  liquid 
rocket  engines,  for  example,  may  induce  excitation  of  the  fuel  feed  lines  idrLch  in 
turn  cause  pressTire  fluctuations  in  the  combustion  chambsr.  Msehanically-indueed 
vibrations  originating  within  certain  equipment  Itesis  will  feed  back  throuf^  the 
equipment  and  may,  under  some  clrcimistanees,  alter  the  internal  unbalanced  forces 
causing  the  response.  Skin  panel  response  to  boundary  layer  disturbances  form 
another  examfde  of  this  type  of  coupling  by  altering  the  shape  atid  thickness  of  the 
boundary  layer  and  also  by  producing  additional  pressure  fluctuations  idiicfa  travel 
downstream  to  further  alter  the  boundary  layer. 

Reeponse  of  the  structure  is  also  iaportant  in  the  production  of  new  sources  of 
exeitatl<»i.  The  additional  sources  aiy  in  some  eases  be  of  secondary  importance 
such  as  the  acoustic  noise  generated  within  the  dcssd  presauriaed  vrtticle  by  skin 
resjjonse  to  external  acoustic  excitation.  On  the  other  hand,  reaponse  of  the 
entire  structure  to  free  atmospheric  disturbances  can  produce  significant  aero¬ 
dynamic  forces  resulting  from  angle  of  attack  changes  which  clearly  are  not  part  of 
the  original  source  of  excitation. 

It  Is  desirable  therefore  to  Isolate  the  source  parameters  from  those  of  the  propa¬ 
gation  or  excltatlon-to-force  transfer  parameters,  and  also  to  detensine  the  source- 
to-source  coupling,  the  response-to-source  coupling,  and  the  response-to-source 
initiation  parameters.  This  may  be  very  difficult  to  do  at  the  present  tias  and 
for  many  types  of  excitation  and  structures  this  may  never  be  feasible.  However, 
conceptually  this  does  represent  a  more  systematic  approach  to  the  over-all  des¬ 
cription  of  what  is  generally  classified  as  excitation  sources. 

Since  the  sources  of  excitation  often  consist  of  randosHtype  p^enoMna,  the  des¬ 
cription  of  $£  must  be  statistical.  For  these  eases,  the  transfer  function,  Tg^, 
must  carry  the  excitation  statistical  parameters  over  to  the  statistical  descrip- 
tiesi  of  the  ap^ied  random  forces.  Since  the  statistical  definitions  used  for 
different  types  of  sources  vary  widely  and  since  these  aura  discussed  in  generalities 
in  the  Paurt  I  report,  they  are  not  discussed  here. 
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STRUCTIRAL  FCJaCIHB  PCKCTKaj 

Ths  purpose  of  Part  I  of  this  report,  in  addition  to  the  general  description  of 
various  sources  of  excitation,  was  to  define  as  well  as  possible  the  actual  applied 
forces  on  the  structure.  The  present  section  is  chiefly  concerned  with  the  para- 
asters  used  to  define  the  general  force  function,  the  statistical  descripticm  of 
randan  forces,  and  possible  response-to-foree  coupling  that  nay  occur. 

%e  general  forcing  funetion,  denoted  by  is  shown  in  Figure  104 as  the  product 
of  the  excitation  funetion,  $  and  the  excitation-to-force  transfer  function, 

TE,F»  This  is  a  STBbolic  equation  idilch  merely  indicates  the  confined  effect  of 
these  two  functions,  and  will  not  always  be  nathesiatlcally  separable  into  the  pro¬ 
duct  fom,  except  for  very  special  cases. 

The  paraneters  used  to  define  the  general  force  funetion,  4^  y,  are  spatial  distri-  ■ 
bution  over  the  structure  (inelxiding  position,  it,  and  dlraetlon,  f ),  and  the 
distribution  %d.th  respsct  to  tine,  t,  of  the  oscillatory  force  (or  presstxre)  ani^i- 
tude,  F,  freqwncy,  CJ,  and  phasing,  ^  .  §p  nay  therefore  be  represented  as 


iF(X,y,  F, 

The  actual  fom  used  for  $p,  in  practice  may  vary,  depending  upon  the  definable 
properties  of  the  applied  force.  If  the  applied  force  is  random,  $  p  may  be  in  the 
fom  of  sane  statistical  average  such  as  the  power  spectral  density  function  or 
correlation  function.  If  the  force  anqplitude,  F,  is  definable  in  terns  of  position, 
X,  direction,  Y*,  and  time,  t,  then  the  more  convenient  mathematical  form  can  be 
used, 


F(0C,Y,  t) 

where  the  frequency,  ,  and  the  phasing,  4>,  are  iaplicit  properties  of  this 
function. 


The  force  function,  $  p,  may  be  well  defined  in  terns  of  each  of  the  above  parar- 
Bsters,  such  as  that  shown  in  the  following  diagram,  and  expressed  by  the  accompany¬ 
ing  equation: 


F(Z>r,  t)  -  >  A^(X,Y)  .  cos  +<p^) 

n=I 


t 

y')  =  known  '■urir^ions  of  position,  x»  direction,  i 

I 
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If  the  force  acts  at  a  discrete  set  of  points  on  the  structure,  then  the  functions, 
An(x,  Y),  will  be  discrete  in  the  variables  x  and  Vo  Such  a  force  distribution  may 
be  due  to  the  irtemallj^generated  vibrations  of  on-board  eojuipnent  aounted  at 
nultiple  attach  points*  If  the  fores  acting  is  in  the  fora  of  a  pressure  over  an 
area,  then  An(x,v)  will  be  continuous  fiuietions  of  x  KXiYo 

Generally,  however,  the  force  function  is  not  well  defined,  and  it  is  often  known  to 
be  randen  in  one  or  hom  of  the  paraaeters,  sines  the  excitation  source  phenoaens 
causing  the  forces  are  usually  randoa  in  nature*  Randoa  forces,  or  force  cooponentc^ 
are  definable  only  in  tenas  of  the  statistical  averages  of  estiMted  or  aeasurable 
properties  of  the  force,  such  as  the  aean,  aean  square,  correlation  functions,  and 
power  spectral  density  functions*  !#eil  defined  forces  do  not,  in  themselves,  present 
any  difficulty  in  the  vibration  response  problem,  and  can  usually  be  treated  separa¬ 
tely  from  the  random  forces*  The  remainder  of  this  section  is  th«i*efore  coneeimed 
with  the  atatiabical  description  of  applied  random  forces  and/or  pressures*  Ths 
form  of  ths  fores  ftmetion,  $y,  that  is  used  in  the  following  diseussion  is  F(x,y,t) 
and  other  foime  are  presented  in  the  terms  of  this  ona* 

The  force  ami^itude,  F(x,y,t),  may  have  a  random  variation  with  req)ect  to  tins,  t, 
and  with  reapset  to  ita  spntial  distribution  over  the  structure  in  terms  of  position 
X,  and  direction,  Y  *  Numerous  exaq^sa  of  random  variation  with  time  and  position 
exist  among  the  various  acoustic  and  aerodynamically  generatsd  forces  acting  on  the 
vehicle  surface*  Random  variation  with  direction, V,  is  nob  so  eoemon,  sines  fluid 
applied  pressures  act  normal  to  ths  surface  skin*  If,  however,  the  pressures 
are  integrated  over  the  surface  to  produce  a.  net  force,  as  in  the  case  of  lift  and 
drag  due  to  atmoai^eric  gusts,  the  resulting  force  vector  msy  have  a  randea  varia¬ 
tion  with  direction*  The  statistical  description  of  P(x, Y>t)  must  therefore  con¬ 
sist  of  both  time  and  space  averages* 

At  the  present  time,  only  the  first  fsw  tins  and  space  averages  are  used  because  of 
the  limited  quantity  of  accurate  data  available  for  a  statistical  analysis*  A  cois- 
plete  doscrlptlon  of  F(x,  V  ,t )  can  be  given,  however,  only  idien  all  of  the  eorree- 
nonding  ,loint  probability  distribution  functions  and  their  dspendsnes  upon  tisis  are 
known*  It  would  seem  that  such  a  cooplete  description  of  random  fores  functions 
will  never  be  attained  under  any  circumstances  and  fortunately,  for  practical  engi¬ 
neering  applications  this  will  be  unnecessary*  However,  ifi^roveuenbs  can  and  sho^Jd 
be  made  to  advance  the  state-of— the-ai*t  by  investigating  more  statistics!  averages 
than  are  presently  used*  Justification  for  this  lies  in  the  fact  that  ths  accurate 
prediction  of  structural  fatigue  Ilfs  depends  upon  ths  accuracy  of  response  predic¬ 
tions,  which  can  be  made  with  no  greater  degree  of  certainty  than  that  of  the 
information  ueod  to  describe  the  stimulus* 

Statistical  Properties  of  the  Random  Force.  Fft) 

Of  the  statlrtical  averages  presently  used,  the  a»8t  eoemon  are  concerned  with  the 
amplitude,  F(t),  of  an  oscillate^,  unidirectional  random  force  acting  at  a  fixed 
point,  and  idiich  contains  a  continuous  spectrua  of  frequencies  with  arbitrary  phae- 
Ingo  Although  the  statistical  averages  are  difficult  and  time  consuming  to  obtain 
in  practice  (unless  electronic  coeQ>uting  devices  are  used),  the  necessary  expressions 
and  concepts  are  easily  established* 
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Statistical  averagos  must  be  determined  from  a  sample  of  data  obtained  ircm  jTspeated 
experiments  or  trials  of  the  same  random  process.  For  the  case  being  discussed, 
these  sample  data  would  consist  of  a  set  of  N  records,  F)^(t),  (k  =  1,  2,  3»  •••»  N), 
obtained  from  measurements  of  F(t)  at  some  fixed  point,  x,  and  direction,'y>',  on  the 
vehicle  over  the  same  time  period  for  repeated  flights  of  the  same  tjrpe  vehicle. 

For  example,  a  flush-mounted  microphone  located  at  a  given  position  on  the  vehicle 
skin  could  record  the  amplitude  variation  of  sound  pressure  level  at  x  during 
numerous  launchings  or  flights.  Different  vehicles  (even  the  same  type  of  vehicle 
in  design  said  performance)  will  have  slightly  diffei’ent  characteristics  and  will 
often  be  launched  under  viirying  conditions  of  thrust,  trajectoiry,  weather,  etc. 

The  characteristics  of  the  random  process  causing  F(t)  will  thus  change  from  record 
to  record  and  it  may  be  Impossible  to  obtain  two  records  of  the  same  random  process. 
IMess  the  variation  between  the  different  records  is  very  significant,  the  indivi¬ 
dual  random  processes  occurring  during  each  flight  could  be  thought  of  as  being  part 
of  a  more  general  random  process  whose  variation  is  sufficiently  broad  to  include 
the  variations  between  the  different  force  amplitude-time  records. 

By  knowing  the  time  scale  equivalence  between  the  various  Fj^Ct)  records,  and  by 
aligning  these  time  coordinates  along  a  vertical  scale,  the  force  amplitudes,  Fjj(t), 
as  shown  below  in  Figure  105,  constitute  an  ••ensemble.”  This  ensemble  statistically 
represents  the  random  process  which  characterizes  F(t). 


Figure  105;  An  Ensemble  of  Measured  Time  Histories  of  Force 
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IKLeas  the  aiiqilifTlng  aeaua^itions  of  etationarlty  and  ergodicitj  (dleeussed  fcelow) 
are  lopoaed  on  this  randoB  process,  the  statistical  averages  of  F(t)  t«111  vary  with 
tiB9  and  hence  Bust  be  deteralned  frosi  this  ensenble  bj  averaging  over  the  amplitudes 
F]c(tO  for  each  fixed  tiate,  ti,  sajr  t^,  t2,  oooo  The  BatheMtlcal  eigsressions 
for  the  Bean,  eean  square,  standard  deviation,  autocorrelation  function,  and  power 
spectral  densitj  function  are  listed  below  for  a  general  nonstationary,  non-ergodic 
force  function  P(t)o  These  expressions  are  given  for  the  exact  ease  in  terns  of 
known  probability  density  functions,  Pp(  ),  and  for  the  approxiJnte  ease  where  these 
are  nob  knowno  The  ^«bbl  EQQIs  used  here  to  denote  the  expected  or  Bsan  value  of 
the  randcs  variable,,  Ao 

00  N 

Means  E[F(ti)]  -  F(ti)  -  J  a  o  Ppfa,  ti)  »  daa»i  ^  Fj^Ct^) 


00 

8^  o  Pp(z,  tj^)  o  dB®'|| 


Mean  Squares  E  F^Ctj^) 


F^(ti) 


■I 


Standard  Deviations  ^ 


(ti)  -  F'^(ti)  - 


Autocorrelations  E  j^FCt^)  ,  F(tj)  j  »  P(tj^)oP(tj)  - j  J  sioS2'»Fp(*l#til 

jj  “00  “00 


QD 

(  -iwn 

Power  Spectral  Density s  Sp(w)  »  Ida  2  \  e 

T-^oo  -00 


T 


F(t)oP(t+r),dt 


.d'T, 


whers  t^^  corresponds  to  t,  and  t^  correspoids  to 

^(z,  ti)  is  the  probability  density  function  for  the  amplitude,  F(t),  at  tine  tHi, 
and  equala  the  probability  that  at  t^ti  the  anplltude  F  Ilea  in  the  interval 

z  <  F  <  8  +  dz 
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'tiJ  Zg*  joint  probability  density  ftinction  for  F(t),  which  equals 

the  probability  that  F  lies  in  both  of  the  intervals, 


z^<.  F<Zj^  +  dz  at  t  «  ti 


Z2<F«  Z2  4-  dz  at  t  B  tj 

The  Pp(  )  functions  are  obtained  by  sampling  the  various  F{j(t)  records  for  fixed 
values  of  t  =  ti,  and  constructing  the  usual  relative  frequency-of-occ\irrencs  graphs. 
Such  a  graph  is  shovm  in  Figure  106  below  for  approximating  Pp(z,  tj_). 


Figure  106;  Histogram  for  Approximating  the  First  Probability 
Density  Function 

The  Joint  probability  density  function,  Pp(zi,  ti;  zg,  t.), is  a  function  of  two 
variables,  zi  and  Z2,  and  hence  is  geometricadly  described  by  a  surface.  This  sur¬ 
face  is  approximated  in  the  same  manner  as  the  curve  shown  abc'e,  except  that  the 
increment  AF  must  be  replaced  by  the  area  increment  (AF,  aF*\  as  shovn:  in 
Figure  107. 

The  larger  the  data  sample  size,  N,  and  the  smaller  the  aiiplitude  intervals  tested 
(i.e.,  the  smaller  the  AF  or  the  smaller  the  AF  .  AF’  aroa)  the  more  accurately 
the  force  probability  density  functions  can  be  determined. 
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Data  sample tN  combinations  of 
{A*  from  the 

ensemble  at  fixed  tines  f •  * 
and  im  ij  • 


ordinate  height  equals: 
i>t  ike  skikded  *.ee*^ 


Figure  107:  Method  for  Determining  the  Fir  it  Joint  Probability 
Density  Function 

It  is  clear  from  the  above  discussion  how  the  hi^er  order  ensemble  statistical 
averages  of  F(t)  can  be  obtained.  The  mathematical  expressions  for  a  few  of  these 


00  n 

E[F"(tij]  =  j  z"  .  ^  n  »  1,  2,  3,  4 


f  •  •  •  9 


00  09 

E  jp^Cti)  .  F^'Ctj^  =  ^  .  z”  •  ^i»  ®2»  •  dzj^  • 


-CO -CO 


N 

~  i  F"(ti)  .  F  (tj),  n,  m  »  1,  2,  3 


»  4»  ..1 


00  00  oo 


E^F  (t^)  .  F"'(tj)  •  J  ^  ^  "1  •  ®2  •  ®3  *  ^'®l»^i«®2#”j*  ®3*-:^' 

M  -00  -00  -oo 

.  dzi  .  dZ2  .  dz3»j5  •  ^iT “»r=  1,2,3,4.... 
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A  very  simple  interpretation  of  these  probability  density  functions  can  be  given 
vdulch  shows  how  the  statistical  properties  of  F(t)  are  defined  in  increasing  detail 
with  a  knowledge  about  the  higher  order  joint  probability  density  functions, 
Reference  1,  The  following  diagram  illustrates  the  probability,  PpCF]^,  t^)  . aF^ , 
that  F(t)  passes  through  the  ntirrow  slit,  (Fj^,  F]^  +  ZkFj_)  at  t  =  t For  a  coo^lete 
descri]^ion  of  F(t),  this  information  will  be  known  for  each  value  of  t. 


The  next  diagram  illustrates  the  probability  that  F(t)  passes  tnrough  two  slits, 
(Fi,  ^  F-j^),  (F2,  F2  +  /\Fo)  at  t  »  tj^  and  t  “  tj  respectively. 


Similarly,  for  the  third  order  joint  probability  density  fimction. 


2J51 
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The  more  joint  probability  density  ftmetions  that  are  evaluated  and  the  more  combina¬ 
tions  of  times  used  in  this  evaluation,  the  more  accurately  $  p  will  be  defined. 

In  order  to  simplify  the  problem  of  obtaining  the  above  ens^l^e  statistical 
averages,  it  is  often  assused  that  the  random  process  Which  it  characterizes  is 
stationary.  This  implies  that  the  averages  are  invariant  with  respect  to  time, 
tntus,  the  ensemble  mean,  ftt),  and  mean  square,  F-i(t),  m^  be  determined  at  any 
time,  t.  All  of  the  force  aa^itudea,  FkCt),  used  to  obtain  these  averages  must 
eerrespend  to  the  sne  value  of  T.  The  a^oeorrelation  function  which  generally 
depends  upon  two  values  of  t,  say  t±  and  tj,  will  now  depend  only  upon  the  time 
dlfferenee,'^',  between  tj.  and  tj.  The  matnmutieal  e:!q>res8ions  for  the  first  few 
statistical  averages,  shown  abo^,  reduce  to  the  foUewing  ainpler  forms  for  a 
stationary  randem  proesas: 

Letting  to  bs  squsl  to  any  time,  ^ 

Means  E  [f]  -  T»  (  z  .  1^(1,  to)  |  ^  V^o) 

‘ioo 


Mean  Square 


:  E  [f^  j 


f<X> 

_  i  .2 


F*^  -  \  .  Py(z,  tg)  .  dz  /  Fk  (^o) 


Standard  Deviations  J  ^  ^ 

IS  E|F(tQ).F(t^'fT)j  -  %(t)  -  ^  \  Z2^.S2»*V(*i»to5Z2»to'^'*'^ 

-00  -CO 
N 

Bl  .  dZ2  »  I  ZI  Fk^^o^  » 


Autocorrelation: 


Power  Spectral  Density:  Sp(u>) 


.  d'T' 


The  more  fMBiliar  symbol.  Bpi'T),  is  used  here  for  the  autoeorirelatlon  function  in 
place  of  F(to)  .  F(tg+r).  Since  the  autocorrelation  function,  %(T)»  of  the 
stationary  random  process  is  independent  of  time,  t,  the  time  integral  found  in  the 
expression  for  power  spectral  density,  page  2/|8,  becomes: 
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Lim  ^  '  F(t)  ,  F(t4r)  .  dfc  -  LIb  ^  \  %<^)  •  dt  “  BpC^)* 
T-400  2T  T-^oo 


-IT 


thus  giving  the  much  eimiJler  expression  for  power  qsectral  deneiitjr  shofwn  here. 


With  the  assuqjtion  of  stationarlty,  the  higher  order  statistical  averages  diown  on 
page  2i:i9becaBie: 

•  daft?  jj  ^  Fjj  (tjj)j  n>lf  2f  3»  4»  »*•» 


E 


k“l 


EM 


[?"(to)  .  F“(to+r)J  •  ( 
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,toSa2,to+'0.dBi.da2 
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N 

^Fj(to).F{(t^,+  ri).Fjtto+  n,  B,r 
k-1 


-  1,  2,  3,  4, 


•  •  •  • 


If  the  ensemble  is  composed  of  time  records  of  F(t)  idiich  are  sofficienbly  long,  the 
ensemble  statistical  averages  may  change  significantly  with  time,  such  as  that  shown 
in  Fignre  108  for  a  single  time  record.  The  random  process  associated  with  this  F(t) 
is  clearly  nonstationaryj  however,  it  may  be  se^ntad  into  time  Intervi^a,  (O^t^), 
(ti,t2),  (t2, — )t  such  that  during  eael<  interval  the  random  process  can  be  assumed 
stationary.  Stationary  statistical  averages  can  then  be  determined  for  each  ss0Mnb. 
Only  one  record  of  the  ensemble  Is  shown  hero,  but  it  is  assumed  that  this  one  is 
typical  of  most  of  the  F|c(t)  records  in  the  ens«ad>le,  with  respect  to  the  locations 
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Figure  108;  Time  Record  of  a  Nonsbationary  Random  Force  Function 

of  the  ends  of  the  stationary  segments.  If  this  record  is  not  typical  of  all  but  a 
negligibly  small  nvonber  of  the  N  ensemble  records,  then  considerable  error  may  be 
introduced  by  assvoning  statlonarity  over  these  segments. 

A  further  simplifying  assumption  is  usually  made—that  the  random  process  >dilch 
characterizes  F(t)  is  ergodlc.  The  ccmibinsd  assumptions  of  stationarity  and  ergodi- 
city  imply,  in  addition  to  the  invariance  of  the  ensemble  statistical  averages  with 
time,  that  any  one  of  the  Fic(t)  samples  of  F(t)  is  statistically  equivalent  to  the 
entire  ensemble.  Thus,  the  statistical  averages  defining  the  randan  force  function, 
F(t),  may  be  obtained  by  timevdse  integrations,  thereby  eliminating  the  inmediate 
requirement  for  the  probability  density  functions.  The  mathematical  expressions 
for  the  statistical  averages  then  become* 


Mean:  E  [f^ 


Idm 

T-*"00 
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Mean  Square:  eIf^I  =  F^  Lim  L.  V  F2(t)  .  dt 
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Power  Spectral  Density:  Sp(tt>)  =  4  \  Rp(T)  .  e  .dT 
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The  higher  order  statistical  averages  can  also  be  obtained  from  time  averages  under 
the  assumptions  of  stationarity  and  ergedicity.  Expressions  for  these  are  given 
below; 


F 

EfF“(t)1  1.  V  F"(t)  ,  dt 

I  J  T— ^00  2T  5 

-T 

E[Fn(t)  .  F®(t+r)J  -  F"(t)  .  P®(t+r)  .  dt  _ 

E[F"(t)  .  P“(t+ri)  .  F'^Ct+Tg)]  -  \  F"(t).F"‘(t+ri).F'lt+^2)'‘i* 

-T 

(etc.) 

>diere  n,  m,'%«  ■  1,  2,  3,  4,  «..« 

Although  the  probability  density  functions  are  not  required  in  obtaining  the  statis> 
tical  averages  of  F(t)  for  a  stationary  and  ergodlc  random  process,  these  functions 
are  of  importance,  as  discussed  in  Section  11,  and  should  be  determined.  A  method 
has  already  bean  outlined  for  approximating  these  functions  from  ensemble  sacplings. 
Time  averages  are  often  used  when  an  adequate  and  representative  ensemble  is  not 
available.  Hence,  >dien  the  assumptions  of  stationarity  and  ergodicity  are  imposed, 
the  prabability  density  functions  may  have  to  be  obtained  from  a  single  time  record 
of  F(t).  The  diagram  presented  in  Fimrc  106  for  approximating  is  still 

v|J.id,  except  that  Pp(z,t)  becomes  Pp(z),  and  the  data  sample  would  consist  of  say 
N  values,  F(tic),  «  1,2,  ...,  of  F(t)  measured  at  even  intervals  of  time  as 
shown  in  Figure  10  below*  It  is  important  that  be  sufficiently  small  to  ensure 
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Figure  109;  Amplitude  Sampling  of  F(t)  at  Even  Intervals  of  Time. 


that  the  highest  frequency  amplitude  variations  are  weighted  equally  with  those  of 
the  lower  frequencies.  Bendat,  Hoference  2,  indicates  that  at  least  two  sample 
readings  per  cycle  should  be  made  for  the  highest  frequencies  and  that  10  to  20 
sample  readings  per  cycle  might  bo  practical  estimates.  Ths  , joint  probability 
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density  fimctlons,  F^(zi«tj  £2*'^'*''^  would  be  calculated  as  indicated  in  Fi|;^e  107 
except  that  the  data  salves  would  consist  of  pairs  of  readings  in  Figure  109  >  each 
element  of  any  pair  being  spaced  at  'V' »  time  apart .  A  different  distribution  con¬ 
ceivably  could  be  obtained  for  each  different  Y.  It  is  now  ^te  clear  how  any 
higher  order  joint  probability  density  functions  can  be  obtained  for  a  sinf^e  record, 
F(t),  in  view  of  the  ej^ressions  presented  on  pages  252  and  253* 

The  mathematics  required  to  estaULish  the  expressions  tdiich  have  been  presented  thus 
far  for  the  statistical  averages  of  F(t)  and  the  intricate  mathematical  isQ^cations 
of  the  above  assumptions,  such  as  erg<^icity,  are  beyond  the  scope  of  this  report. 
Detailed  derivations  and  descriptions  of  these  are  presented  in  a  number  of  text 
books  on  the  statistical  axialysis  of  random  processes,  such  an  References  1,  2,  3, 
and  these  should  be  consulted  for  more  detailed  information.  Only  a  few  brief 
conments  are  made  here  concerning  the  practicid  engineering  aspects  of  the  statiiSH 
tical  description  of  F(t)  in  terms  of  the  above  mathematical  expressions. 

All  of  the  above  ejqiresslons  for  time  averages  involve  integrations  over  negative 
time  and,  because  of  the  limiting  process,  require  infinitely  long  records.  These 
restrictions  are  of  a  theoretical  nature  and  ^though  these  will  Mver  be  satisfied 
in  practice,  they  may  be  closely  appraximated.  Stationarlty  of  the  random  process 
assumes,  by  definltlox^that  the  effects  of  a31  starting  transients  can  be  neglected 
and  hence,  that  the  process  has  always  occurred  with  no  changes  in  its  statistical 
propeirties  (l.e.,  it  began  at  t  >  -oo  ).  Also,  the  exact  statistical  averages  of  the 
random  process  can  only  be  obtained  if  the  saiq^e  size  is  infinite,  which  necessi¬ 
tates  infinitely  long  records.  For  practical  applications,  this  type  of  precision 
is  xinwarranted  and  sufficiently  accurate  results  can  be  obtained  for  finite,  but 
large,  data  sanplingso  All  of  the  above  analytical  expressions  for  time  averages 
may  therefore  be  replaced  by  expressions  of  the  form 


J  f  1  •  dt 

Some  degree  of  non-stationarity  exists  in  most  random  processes  idiich  have  a  physi¬ 
cal  origin,  so  that  ensemU.e  averages  should  be  used  in  detemining  the  statistical 
properties  of  F(t)o  This,  however,  is  midesirable  at  the  present  time  for  a  number 
of  reasons.  First,  the  quantity  of  data  generally  availaUe  for  statistical  analy¬ 
sis,  in  practice,  is  often  meager  and  of  limited  accuracy.  This  is  due,  in  pert, 
to  the  difficulties  encountered  in  diqilicating  any  given  random  process,  which  thus 
restricts  the  nimiber  of  ensemble  sasple  records  that  accurately  represent  the  parti¬ 
cular  random  process  being  investigated.  It  is  important  to  not©  that  oven  thou^ 
numerous  records  and/or  long  time  records  may  b©  avedlabl©,  they  may  contain 
spurious  information  introduced  by  the  influence  of  other  random  or  non-random 
physical  processes. 

Secondly,  v/hen  adequate  and  accurate  representative  sanq^ings  are  available,  the 
data  reduction  can  bo  a  heavy  task.  As  shown  above,  it  is  necessary  to  obtain 
statistical  averages  for  many  times,  tj^,  t2,  t^,  ...  (theoretically  an  infinite 
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nuriMp)  and  all  coBbinationa  of  these  tioes,  (ti,  t2)t  (ti,  tj),  (t2*  to), 

(ti»  tg,  to),  (ti,  t3,  tt),  etco  It  would  thus  certainly  be  necessary  to  use  high 
speed  digital  cosqnxbers  it  a  statistical  analysis  of  aiqr  quality  were  to  be  nade. 

Finally^  there  is  a  great  desire  on  the  part  of  analysts  to  take  full  advantage  of 
the  siaqpler  tins  averaging  expressions  iriiich  are  valid  for  stationary  and  ergodie 
randcB  processes.  Analog  ees^niting  techn^iqoss  are  readily  available,  and  relatively 
easy  to  progran,  which  can  efficiently  detennine  at  least  the  first  few,  and  Bost 
Saportant,  statistical  averages.  The  assiaqptions  of  stationarity  and  ergodieity  are 
therefore  widely  used  with  segnented  tine  records,  as  a  first  approxiaiation  of  the 
statistical  averages. 


The  following  block  diagrane  show  the  sinple  procedure  for  obtaining  the  oean,  usan 
square,  autocorrelation  function,  and  j^n^r  spectral  density  function  for  a  sin^e 
tlXM  record  F(t)  by  ■sans  of  electronic  analog  techniques.  The  function  F(t)  Bust 
be  fed  into  the  circuitry  fron  sngnetlc  tape. 


.T 


Mean:  F(t)- 


Averager 


F(t) 


dt 


Maan  Square:  F(t)— »  Sqmrer  |  ^  Averager  — \  F^(t)  .  dt 


4C 


J 


Autocorrelation:  F(t )— M  Hultiplier |  ).F(t-r)^ Averager ~ \  F(t ).: 

- 1  I -  ./p 

FCt-r) 

F(t)  r  Delay, -rl 


F(t-r).dt 


Power  Spectral  Density: 

^ ^  F(t)U, - - 

F(t ) — )|  Filter,  f - - Squarer  l 


]  ^  in 

Averager 

Divided  by 

Aa> 

I 


Figure  110:  Block  DlagraBS  of  Electronic  Analog  Circuits 
for  Caqnzting  Statistical  Averages 
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In  practice,  the  length  of  the  time  records  of  F(t)  may  be  relatively  short,  and  in 
real  time  may  contain  only  one  second  or  less  of  recorded  data*  In  order  to  increase 
the  sample  size,  the  ends  of  the  magnetic  tape  may  be  joined,  fozning  a  lo^,  ehieh 
can  than  be  repeatedly  analyzed  electronically  many  times  as  a  continuons  xotinter- 
rupted  F(t)  signal*  This  effectively  increases  the  time  duration  of  the  random 
process  and  assumes  that  the  process  is  stationary. 

If  a  ntmber  of  representative  samples  of  F(t)  are  available,  and  if  electronic 
analog  techniques  are  to  be  employed,  the  ^atistical  averages  may  be  evaluated  as 
time  averages  for  each  record  and  the  set  of  statistical  restilts  obtained  from  aU 
of  the  samples  may  then  be  further  averaged  as  an  ensemble.  For  exanfile,  if  the 
mean  value,  F)c,  has  been  determined  for  each  of  N  records  (k  «  1,  2,  3,  ...,  N),  by 
the  expression. 


Fk 


dt 


the  ensemble  awan  F,  of  all  the  N  records  is  given  by  the  expression. 


F 


1 

N 


Similarly  for  the  awan  square,  and  autocorrelation  function: 

rT 

Rp  •  Fk(t+r)  .  dt 


k-l 


p2 

Fk 


N 


k-l 


The  ensemble  povmr  spectral  density  functio  \  would  then  be  most  conveniently  deter¬ 
mined  from  the  resultant  autocorrelation  function  using  the  expression 


-xw  • 

>Sp(£0)  »  4  V  RpCr)  .  e  o  dY 
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If  in  fubnrs  an&ljsss,  coiqmtlng  nqulpMnt  and  prograDs  become  available  to  debermbie 
both  onmible  and  time  averages  for  seg^nted  records,  the  choice  of  the  proper 
method  to  nee  should  be  based  upon  the  number  of  sanj^ee  available  and  the  length  of 
these  sampleso  Bendat,  Reference  2,  ineidates  that  many  aamplma  of  short  records  are 
more  offieionblj  analysed  by  ensemble  tecludqaes,  with  time  averages  esplojred  for  a 
small  number  of  long  reeo3?dSo 

Interpretation  of  the  Statistical  Averages  of  F(t) 

It  riiould  be  noted  that  all  of  the  above  expressions  for  the  mean,  mean  s<piare,  and 
autocorrelation  function  are  independent  of  frequency,  and  therefore  represent  ths 
statistical  averages  of  F(t)  over  all  frequencies  that  asre  contained  in  F(t)e  This 
type  of  infoimation  is  of  limited  value  as  it  does  not  show  the  relative  is^rtanee 
of  possible  high  aqilituds  persisting  frequency  ecsqponsnts  of  F(t),  nor  ths  general 
distribution  of  power  throu^out  the  frequency  range  of  F(t)o  Since  structural 
response  is  strongly  dependent  upon  the  frequency  of  excitation,  it  is  necessary  to 
detsmine  these  statistical  averages  for  certain  discrete  frequencies  and  frequency 
bands o  The  power  spectral  density  ftmctlon  for  example  is  one  of  the  statistical 
averages  used  to  describe  the  mean  square  of  P(t)  in  terms  of  its  frequency  eospo- 
nsntso  In  ths  foUowing  discussion  of  ths  properties  of  the  statistical  averages 
of  F(t),  particular  attention  will  be  given  to  spectral  characteristics  of  these 
averages. 


Ths  eoaponsnbs  of  F(t)  contained  within  certain  frequency  bands  or  at  discrete  fre¬ 
quencies  are  obtained  in  practice  filterijr^  techniques.  If  F(t)  is  stored  on 
magnetic  tape,  it  can  be  passed  through  a  set  of  electrical  filters  which  trananit 
only  those  frequencies  within  the  bandwidth  of  the  filter*  Tha  action  of  these 
filters  is  closely  associated  with  the  Fotu’ier  series  and  Fourier  transform  tdiieh 
dlsidjy  ths  thsoretiesl  frequency  coeponents  of  a  function.  The  convenient  mathe¬ 
matical  forms  provided  by  Fourier  methods  are  very  useful  in  explaining  the  actual 
frequency  content  of  F(t ;  and  in  the  interpretation  of  results  obtained  by  filtering. 
It  is  important  to  consider  briefly  the  spectral  properties  of  F(t)  itself  and  the 
problem  of  filtering  before  considering  the  spectral  properties  of  ths  statistical 
averages  of  F(t).  It  is  not  intended  that  the  following  discussion  be  mathematically 
rigorous  or  si^flclently  precise  to  include  all  possibls  types  of  functions.  The 
arguments  presented  are  directed  towards  the  practical  aspmcts  of  the  problem. 


Consider  first  that  the  function  F(t)  is  well  defined  of  period  2T  and  contains  a 
finite  nwAmr  of  constant  peak  aaplitude  frequency  coaponents  idiich  remadn  unchanged 
for  all  time  (l.e.,  from  t  >>00  to  t  +00  ).  Such  a  function  is  stationary  and  can 
be  expressed  by  the  finite  Fourier  series. 


F(t)  ■  ^  ^ 


na>j. 


N 

Co  +  J^CnCos(u;nt-4>n) 

n»»l 


Cn 


peak  amplitude  of  the  n-th  frequency  coaponent;  Cg 


®o/2 
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'I>n 


tan  a  phase  angle  of  the  n-th  frequency  coo^onent 


'i' 


F(t)  .  cos  6^t  •  dt 


r’ 

"■'"1 


F(t)  .  sinWjjt  .  dt 


=  ntOo*  a>o  ”  ®  basic  Fourier  frequency 


All  of  the  an*8«  bn*8,  and  c^^^s  will  be  zero  except  for  those  idiich  correspond  to 
values  ofiOfi  which  appear  as  discrete  frequencies  in  F(t).  Figure  111  shows  an 
examine  of  such  a  function  for  three  frequency  cooponants. 


Ct  /•  ^  Cj 


Figure  111;  Periodic  Time  Function  with  Three  Sinusoidal  Components 
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The  laqplittxdes  of  the  Tarloue  frequency  coeqwnente  ere  easily  obtained  for  an  F(t), 
known  to  contain  only  discrete  frequencies,  by  electrically  filtering  F(t)  throu|^  a 
variable  frequency  band  pMS  filter  of  bandwidth  The  block  diagran  in  Figure 

UG  shows  the  essential  equiiHent  required  for  this  process  and  Figure  21Z  shows  a 
plot  of  the  typical  characteristics  of  such  a  filter  relative  to  sosw  center  band 
frequency  cOq* 


it 


The  aqlituda  of  each  filtered  frequency  cowponent  of  F(t)  is  given  by  the  product. 


c„  (filtered)  »  A(we,b>„)  .  c^^ 


Thus  each  onfiltered  anplitude,  cn,  nay  be  obtained  by  sweeping  through  the 
entire  frequent  range  of  interest  so  that  cOg  is  nade  to  coincide,  one  at  a  tine, 
with  each  of  the  frequencies,  If  the  bandwidth  is  sufficiently  narrow,  only 

one  frequency  coq;>os^  idll  be  iranasdtted  to  the  recorder  for  wach  fixed  and 
the  filtered  wave  in  each  caec  will  be  a  pure  ainusoid  of  constant  psak  asilituds. 

If,  however,  worm  than  one  frequent  coi^onent  ie  tranaidtted  aa  shown  in  Figure 
USs  the  filtered  wave  will  be  nodtdated  as  shown  in  Figure  114  and  the  individual 
Mqlitudes  of  the  \infiltered  wave  nay  be  aore  difficult  to  obtain.  It  nay  therefore 
be  desirable  to  use  narrower  bandwidth  filters  in  order  to  separate  close  frequencies 
A  lower  practical  lisiLt  to  the  bandwidth  does  exist,  but  these  liiaitations  are  not 
discussed  here. 
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Figur*  ILLS  Modulated  Wava  Obfcainad  Whan  Two  Discrete  Frequency 
Conponents  Lie  Within  the  Bandwidth  of  the  Filter. 

Finally,  the  information  obtained  by  filtering  out  the  discirete  frequency  conponents 
of  F(t)  can  be  {nresented  in  the  form  of  a  bar  graph,  as  in  Figure  115.  It  is  to  be 
noted  that  only  the  conponent  amplitudes,  c^,  are  shown,  as  phase  data  are 
generally  not  obtained  in  present  data  redurtion  systems.  For  many  dynamic  prob¬ 
lems,  it  is  iaportant  that  the  phasing  be  known,  and  in  the  future  it  will  be 
desirable  to  measure  this  quantity.  This  phasing,  for  a  periodic  function,  can  be 
obtained  from  the  above  time  integrations  for  a^  and  b^. 


o 

_ _ _ 1 

■ 
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- 

Figure  115:  Bar  Graph  of  the  iboplitudes  of  Filtered  Discrete 
Frequency  Components. 
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The  above  finite  Fourier  series  can  be  extended  to  include  functions,  having  period 
2T,  which  contain  an  infinite  number  of  frequencies  which  are  all  raultiplea  of  the 
basic  frequency,  ’If/f.  Such  a  function  and  corresponding  angjlitude  bar  graph  are 
shown  in  Figure  116  below. 


Figure  ll6:  Time  Function,  F(t),  and  a  Bar  Graph  of  the  Discrete 
Frequency  Components  of  F(t). 

Generally,  the  function  F(t)  is  random  and  has  no  finite  period  (i.e.,  T—»oo). 

This  is  true  for  both  stationary  and  nonstationary  random  functions.  Such  functions 
cannot  be  represented  by  the  Fourier  series  as  they  contain  a  continuous  band  of 
frequencies  vrtiich  are  not  multiples  of  some  basic  frequency.  (For  an  infinite 
period,  this  basic  frequency  is  zero.)  The  ^qwctral  characteristics  of  the  function 
must  be  described  by  either  its  Fourier  transform  or  by  its  power  spectral  density 
function,  but  not  both.  It  is  assumed  here  that  neither  the  transform  nor  the 
spectiTum  function  are  trivially  zero  or  infinite  in  amplitude. 


Following  the  approach  used  by  Bendat,  Reference  2,  the  above  Fotarier  series 
(N  —►00  )  can  be  rewritten  in  the  conqjlex  form 


00 


F(t) 


»  iid2  f  F(t)  .  .  dt  =  i(an“ibn),  nzk  o 

■n  2Tf  \ 


y  An  • 

n—oo 


ia>„t 
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An  “  ®o/2. 


where  Mg  is  shown  in  Figiire  116  above  and  equals 'O'/T,  where  F(t)  is  of  period  2T* 

As  the  period  T  approaches  infinity,  T— ^oo,  the  basic  freq^ney,  approaches 
zero,  v^ich  shows  that  more  and  more  frequencies  are  contained  in  F^t).  Thus,  the 
coefficient  An*  and  hence  an  and  bn,  approach  zero,  which  izqilies  that  the  an^l- 
tudes,  cn»  of  the  individual  frequency  components  also  approach  zero«  However,  as 
T-^ao  ,  the  ratio  kxJ<jjQ  becomes  the  Fourier  transform, 

r®  -ita>t 

Llm  3  .  1  1  F(t)  .  e  .  dt  B 

«*io-ao  *"o  ^ 

—00 

The  Fourier  transform  of  r(t),  vdien  it  exists,  may  therefore  be  used  to  describe  the 
frequency  characteristics  of  nonperiodic  functions.  This  transfom  exists  f or  ir 
llmltsd  ease  of  nonstationary  functions,  tdiere  the  total  energy  associated  with 
these  functions  is  finite.  Typical  examples  of  these  functions  are  isolated  pulses 
of  various  shapes,  or  a  finite  train  of  pulses.  Ebcamples  of  the  Fourier  transform 
for  three  types  of  pulses  are  presented  in  Figure  117  below. 
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If  F(t)  contains  a  sinusoidal  component  of  nonzero  amplitude  at  sobm  frequency,^, 
then  the  Fourier  transfom,^^(u>),  i«ill  eadiiblt  an  infinite  spike  at  Su  . 

For  stationary  non-periodic  random  processes,  the  total  eMrgy  associated  with  F(t) 
is  infinite  and  the  above  Fourier  transfom  is  also  infinite «  In  this  case  the 
spectral  properties  of  F(t)  are  displayed  by  the  use  of  the  power  spectral  density 
function,  SpCeo).  Formally,  this  ftinction  is  defined  as 

Sp(6>)  «  I 

T  00  ^ 

Although  e(a4)  |  is  infinite,  this  ratio  exists  and  is  finit^(for  non-periodic 
F(t)).  If  Ftt)  contains  a  sinusoidal  coaponsnt  at  frequency,^,  then  ^(m)  will 
eschibit  an  infinite  spike  at  that  frequency.  It  should  be  noted  that  for  non- 
statlcnary  functions  where  the  Fourier  transform  exists,  the  power  rpectral  density 
function  will  be  zero  except  for  periodic  eoaqponents  where  it  will  uxhibit  infinite 
spikes.  Since  well-defined  oscillatory  functions  contain  psriodieities,  it  is  not 
posslULe  to  show  a  diagram  of  som  analytical  function  and  its  corresponding  power 
spectril  density.  Such  speetnmis  muert  be  determined  from  a  statistical  analysis  of 
a  neorded  function  resulting  from  some  physical  random  phenomenon.  The  power 
spectral  function  is  further  dleeuased  below. 

It  is  now  clear  that  the  filtering  techniques  used  for  functions  vMch  contain  a 
continuous  band  of  frequencies  must  be  altered  soamwhat  from  those  discussed  above 
for  periodic  functions.  Because  the  aaplituds  of  each  frequency  coagxment  is  zero, 
for  such  functions  (except  for  additional  discrete  sinusoids),  it  is  necessary  to 
filter  a  narrow  band  of  frequencies  and  determine  the  statistical  averages  of  the 
amplitude  of  the  filtered  signal  over  all  frequencies  in  that  narrow  band.  Since  it 
is  more  desirable  to  use  electrical  filters,  with  the  function,  F(t),  stored  on 
BUignetlc  tape,  the  time  averages  associated  with  stationary  and  ergoUc  processes 
are  preferred  over  ensemble  averages  because  of  available  electronic  analog  methods 
for  determining  these  averages.  From  the  above  discussion,  it  If  seen  tliat  the  non- 
stationary  functions  which  are  of  practical  interest  (i.e.,  those  containing  a 
finite  amoxinb  of  energy)  are  transients  that  appear  in  the  fona  of  isolated  pulses 
and  shocks.  These  are  difficult  to  filter  because  of  the  i»Mu>n  samite  eiaes  avadl- 
able— usually  one  or  two  records  adiich  are  small  fractions  of  a  second  in  length. 

The  following  discussion  of  the  statistical  averages  of  the  frequency  coopononts  of 
F(t)  will  then  be  confined  to  stationary  and  ergodic  random  process,  or  those 
processes  for  %dilch  the  assunptions  of  stationary  and  ergodidty  closely  approximate 
the  actual  conditions. 

It  has  been  observed  that  in  many  random  processes  occurring  in  nature,  the  mean 
value  of  the  oscillating  amplitude  of  a  random  variable,  aay  F(t),  is  approximately 
equal  to  zero.  Also,  the  time  v&nis>w  i.on  of  assplitudes  of  the  individual  fre¬ 
quency  components  of  F(t)  will  have  a  mar  zero  mean  value.  The  aasuaption  that  the 
mean  is  zero  therefore  is  widely  used  in  practice.  Whether  or  not  this  assunption 
is  valid  naturally  depends  upon  the  random  variable  being  considered.  For  exaople, 
the  distribution  of  the  amplitude  peaks  of  F(t)  may  be  Rayleigh,  >diich  cannot  have  a 
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zero  iaean  as  shovm  on  page  176. 

The  mean  square  value,  of  F(t)  has  a  special  physical  interpretation  that  is 
fundamental  in  spectral  analyses.  The  instantaneous  power  developed  by  a  resistor, 
R,  in  an  electrical  network  equals  I^R  or  e2/r,  iidjore  E  is  the  voltage  drop  across 
the  resistor  and  I  is  the  rttslstor  current.  Analogously,  the  instantaneous  power, 
P(t),  dissipated  in  a  structure  having  viscous  danping,  c,  and  vibratory  velocity, 
V,  equals  cv^  or  AF^(t),  ^ere  A  is  a  constant  of  proportionality.  The  average 
POMSF*  ?ave*  Is  the  time  average  (mean)  of  the  instantaneous  power, 

.T  ^T 

Pave.  =  i  \  P(t)  .  dt  -  A  \  F2(t)  .  dt 

■^T  -T 

and  hence  is  proportional  to  the  mean  square  value,  F^,  of  F(t). 


That  is,  a  knowledge  of  over-all  mean  square  value  of  the  applied  force  F(t)  indi¬ 
cates  the  amount  of  power  being  dissipated  in  a  linear'  structure,  to  within  a 
constant  of  proportionality. 

In  order  to  broaden  the  use  of  the  power  concept  so  that  the  techniques  which  have 
been  developed  for  its  application  can  be  extended  to  include  random  variables  for 
viiich  true  damping  power  does  not  exist,  the  proportionality  constant.  A,  is  dropped 
and  the  mean  square  value  of  the  random  variable  is  called  the  total  average  power 
of  the  variable.  As  mentioned  in  Section  II,  it  may  be  more  appropriate  for  such 
cases  to  retain  the  »%»an  square"  terminology.  Both  of  these  will  be  used  here  in 
order  to  avoid  possible  confusion  with  existing  terminology  used  in  the  referenced 
literature. 

The  mean  square  value  is  particularly  usefxil  in  dealing  with  near  discrete  frequency, 
random  anqjlitude,  components  of  F(t).  For  the  well-behaved  periodic  function,  the 
discrete  frequency  con3)onents  have  constant  peak  amplitudes  and  can  be  defined  by  a 
l«ir  graph  of  cn  versus  frequency.  For  a  rwar  discrete  frequency  with  random  anmli- 
tude,  it  is  not  practical  to  determine  all  of  the  many  Fourier  coefficients,  Cn, 
required  to  define  this  component .  Instead,  a  narrow  band  fjlter  is  used  to  obtain 
these  near  discrete  conponents  and  the  mean  square  value  of  the  anq>litude  of  each 
such  freqiMncy  is  obtained  and  presented  in  the  form  of  a  bar  gr£q>h  as  shown  in 
Figure  US . 
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Flgor*  116:  Bar  Gra^  of  tha  Maan  Sqoara  Anj^ittMlaa  of  Dlacrota 
Fraquaney  Coagponanta  of  F(t)> 

Tha  aqoiTalant  ainaaoidal  aB]d.lt«da  in  tansa  of  tha  Fourier  eoafficianba  la  glaan  by 
tha  relation 


■■  3  ~  eaan  aqoara  value  of  a  true  aiimaoid 

with  ang^ltuda  equal  to 

Tha  total  average  poiiar,  F|^y,»  for  all  of  tha  near  dlaerata  coaqxmanta,  ia  equal  to 
the  arithaiCle  aua  of  the  power,  AP(c^n),  of  each  eca^onant* 


“^ave. 


AP(aijj) 


Tha  above  bar  grafAi  of  the  aean  aqoara  value  of  the  individual  froquencT’  eoaponanta 
ia  aladlar  to  that  of  Figure  115  uhare  tha  Fourier  aaplitud#  eoeffloienta  are  di^ 
plajad  for  each  alnuaoidal  coeq)onent  of  F(t).  Juat  as  did  thaae  Fourier  eoeffieienta, 
the  aean  aqoara  value  of  each  frequency  eoaponent,  and  hence  the  power  in  each  cok- 
ponent,  decreaaea  to  aezH)  lAen  the  nui^r  of  frequenciea  contained  in  F(t}  inereaaea 
to  a  continuoua  band  of  frequenciea*  Thla  aasaasa,  cf  coorae,  that  no  fi^te  aapli- 
tude  discrete  frequenciea  are  preaent*  In  order  to  eliadnate  thla  diffleultj,  it  la 
uaual  to  consider  the  naan  square  value  over  a  finite  frequencj  range  of  continuous 
frequency  coeq>onents,  and  to  divide  this  quantity  by  the  frequency  band.  In  the 
liait,  as  the  frequency  band  decreases  to  zero,  this  ratio  beconas  a  aean  square 
density  function  with  respect  to  frequency  and  is  usually  called  the  power  spectral 
density  function,  Sf(u>)«  Hathenaticijj.y  expresaed: 

SpH  .  Um  .  ua  ^ave(A<u) 
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B  mean  square  amplitude  over  all  frequencies  in 

average  potier  over  all  frequencies  in  A6i> 


The  total  average  power  contained  in  all  frequency  eosponents  in  ?(t)  is  therefore 
given  by  the  equation 


i' 


Pave  ■  \  SpM  .  dcu 


The  physici^  interpretation  of  the  mean  square  statistical  average  of  F(t)  is  now 
evident  in  terns  of  the  definition  of  power  presented  above. 

The  power  spectral  density  function,  Sp(^),  is  also  related  to  the  a.'^oeorrelation 
function,  as  shown  in  the  previous  exprossions  for  the  statistical  averages. 

For  a  st^ionary  and  ergodic  process,  reciprocal  relations  exist  in  terns  of  the 
Fourier  transfom.  These  convenient  natheaiatical  relations  are  as  follows: 


Sp^Lu)  -  4 


C  %(r) 


-iujr 
e  ,dr 


ap(r) 


icj’t' 

e  .  duJ 


The  relationships  are  not  easily  explained  by  physical  argunsnts  and  sre  nob  dis¬ 
cussed  further  in  this  report. 


The  autocorrelation  function,  Bp(r},  of  a  sini^s  tins  function,  F(t}  also  has  a 
special  interpretation  which  is  iap^ant  in  dstsmining  response  of  the  structure. 
Basically’,  this  function  shows  quantltati'vely  the  agrssssnt  between  the  function 
F(t)  at  tins  t  end  at  tiaw  t  +'r  (i.e.,  between  the  functitsis  F(t)  and  F(t  +'»')). 
Wien^y  «  o,  the  two  functione  are  in  perfect  agreensnt  at  every  point  and  the  corre¬ 
lation  between  the  two  is  as  large  as  possible.  Thus, 


ap(0) 


Bp(T) 


It  is  to  be  noted  that  ^(o)  is  equal  to  the  assn  square  value,  F  ,  of  F(t).  A. 
correlation  coefficient,  Is  a  convenient  asasure  of  the  relative  correlation 

of  F(t)  with  itself.  This  coefficient  is  defined  here  as  follows: 
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Thus,  (^(T)  T»ay  have  any  value  between  o  and  1.  CpCl*)  «»  1  indicates  perfect  eorro- 
laticn,  Cp(T)  =  o  indicates  no  correlation,  and  valtras  of  CfW  between  o  and  1 
indicate  paz^tial  correlation. 

The  validity  of  this  concept  of  correlation  is  easily  shown  by  considering  a  simple 
sine  wave  of  the  form, 


F(t)  =  C  .  sin(u»t  +^) 

The  correlation  coefficient,  Cp(T),  for  this  case  is, 

\  sin(<ut  +^)  .  Bin{t»>t  +t4>T+^)  .  dt 

Cf(t)  *  - 12 - - - 

T 

^  8in^(u)t  +  ♦)  .  dt 


g|  h  cos  mT  1  «  I  cos  utT 


A  plot  of  Cp(<T)  is  presented  in  Figure  119,  and  it  will  be  valuable  to  conqcare 
ideal  coorricient  with  those  obtained  in  practice  for  random  functions. 


c/r) 


CV 


Figure  119:  Time- Correlation  Coefficient  for  a  Pure  Sinusoidal  Fvmction 


2(9 


In  contrasit  to  a  well-behaved  iserlodie  ftmetlon,  the  correlation  coefficient  for 
random  "white  noise"  is  zero  for  allT>  0. 

As  a  final  property  of  the  correlation  function,  %(T),  to  be  considered  here,  it 
is  not  difficult  to  show  matheBstically  or  physically  that  the  correlation  ftmetion 
is  STBBStrie  with  respect  to  T«  0,  l.e., 

%  (T*)  “  f  \  F(t)  .  F(t  +r)  .  dt 

T 

■  i  1  F(o  -T)  .  F(o)  o  ds 

T  J 

-T 


-  Rp(-r). 
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8g«ee«TlM  CorrclrtloM 


In  addition  to  the  time  averages  of  a  force  acting  at  a  fixed  pointy  spatial 
averages  are  required  to  coapletely  define,  etatlebically,  the  applied  forces  on 
the  structure.  Only  one  spatial  average  seems  to  have  significant  ^ysleal  inter¬ 
pretation  —  the  space  correlation  function,  Rp  (X).  This  funeticm  and  the  tlM 
correlation  funeti(»  ('t’)*  are  very  iaportant  to  the  usscrlptlon  a£  the  general¬ 
ised  force  l.e.,  the  effective  force  felt  hy  the  structure.  When  spsee  correlations 
■ust  he  considered,  Rp  (T)  and  Rp  (X)  are  generally  not  separable,  except  in 
eleaentary  cases,  end  aust  ha  considered  sa  a  single,  space-tine  correlation 
function,  Rp  It  is  also  posalblc  to  have  a  three  parsaeter  correlation 

function,  Rp  (%  ,V^  ,  ,  vhleh  involves  the  direction, ,  of  the  applied  force,  hut 

this  is  generally  not  of  Interest  sines  for  those  forces  which  require  description 
by  correlation  functions,  the  direction  of  the  force  will  be  known. 

The  direction,  is  dsfinsd  as  the  direction  of  a  force  acting  at  a  point  and 
should  therefore  not  be  confused  with  angular  coordinates  used  to  describe  the 
posit  ion, K.  ThuF^  for  sxsagde,  it  is  poaslble  to  have  tine  correlation  at  a  fixed 
point,  space-tine  xinear  correlation  on  the  surface  of  a  aisslle  parallel  to  the 
centerline  axle  of  the  niaalle,  and  space-tine  angular  correlation  around  the  cir- 
cuaferenea  of  the  niasile,  the  latter  two  correlations  being  defined  by  Rp 

Space-tine  correlations  arise  ^n  dealing  with  randan  acoustic  or  hydrodynanic 
pressure  waves  which  sre  propagated  over  the  surface  skin  of  a  vehicle.  Althoui^ 
these  pressvure  fluctuations  are  of  a  randon  nature,  it  has  bean  observed  ia»t  for 
short  periods  of  tins  and  for  short  diataaees  over  the  surface,  the  pressiue  waves 
exhibit  a  certain  degree  of  regularity  in  phasing  within  narrow  fre^ianey  bands. 

At  a  given  point  on  the  surface,  the  preeeure  fluctuations  occurring  at  one  tins 
are  nearly  in  phase  with  thoee  oocurring  at  a  short  T' -tine  earlier  or  later.  This 
phasing  steadily  changes  with  tins,  in  keeping  with  the  randan  nature  of  the 
excitation  phenonsnon,  but  the  chai^  ia  eufficiantly  slow  to  pez^t  these  fluctu¬ 
ations  to  appear  etea^  sad  unchanging  for  this  short  tine.  PorT>  0  the  corre¬ 
lation  is  perfect,  and  for  T  very  nearly  aq^al  to  saro  the  correlation  ooeff ielsnt 
nsy  be  relatively  bl^.  As  the  tins  difference, T' ,  iaereaaes,  the  shift  ia  phasing 
increases  and  the  correlation  drops  off,  eventually  to  saro.  The  rate  at  which  the 
correlation  decreases  depends  upon  the  rats  at  lAlch  the  phasing  ebaagss.  For  a 
theoretical  "white  noise"  type  fluctuatlba,  the  oorralatlon  dirops  ianndlately  to 
zero  for  any  tine  difference  T>0  . 

The  sasw  observations  have  been  node  spatially  by  conparlng  the  pressure  fluctu¬ 
ations  at  two  points  on  th*  etruotuxe.  When  the  separation  distance  between  ^ 
points  is  snail,  the  pTOpagating  waves  will  nove  fron  one  point  to  the  mxfc  with 
relatively  little  change  so  that  the  relative  phase  between  the  waves  at  the  two 
points  will  be  small.  As  the  separation  distance  increases,  the  phase  shift 
inezeaaea  and  the  correlation  decreases.  Considering  both  spsee  and  tins,  it  would 
ssen  that  if  T  were  the  time  requlxed  for  a  wave  to  move  between  the  two  points  the 
correlation  of  the  force,  ?(%/,<?  ),  at  the  one  point  and  the  force,  F(Xi,T)  at  the 
second  point  would  be  highest  for  small  distances  of  separation. 
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The  distance  over  idilch  the  propagating  preseuree  are  essentially  in  phase  is  called 
the  correlation  length.  This  length  is  a  function  first  of  the  direction  between 
the  two  points  in  relation  to  the  direction  of  propagation  over  the  surface,  and 
secondly  of  the  angle  of  Incidence  of  the  wave  fronts  relative  to  the  surface^  If 
the  correlation  length  is  determined  for  every  direction  throu^  a  given  point  on 
the  surface,  it  is  possible  to  define  a  correlation  area,  as  shown  in  Figure  120. 

The  shape  of  this  correlation  area  is  therefore  dependent  upon  the  direction  at 
whidi  the  wave  fronts  impinge  on  the  surface. 


Figure  120:  Correlation  Length  and  Correlation  Area  on  Vehicle 

Siirface  Associated  with  Surface  Pressure  Fluctuations 


Figure  121  shows  a  cross  section  of  the  vehicle  with  a  pressure  wave  incidence 
angle  of  Q»  In  flight  this  angle  will  be  approximately  90  degrees  for  all  wave 
fronts,  but  may  have  a  smaller  angle  tdisn  the  missile  is  sitting  on  the  launch  pad 
and  the  acoustic  waves  are  generated  away  from  the  base  of  the  vehicle.  It  is  to 
be  noted  in  Figure  120  that  the  correlation  length  is  greater  around  the  circum¬ 
ference  of  the  surface.  This  is  the  condition  which  should  oxlst  in  fll^t,  where 
0^90  degrees,  indicating  that  the  phase  distortion  along  the  wave  front  is  less 
than  that  which  occurs  in  the  direction  of  propagation. 


Figure  121 :  Propagations  of  Acoustical  Pressure  Waves  Over  Surface 
oi  a  Missile 
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The  tine-'correlation  functions  obtained  in  practice  vilX  differ  froa  the  siisple 
periodic  case  shown  in  Figure  119  •  The  first  zero  point  in  the  curve  of  Figure  II9 
corresponds  to  a  I80  degree  phMe  shift  of  the  sine  wave  and  thereafter  the  cor¬ 
relation  coefficient  returns  to  unity  idten  the  phasing  reaches  36O  degrees.  Figure 
122  below  shows  a  typical  correlation  coefficient  obtained  for  a  remdon  acoustic 
pressure  fluctuation.  The  first  zero  point  in  this  ease  also  corresponds  to  a  I80 
degree  phase  shifty  hut  thereafter  increases  to  only  snail  values,  indicating  that 
the  phasing  never  returns  to  the  initial  state,  at  T  ■  0,  end  the  phase  difference 
steadily  changes  as  7'  increases  for  rsndos  forces  and  presBures  sc  that  the  c^- 
relatlon  diminishes  to  zero. 


Figure  122:  Typical  Time -Correlation  Coefficient  Obtained  in  Practice 


The  curve  in  Figure  122  is  also  typical  of  the  correlation  of  prsasurs,  at  two 
points  where  T  is  replaced  by  the  separation  distance.  FOr  a  zero  tine  delay, 

T  ■  0,  there  exists  a  distance  at  which  the  phase  difference  between  the  fluctu¬ 
ating  pressures  is  I80  degrees.  As  the  separation  distance  further  increases, 
more  time  is  required  for  the  waves  to  propagate  between  the  points  which  penits 
a  longer  phase  shift  to  occur.  In  this  ease  the  correlation  also  decreases  with 
distance  and  approaches  zero  correlation. 

The  magnitudes  of  both  the  tlms  and  space  correlations  are  dependent  upon  the 
frequency  of  the  pressure  fluctuations.  A  low  frequency  pressure  fluctuation 
propagating  past  a  fixed  point  on  the  vehicle  surface  will  present  a  high  correl¬ 
ation  at  that  point  for  a  longer  period  of  time,  by  virtue  of  its  long  wave  length, 
than  the  high  frequency,  low  wave  length,  fluctuations.  It  is  clear  that  the  same 
is  true  for  space  correlations.  A  rather  simple  physical  interpretation  of  the 
frequency  effect  is  possible  by  conalderlag  a  train  of  periodic  pressure  waves  of 
some  frequency  propagating  over  the  structure.  There  is  a  continuous  phase  and 
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freqiaency  shift  between  successive  cycles^  so  that  the  larger  the  nuaber  of  cycles 
occurring  at  a  point  during  a  time  Interval  and  the  larger  the  nuntber  of  cycles 
existing  between  two  points  on  the  structure,  the  larger  the  phase  and  freqfAency 
shlftQ  l!hus  the  higher  freqiaeneles  will  have  the  least  correlation.  Ibis  is  seen 
to  be  the  ease  in  Figure  123,  Esfersncc  4,  for  the  space  correlation  function  of 
Jet  acoustic  noise.  Qie  absolute  value  signs  of  the  correlation  coefficients  nay 
be  dropped  so  that  the  coefficients  nay  range  from  -1  to  -fl.  fhis  Is  dons  in 
353  for  aoav«jaissse  = 


Figure  123:  Variation  of  Correlation  Coefficient  with  Freq^ncy 


Mathenatleally  the  space-time  correlation  function  can  be  expressed  as: 

where 


Flxt,ui:) 


Pressure  at  Position  X|  and  time  t 
Pressure  at  Position  and  tine  t  4  T 


The  position  is  symbolically  indicated  by  X  ,  but  the  position  of  axiy  point  will 
actually  be  defined  in  terns  of  any  coordiiutte  system  which  is  convenient  for 
the  geometry  of  the  structure.  Rp  »T)  is  called  a  cross-correlation 
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function,  and  redueea  to  the  previoualy  dlaeuaaad  auto-eorsfclatlon  function, 
^n  tba  tvo  pointaH,,  and'K^eoinoidn. 

Oenaraliaad  force 


Hw  oanaxaliaad  force  input  to  tha  atruetura  zapiaaanta  tba  affaetiva  force  eauaing 
▼Itnation  and  ia  dapandant  upon  the  diatrilmtioa  of  axtaraal  fovea  over  tba 
atruetura  and  tba  natural  vibration  ebaraeteriatica  of  tba  atruetura  >  Ixproaiad 
aatbaaatieally  the  generaliced  force  F^,  la 

FflCt)  -  C  F(%t)  .  12  .  dA 

4 

Fg(^)  *  •anaraliiad  force 

F(%,t)  <■  ap^iad  praaavea  over  tba  aleaaat  of  area, 

X  >  diaplaeanant  of  tba  atruetura 
q  ■  ganamliiad  diaplaeanant  coordinate 

A  a  area 


If  tba  atruetura  ia  noallnear,  tba  derivative  Sx/Sq  nay  bava  a  eoaplas  form  vhieb 
dapanda  upon  tba  type  of  nonlinearity  involved  and  nuat  be  handled  by  apaeial 
■athoda*  For  a  liassr  atruetura,  tbla  derivative  ean  be  replaead  by  any  oaa  of 
tba  natural  node  ahapaaflnC*^)*  of  tba  atruetura  'ttiat  viU  be  excited  by  tiw  applied 
force,  f(%,t).  Bm  foUoving  diaeuaalon  ia  confined  to  the  linear  eaaa,  for  idiieh 
tba  panaraliaad  force  takes  fora 

FoCt)  -  r  Ffj«,t)  .  InCXi)  .  dA 

If  the  applied  force,  F  (^t)  is  eell  defined,  than  Fq  will  be  used  la  the  fom 
shown  hare  and  than  prasanta  no  analytical  difficulties  •  However,  when  tba  applied 
force  la  randoa,  F  (ic,t)  la  known  only  in  tame  of  the  statistical  averagaa  diaeusaad 
above,  so  that  tba  posaraliiad  force,  Wnt  ■uat  also  be  dasorlbed  la  taaa  of  atatik- 
tleal  averagaa.  For  this  purpose,  pofwer  apaotral  density  fuaotion  is  preferred 
espaolally  whan  dealing  with  teoad  band  aeouatio  or  bydrodynenlo  exeitation.  bhan 
tba  power  apeotral  density  of  tba  geaereliied  foroe  is  known,  tba  power  speotral 
density  of  rssponse  ean  be  datemlaad  as  the  product  of  this  fuaeticn  and  the 
struetural  transfer  fuaotion,  defined  in  tarns  of  tba  nobility  of  the  struetuse. 

laud  upon  tba  dlsoussioa  and  the  npt|^enatieal  expressions  presented  above,  tba 
power  speotral  density  function  ,  of  ^e  gaaaraliscd  fores  is  easily  obtained 

in  terns  of  the  applied  foroe  power  speotral  density,  Sp(Xo,<«^)  At  sona  raferenoe 
point,  %Q,  and  a  spaoa  oorrelatlon  eoeffioieat  ever  a  narrow  fregMaoy  band 
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centered  around  the  frequuney^  n> .  The  tloe  correlation  function,  of  the 

generalized  force  is  given  by 


%o(-r)  .  ^  \  ^o(t)  •  Fof*'  ♦ 
“T 


dt 


and  Tflth  the  above  expereaaion  for  Fq,  this  beccnes. 


1 

i  f.| 

i  (  F(yT^,t)  .  P(c£2»t+T)  .  dtj  „  In(»j^).Ta(a!2).dA.dA' 
i  -T 

■i!. 

Here  Rfq(*)'}  is  the  ccnrelation  at  Fg  over  a  narrow  freqpency  bandA^,  and 

'^)i8  "the  space-time  correlation  function  ove^  the  same  frequency  band. 
I«et  l^(r.o»0)  be  the  mean  square  value,  over  A<i),  of  F(lio»  t),  where ;z;o is  some 
convenient  reference  point  on  the  structure.  The  abOTe  expression  can  be  written 
as 

_  Hp^o.O) 
AO)  Aa> 

(  (  .  Y„C^l)  .  Y„(?^)  .  dA  .  dA' 

4  U  i 

which  gives,  for  T=»  0, 

SF(,(d>)  = 

4  )  *2,u)  .  In(*l)  .  ^1%)  .ik.dk' 

CfCT^I^  >2»^) 


M>o>0) 


space  correlation  coefficient 


This  correlation  coefficient  oust  be  deterained  experiaentaUy.  It  is  to  be  noted 
that  SfgCoj)  Is  the  power  spectral  density  function  corresponding  to  the  aodes  of 
vibration  whose  mode  shapes  are  and  This  qtmantity  aist  then  be 

determined  for  all  significant  modes  of  vibration. 

The  generalized  force  power  spectrum  can  be  written  in  terms  of  thw  "Joint  aceept- 
defined  by  Powell,  Befercnce  4, 
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voers  r.  r  r  • 

i  A 

Joint  acceptance  is  a  non>diaensional  term  <Hhieh  must  be  determined  from  the  space 
correlation  coefficient  and  the  modes  of  deflection  of  the  stsuctnse. 


It  is  often  assumed  that  there  is  no  coupling  between  diffierent  modes  of  the 
strueturej  so  that 


SFG^")n^  -  0  *  n  “ 
In  this  case  the  Joint  acceptance  becomes. 


A  further  slmtplifylag  assuiqption  is  possible  lAen  the  correlation  length  is  small 
compared  with  the  half  ware  length  of  the  structural  mode.  9ie  expression  for 
Joint  acceptance  for  this  ease  is  similar  to  that  given  in  Beferenee  5  and  is 

^  o  dA 

A 

idMre  TL  is  the  location  of  the  correlation  area,  say  in  the  center  of  such  an 
area.  Shis,  for  example,  would  be  the  Joint  acceptance  of  a  panel  in  the  near 
field  of  a  Jet  or  rocket  eidiaust. 


Two  very  Interesting  examples  of  the  Joint  acceptance  of  panels  appear  in  References 
A,  3,  and  6,  which  show  the  physical  significance  of  Joint  acceptance. 


The  first  example  consists  of  a  panel,  of  length  b,  vibrating  as  a  rigid  body,  so 
that  In(x)«l ,  with  pressure  loads  on  the  panel  due  to  incident  sound  waves 
generated  in  the  far  field  of  a  Jet  or  rocket  exhaust.  Figure  12A  shows  these 
sound  waves  at  the  incidence  angle  G ,  velocity  of  propagation  C,  and  trace  wave 
length  X..  The  velocity  of  the  trace  waves  along  the  panel  is  given  by  c/tinO  . 
The  Joint  acceptance  for  this  panel  is  given  by 


fj^  o 

TTb 
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Figure  124:  Rigid  Panel  with  Propagating  Acoustical  Pressures  Ovrer  the  Surface 


Hixc:  curve  of  j^(^)  versus  b/>-  is  shown  in  Figure  125.  As  ^e  angle  0  approaches 
zero,  the  trace  wave  length  becomes  very  long  In  proportion  to  the  panel  length  b> 
and  the  correlation  coefficient  over  the  panel  is  near  unity.  In  this  case 
h/K  &  0  and  j2((Eo)a  1 .  Vftien  b/X-  ■  1,  the  total  integrated  pressure  on  the  panel 
is  zercj  being  positive  on  one-half  of  the  panel  and  negative  on  the  other  half. 
b/Ato  represents  the  number  of  full  trace  wave  lengths  over  the  panel,  and  the 
larger  the  number  of  wave  lengths  the  greater  the  pressure  cancellation  over  the 
surface  from  the  positive  and  negative  pressures.  Thus,  the  length  of  the  panel 
over  which  unbalanced  pressure  forces  exist  becomes  smaller  as  b/X  increases,  so 
that  the  Joint  acceptance  of  the  panel  to  the  applied  pressure  decreases,  event¬ 
ually  to  zero. 

me  second  example  consists  of  an  elastic  panel  vibrating  in  the  same  pressure 
field,  but  with  a  sinusoidal  mode  having  n  half-waves  of  wavelength  b.  me 
Joint  acceptemce  for  this  case  is  given  hy  the  following  expression,  the  complete 
curve  of  which  is  shown  in  Figure  126. 

j2(d;)  -  --2  r  1  -  (-1)"  .  cos  1^) 

[l-b2/>u  2j  \ 

Vlhen  n  «  1,  the  only  nodes  ar«  located  at  the  ends  of  the  panel,  and  it  is  clear 
that  e«  0  or  b/x  =  1  vill  produce  the  maximum  Joint  acceptance  and  hence  the 
maximum  excitation.  For  all  other  values  of  n,  the  excitation  is  a  maximum  when 
the  applied  pressures  are  in  phase,  at  all  points  on  the  panel,  with  the  mode 
shape,  mis  occurs  when  b/X  =  1  as  Indicated  by  the  curve  in  Figure  126.  A  flex¬ 
ible  panel  therefore  sets  as  a  wavelength  filter  which  becomes  increasingly  more 
selective  as  the  number  of  modal  half  wavelengths  on  the  panel  increases.  Although 
the  example  presented  is  for  panels,  the  same  concepts  are  valid  for  other  vehicle 
structure,  but  it  Is  felt  that  paneiov/ill  exhibit  the  greatest  response  to  this 
type  of  excitation.  The  resonance  and  coincidence  conditions  associated  with  this 
panel  are  further  discussed  on  papa  286. 
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Figure  125t  Joint  Aooeptance  of  a  Rigid  Panel  to  Far  Field  Aoouetio 
Pressure  Fluotuatlons. 
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MOBIUTI  GF  THE  STRUCTURE 


Th«  t«m  mobility  la  uaad  In  mechanleal  zMbwark  thaory  to  daflna  tha  of  the 

raaponaa  of  aia^e  snehanleal  «la— nta,  auch  as  a  mas»,  spring  or  damper,  to  the 
force  acting  on  these  elements  mhen  the  response  and  the  applied  force  ure  simple 
harmonic  fimctions  of  time  having  the  saam  fre<iaeney.  Equivalent  ambilitles  of 
series  and  parallel  coaibinatlotts  or  these  simple  aeshsoieal  slssssts  can  also  be 
defined  as  the  ratio  of  the  total  response  of  the  entire  networic  of  elements  to  the 
total  external  applied  force  acting  across  the  network.  ^  certain  liadted  eases, 
space  vehicle  structures  can  be  approximated  by  such  ideal  networks;  but,  for 
structures  idilch  are  excited  by  wave  type  phenammia,  sudh  as  the  flexible  panel 
discussed  in  the  previous  section,  or  those  which  exhibit  two-  or  three-diasinsional 
response  properties,  the  sijq)le  mobility  concept  is  not  valid.  However,  the  most 
systematic  approach  to  structural  vibration  problems,  and  the  one  that  is  now  widely 
used,  consists  in  defining  a  force  function  of  seise  fom,  say^^p,  and  then  xoltiply- 
ing  this  function  by  a  second  function,  say  M,  to  obtain  a  response  function,  $ 

It  Is  desirable  therefore  to  extend  the  simple  concept  of  siobility  to  include  all 
steady  state  vibration  probleam  idtich  say  be  so  fonnilated,  and  to  let  M  denote  the 
mobility  of  the  structure.  It  is  not  necessary  to  inoLude  transienb  vibrations  due 
to  nonstationary  forces  as  these  may  be  obtained  from  the  Fourier  tranafons  of 
solutions  to  the  stationary  vibration  problem,  aa  discussed  in  Reference  7.  Figure 
127  shows  a  convenient  simmary  of  responses  that  can  be  obtained  from  tranaient 
Shock  inputs. 

is  shown  In  the  piwvious  sections  of  this  chapter,  the  force  function,  may  be 
well  defined  or  it  may  necessarily  be  a  statistical  description  of  the  iq>,lled  force, 
such  as  mean  square  spectral  dictrlbublon  function  for  near  discrete  freipmney  cgsh 
ponents  or  a  pewer  mctral  density  function  for  broad  band  random  forces.  The 
response  function,  vr,  then  has  the  same  form,  statistical  or  otherwise,  as  Sp, 
and  the  mobility,  M,  is  merely  their  ratio 

K  - 

The  mobility,  M,  will  vary  with  the  type  of  structure  being  excited  and  with  the 
type  of  excitation  force  being  applied  to  the  structure.  For  a  linear  structure 
then,  the  response  function,  will  be  the  linear  sum  of  such  products. 


$R  «=  +  1^  ^F2'*’*^^F3'*’ 


where  Mi  is  the  mobility  of  the  structure  corresponding  to  the  force  function  idiich 
in  turn  corresponds  to  the  applied  force  Fi. 
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1.  If  pulaa  hM  both  finite  length  end  an  initial  gradient,  both  llBlta  apply 

2.  The  1/2  sine  pulee  appears  to  violate  the  limits  dus  to  an  initial  gradient 

until  an  equivalent  ramp  time  is  defined.  Using 
the  equivalent  pulse  length  the  curve  shifts  to 
the  I'T'.  as  ths  dotted  version  suggests, 

3.  The  dynamic  response  factor  is  the  ratio  of  the  response  of  a  dynamic  system  to 
the  response  of  the  same  system  to  the  maximum  impulsive  load  slowly  applied, 

4.  At  Msn  times,  the  response  is  proportional  to  ths  area  under  the  pulse  and 
independent  of  the  ah^>e  of  the  pulse, 

5.  Significant  transient  response  occurs  only  for  a  ratio  of  pulsa  length/period  <  2, 

6.  Pulse  length  is  twice  the  rise  time  for  a  ramp  pulsa, 

7.  The  results  presented  are  impropriate  to  any  snail  damping  ordinarily  present  in 
structure. 


Figure  127,  Dynamic  Response  Factor  for  Transient  Response  of  Linear  Struc¬ 
tures  to  Shock  Excitation. 
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For  sbructuros  vrtiich  eidiibit  non-linearities^  these  linear  forms  will  not  accurately 
describe  the  response,  and  the  mobility  of  the  structure  and  the  force  function  will 
not  be  mathematically  sepaurable  into  a  single  product.  lit  this  case,  the  response 
vlU  be  some  more  eoa3)lez  function  of  M  and  $  p  idiich  will  have  a  different  form  for 
each  different  type  of  nonUnearity.  It  be  argued  that  even  this  more  general 

concept  of  mobility  has  little  value  when  nonlinearities  are  present  and  of  signifl- 
eanee«  However,  even  for  this  case,  there  alweye  exists  sone  ratio  between  the 
response  and  the  excitation  force.  The  description  of  mobility  is  more  convex, 
however,  and  dependa  upon  more  parameters,  sons  of  which  are  p^ameters  normally 
found  in  and  isolated  to  the  forcing  function,  such  as  the  amplitude  of  the  force. 
For  eoGampIe,  if  it  is  known  that  the  response  amplitude  for  a  given  input  force 
vardes  as  the  n-th  power  of  the  input  amplitude.  A,  thus 

“  {m  . 


idiere  the  mobility  of  the  structtir  is  dependent  upon  the  forces  applied  to  it. 

It  ahould  be  further  noted  that  the  assumption  of  linearity  of  the  structure,  for 
idileh  the  mobility  concept  is  valid,  is  often  a  good  first  £4>proximation  to  the 
actual  solution  so  that  it  is  merely  necessary  to  correct  the  linear  mobility  to 
include  certain  nonlinear  effects. 

The  term  *transfer  function"  has  sometimss  been  used  in  the  above  exprasslons  instead 
of  mobility.  This  term  should  not  be  used  here  ae  it  is  the  Laplace  transform  of 
the  response  to  an  inpulsive  force  applied  to  a  linear  system.  Transfer  functions 
may  be  used  correctly,  however,  to  define  the  ratio  of  response  at  one  point  in  the 
structure  to  the  response  at  soaBS  other  point  of  the  structure.  The  term  trans- 
nlssibility  is  used  to  define  the  ratio  of  the  forces  acting  at  two  points  of  the 
stxmcture. 

Physically,  mobility  represents  the  ease  with  vdiich  a  struOture  accepts  and  responds 
to  the  vibratory  energy  supplied  by  the  applied  force.  If  the  mobility  of  a  given 
structural  element  or  group  of  elements  to  a  given  force  is  small,  the  element  or 
elements  transmit  a  high  percentage  of  this  force  to  the  foundation,  tdiereas  for 
hl|^  mobility,  a  hi^er  percentage  of  the  energy  supplied  is  accepted  by  the  element 
or  elements  in  the  form  of  kinetic  energy  and  less  is  transmitted  to  the  foundation. 
Thus,  the  mobility  of  an  element  is  hipest,  and  the  energy  acceptance  is  therefore 
highest,  >rtien  the  element  is  in  a  state  of  resonance  luider  the  action  of  the  applied 
force.  Consistent  with  this  siaqple  physical  concept,  it  was  shown  in  Section  II 
that  the  power  developed  by  a  simple  haxmonic  damped  oecillator  (single  degree  of 
freedom  system)  is  highest  at  resonance. 

The  input  energy  is  supplied  to  relatively  small  portions  of  the  over^a}!.  structure, 
such  as  engine  moimts,  equipment  mounts,  and  skin  panels.  The  elements  being  forced 
directly  are  denoted  in  Figure  104  as  the  forced  structural  elements.  The  maee- 
stiffneee  coupling  of  the  various  structural  elements  provide  numerous  transmission 
paths  whereby  this  energy  is  distributed  throughout  the  structure.  For  a  given 
energy  input,  the  energy  density  and  hence  the  response  level  could  be  locally  very 
high  if  only  a  few  elements  accepted  this  energy  with  little  or  no  transmission  to 


their  foundatlono  If  instead  the  forced  elesisnts  tranonit  part  of  this  inpot  energj 
throng  their  foundation  to  other  parts  of  the  atruettire^  the  energy  density  dr<^Sp 
reducing  the  response  of  the  forced  eleasnbs  and  the  increase  in  response  of  other 
structural  elenanbso  HancSp  it  is  iaporbant  that  in  order  to  datendne  the  struc¬ 
tural  response  level  to  any  given  apjdied  force,  the  total  nobility  be  knoim  for  all 
structural  eleswnts  and  on-board  equipenixb  idiich  accepts  a  significant  amount  of  the 
vibratox^  energy  suisjuisd  by  ths  s^^plied  forces 

From  Figure  3C/|,  the  mobility  of  the  entire  structure  idiieh  is  significantly  affected, 
dependa  upon  tha  mobility  of  the  elements  being  forced,  the  tranasissibillty  of  the 
element  foxmdation  mounts,  the  trananlssibillty  of  the  vehicle  structure  to  the 
nuBerous  mass  elenMnts  throughout  the  vehicle,  and  finally  the  nobility  of  the 
structural  and  mass  elements  tthich  racelve  tha  transmitted  oeeiUatory  energyo 

It  i«as  shown  in  the  previous  section  that  panels  exhibit  a  aaleetivity  to  acoustic 
and  hydrodynamic  surface  pressure  waves.  The  relatlonshj^  betnaan  nobility  end 
tranaslsslbillty  diaenssed  above  can  bs  used  to  show  that  other  structural  elMtenbs, 
or  in  fact  the  entire  structure,  has  a  wave-type  aeledtlvity  to  the  iiqiut  energy  and 
the  vibratory  energy  transmitted  throu^out  the  vehicles  For  very  low  frequency 
inputs  which  have  wave  lengths  longer  than  the  longest  nattiral  wave  lengths  of  the 
entire  vehicle,  such  as  those  often  associated  with  atmospheric  winds,  at^  resultant 
vibration  will  be  of  the  rigid  body  type  since  the  nobilities  of  all  individual 
structural  elements  will  bs  negligibly  amall  and  transnission  from  element  to  element 
will  be  hl^s  For  input  wave  lengths  on  the  order  of  over-all  vehicle  wave  lengths, 
sudi  as  those  associated  with  atmospheric  turbulence,  the  transnlssibility  of  each 
individual  structural  elenent  is  also  very  hi^,  with  low  nobility,  but  the  mobility 
of  the  entire  vehicle  nay  be  hi|^s  As  the  frequencies  of  ths  applied  forces  increase, 
the  shorter  wave  lengths  correspond  more  nearly  to  the  natural  wave  lengths  of  the 
individual  structural  elements.  Ths  mobilities  of  the  forced  structural  elements 
increase,  becoming  hi^st  at  resonance,  and  the  distribution  of  energy  throughout 
the  structure  is  hi^ily  dependent  \xpfm  the  distribution  of  hi{^  acceptance  resonant 
structural  slemsnts  in  the  vehicle  at  the  surface  or  internal  structure  and  equipment. 

Damping  is  an  ijqportant  factor  in  detenaining  ths  tranaiisaion  and  distribution  of 
vibratory  energy  throughout  the  structure.  It  has  been  shewn  experiaentally  that 
danping  of  vibration  waves  in  the  structure  is  on  a  per>cycle  basis.  Thus,  the 
longer  wave  lengths  of  the  low  frequencies  ejqwrience  little  danping  with  distance 
and  are  easily  transmitted  to  all  parts  of  the  structure.  Hewever,  the  very  short 
wavs  lengths  of  the  high  frequencies  experience  considerable  danping  with  distance, 
so  that  hl^  frequency  vibrations  are  generally  localised  to  sm^Ll  areae  near  the 
input. 

Structural  nobility  ray  be  deternimd  by  different  methods,  each  of  idiieh  trill  have 
its  own  particular  advantages  in  dealing  with  different  types  of  structures  and 
structural  geometries,  different  types  of  applied  forces,  and  even  for  different 
modes  of  vibration  of  a  given  struoture.  These  methods  can  be  broadly  divided  into 
three  separate  categories:  (1)  analytical  techniqusa  tdiera  the  structural  properties 
of  mass,  stiffness,  and  danping  distribution  are  known  or  can  be  adequately  approxl- 
rated;  (2)  direct  testing  of  tbs  structure;  and,  (3)  an  enpirlcal  approach  which 
represents  a  conhined  analytical  and  teat  approach  with  the  use  of  scaling  laws  from 
analysis  and  correlation  of  measured  data. 
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Within  ttaeh  of  these  general  categories  there  exist  a  ntad>er  of  quite  distinct 
Methods  that  can  be  used  to  attack  this  probleso  Analyses  may  be  performed  with  the 
assumption  that  the  structure ^  or  portions  thereof ,  are  continuous  such  as  for  beams^ 
plates,  and  shellse  For  more  coo^ex  structures.  Imped  parameters  may  be  used  to 
approximate  the  structures  which  may  then  be  analysed  by  tediniques  deseloped  for 
mechanical  and  electrical  networks*  Direct  tests  nay  be  performed  on  the  full-scale 
structure  or  scaled  models  imere  the  forces  spi^Lied  to  these  structures  may  be  siaiH 
lated  ^  mschanical  shskers,  wind  tunnels,  acoustic^  sirens,  jet  and  rocket  engines, 
etc*  Bapirical  scaling  laws  may  be  derived  in  a  miltiplieity  of  ways  by  coad»ining 
information  obtained  from  various  types  of  analyses,  full  scale  teats,  model  teste 
into  siiple  mathematical  expressions  that  can  be  used  for  predietim  of  structural 
vibration* 

Structural  tests  have  the  advantage  of  including  the  many  ccw]^  exitiee  and  non- 
linearities  which  may  be  difficxilt  to  handle  by  Mialytieal  methods,  but  because  of 
tile  limitations  on  aieasuring  devieea  and  because  of  the  momj  and  time  required  to 
reduce  large  quantities  of  data,  the  results  must  be  limited  to  essential  data  so 
that  all  of  the  desired  results  are  generally  not  obtained*  Analytical  attacks  on 
the  problma  can  produce,  on  the  other  hand,  quite  accurate  results  and  rather  eo(m> 
piste  Infoimation  about  a  problem  if  the  eiag^ifylng  aasuiption  that  must  be  made 
adequately  describee  the  true  situation*  This,  of  course,  is  a  great  restriction; 
and  althouc^  ca^^ete  results  can  be  obtained,  their  accuracy  is  often  limited. 

For  many  vibration  probleais,  and  especially  those  which  are  coaplex  problame,  it  is 
therefore  often  desirable  to  attack  the  problem  from  quite  different  approaches 
using  a  madmr  of  different  methods  and  converging  to  the  true  soltitlon* 

It  is  not  intended  that  a  detailed  discussion  be  given  of  the  various  msthods  avail¬ 
able  for  determining  the  mobility  of  the  structure*  Standard  engineering  texts 
fully  describe  the  techniques  used  in  the  smdianical  network  analysis  of  luaped 
paramiter  multi-degree  of  freedom  systens*  These  limped  parameter  systems  may  also 
be  conveniently  handled  by  constructing  equivalent  electrical  networks  and  u^ng 
fourwpole  parameter  techniques  as  diaeuased  in  Reference  6*  The  latter  approach  la 
particularly  useful  in  showing  the  tranamiesion  characteristlca  of  the  structure. 
Both  of  these  methods  represent  powerful  analytical  tools  for  vibration  analysea  as 
the  system  parameters  can  be  limped  into  quantities  whldi  are  physically  msasnrable. 

Determination  of  structural  mobility  by  solving  the  complete  eqoatlone  of  moticn  of 
the  structure  is  also  very  useful  in  certain  frequency  ranges  and  for  certain  types 
of  structures.  If  the  frequencies  of  the  input  are  low  so  as  to  excite  the  basic 
body  modes,  the  structuire  may  be  aesixmd  to  act  as  a  beam  and  the  coB|dete  equations 
are  easily  solved  by  standard  methods.  For  hi^er  frequencies,  the  complexities  of 
the  structiure  in  geometry  and  mass  and  stiffhess  distribution  limit  the  desirability 
of  this  aiproach  to  ideal  structures  such  as  shells  and  i^tes*  A  fairly  eoaprahen- 
slve  treatment  of  the  latter  problem  is  given  in  the  neict  section  in  terms  of  mode 
shapes  and  frequencies  which  are  the  essential  parameters  used  to  define  mobility 
when  solving  the  equations  of  notion. 
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RESPONSE  OF  THE  STRUCTURE 


The  general  response  function,  is  shown  in  Figure  104  as  the  product  of  the 
vehicle  mobility,  Hb  f*  ‘4^*  force  function,  If.”  The  definition  is  con¬ 
sistent  with  the  definition  of  mobility  given  in  the  previous  section  and 
although  the  mobility  of  the  entire  stzructure  may  be  difficult  to  obtain,  this 
equation  does  show  conceptually  the  combined  effect  of  these  two  important 
q\iantitle8a  For  linear  structures  this  response  function  may  have  the  foUovd^g 
fom  1  '•r  multiple  force  functionss 


■  Ml  {fi  +  ^2  iF2  +  •  •  o  ° 


The  parameters  used  to  define  the  force  function,  jp,  are  the  same  as  those 
used  to  define  response,  i.e»,  amplitude,  frequency,  and  phasing  as  a  function 
of  position  on  the  structure -and  the  direction o  As  with  the  applied  force 
fundtion,  the  response  is -most  conveniently  expressed  as  R(^,V’,  t)  where  R  is 
the  response  amplitude  in  the  direction,  Y  ,  and  position,  x,  on  the  structtire 
and  the  frequent,  co  ,  and  phasing,  0,  are  implicit  in  the  functional  form  of 
t). 

The  direction, y  ,  in  the  response  function  has  more  inyMrtance  than  it  does  in 
the  force  function,  FClf>,  y,  t),  described  in  the  previous  sections.  Although 
such  forces  as  the  acoustical  and  hydrodynamic  surface  pressures  create  forces 
normal  to  the  surface  skin,  the  resulting  internal  vibrations  in  the  vehicle  may 
be  in  quite  different  directions  for  different  structural  elements.  It  has 
been  observed  experimentally  that  very  high  frequency  vibrations  are  nearly 
homogeneous  in  direction,  i.e.,  the  amplitxale  of  vibration  is  apprcndmately  the 
same  in  all  directions. 

The  response  function,  RCx-,  y,  t),  defines  ths  response  of  the  structure  at 
convenient  reference  points.  For  modal  analyses,  these  reference  points  are 
those  at  which  the  noxnallzed  modes  are  taken  as  unity.  iDihen  network  analyses 
are  used  the  response  will  also  be  given  at  some  point  in  the  network,  often  at 
the  point  of  application  of  the  force.  It  is  generally  required  however  that 
the  response  of  a  particular  structural  element  or  item  of  equipment  be 
determined.  The  structiural  elmsents  to  which  the  forces  are  applied  are  often 
of  particular  interest,  such  as  panels,  since  they  may  be  subjected  to  the 
hipest  stresses  caused  ly  the  excitation.  When  the  complete  mode  shapes  of 
the  structure  are  known  or  when  the  network  response  transfer  functions  are 
known  between  any  two  points,  the  response  of  any  piece  of  structure  or  equip¬ 
ment  is  easily  determined  from  the  general  response  fxinction,  t).  The 

chart  shown  in  Figure  lOA  shows  a  ^stematlc  approach  to  detemiiung  the 
response  of  the  forced  structural  elements  and  any  other  element,  denoted  in 
the  chart  as  a  receiver  of  vibratoxy  energy.  The  more  detailed  approach  taken 
in  Figure  104  is  to  emphasize  the  flow  of  energy  through  the  forced  structural 
elmnents  to  their  foundation,  then  through  the  maxy  structural  load  paths  to 
the  receiving  elements,  arjd  finally  the  acceptance  of  the  receiving  elements 
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Jtor  the  transmitted  energy®  For  complex  structures  nihleh  defy  analysis  either  by 
modal  methods  or  by  mechanical  and  electrical  netifork  methods^  this  flow  diagram 
should  bo  carefully  considered  in  predicting  or  estimating  structural  raspense® 

The  vibration  response  of  the  vehicle p  like  the  forcing  functionp  may  or  may  not  be 
well  defined,  depending  upon  the  information  available  for  describing  the  apid.ied 
forces  and  the  mobility  in  terns  of  the  natiural  vibration  characteristics  of  the 
st-ructurso  The  i*sspense  cannot ,  therefore’,  be  defined  with  ainr  greater  certainty 
than  either  of  these,  and  will  usually  have  a  more  inaccurate  description  than  the 
applied  forces. 

It  is  clear  from  the  definition  of  mobility  that  if  the  applied  forces  are  random 
or  contain  random  components,  the  statistical  description  used  for  ip  will  be  the 
same  as  that  used  for  response  As  shown  in  the  discussion  of  the  generalised 
force,  the  power  spectral  density  function  is  preferred  for  statistically  describing 
the  effective  force  acting  on  the  structure  for  random  pressures  and  forces.  Thus, 
the  response  to  these  random  forces  and  pressures  are  most  generally  described  in 
tersis  of  the  power  spectral  density  of  response.  It  is  to  be  noted  that  response 
may  be  given  in  terms  of  deflection,  velocity,  or  acceleration.  The  units  of  the 
spectrum  function  corresponding  to  each  of  these  are. 


(rms  Deflection  )Vcp8 
(nra  Velocity )Vcp8 
(rms  Acceleration )Vep8 

As  discussed  in  the  previous  section,  the  structure  acts  as  a  filter  so  that  stmc- 
tTu*al  response  of  the  forced  elements  will  generally  contain  a  broader  bend  of 
significa^  frequency  components  than  those  elements  within  the  structure  that  are 
further  removed  from  the  areas  of  force  application .  Also,  a  hi^  frequency  force 
cq>plied  to  the  vehicle  is  not  expected  to  induce  a  significant  response  at  a  distance 
very  far  removed  from  the  point  of  api^ication  because  of  the  structural  damping. 

VIBRATIONS  OF  A  PANEL  DUE  TO  FAR  FIELD  ACOUSTIC  EXCITATION 

In  order  to  show  how  the  response  function,  can  be  determined  from  a  knowledge 
of  the  mobility  of  the  structure  and  the  force  function,  iF»  the  ease  of  \miform, 
flat,  rectangular  panel  with  acoustic  pressure  loading  on  one  side  is  briefly  dis¬ 
cussed.')*' 


*Note  that  this  assumes  that  the  flat  panel  represents  a  portion  of  an  infinite  wall 
(infinite  baffle)  in  that  the  effects  of  diffraction  of  the  pressure  wa-ves  around 
the  free  edges  of  the  panel  are  ignoared.  It  should  be  esqahasissd  that  diffraction 
phenomena  be  considered  for  panel  configurations  dealt  with  in  practice o  See 
References  10,  and  11. 


2P7 


Aasune  that  the  nob  dSe^ ei^icantly  under  the 

l-TtrLr  af^5::  Se^-rd' 

S?fo4^^re;ronh\n^^^^^  P-®^  -  t^di^ensionax  and 

+.ha  mode  Hhaoes  are  alnmle  waves  of  the  form 


slnS^ 

where  n  is  the  number  ''^’^IderSl^*  lerSh  of  the  ^.el  sinusSdal 

shows  the  configuration  being  considered,  b  «  wave  lengiin  o 

iHKxfi'f.-f on  modee. 


elven  as: 


"g„  -y*’ i 


where 


*fc„- 


generalized  mass  for  n-th  mode. 


2H8 


Co^-\ 


X 


dx  B  generalized  damping  for  n-th  mode. 


.  dx  B  generalized  force  for  n-th  mode. 


F(Xk^)  ^  surface  preasure  at  point  %and  tine  t. 

m  B  masa  per  unit  length  of  the  panel. 

c  B  viscous  damping  constant. 

B  nat\iral  frequency  of  the  n-th  mode. 

J  jj(t)  B  deflection  of  the  panel,  in  the  n-th  mode,  at  the  point 
or  points  tdiere  the  n-th  mode  shape  equals  unity. 

For  a  constant  m  and  c,  this  eq^tion  is  rewritten  as 


and  as  shown  ir.  Section  II  this  equation  has  the  fomif 

+  2j j  „(t)  +  ,a=  5  __(t)  .  1 

vdiere 

3  =  c/® critical 

The  pressure  loading  is  that  shown  in  Figure  124«  and  eonraqpcaids  to  acoustic 
pressures  generated  in  the  far  field  of  a  Jet  or  rocket  engine.  If  these  pressure 
waves  propagate  over  the  structure  so  as  to  a^roodmate  a  stationary  random  process, 
then  the  response  in  each  n-th  mode  of  vibration  can  be  considered  as  staticsiary. 

If  Cu  is  the  frequency  of  the  pressxure  fluctuations  at  a  point  on  the  stxnieture,  then 


j„(t)  =  l<i>3„(t) 
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so  that  the  above  equation  takes  the  form, 

(-a>2  +  23ia3n<J+6^)  •  FOn^*) 

The  time  cox*relation  function  can  now  be  determined  for  both  sides  of  this  eqtiation 
in  exactly  the  same  manner  used  to  determine  Rp^Ct')  on  page  276. 

The  resulting  equation  can  be  written  as: 


vrtiere  |Hn(w)p  =  -W^)  +  45^W^ttJ§ 

and  whore  a(l')  in  both  cases  is  the  time  correlation  over  a  narrow  frequent  band 
Aui centered  around  the  frequency, a*.  Dividing  both  sides  byA<i>»  setting^  >■  0  to 
obtain  the  mean  squared  value,  this  expression  takes  the  form, 


where  S|  j,(u»)  »  power  spectral  density  function  of  the  deflection,  Tjj, 

**  in  the  n-th  mode, 

Sp-  (fjj)  o  power  spectral  density  fwictlon  of  the  generalized 
“n  force  input  to  the  n-th  mode, 

SFQ^(dJ)  can  be  given  in  terms  of  the  Joint  acceptance  of  the  panel)  as  defined  on 

page  277. 

a2  f2  (u^) 


where  Sp(‘^Q,:4)  ■  power  spectral  density  function  of  the  surface 

acoustic  pressures  at  the  reference  point  x^, 

=s  reference  point,  raesfc  oonveriisntly  taken  at  the 
same  point  as  Jn5  i-e-»  whe]?e  the  mode  shape 
equals  luiity, 

A  =  area  of  the  panel. 
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Hie  Joint  acceptance  curve  Is  that  shown  in  Figure  126 


This  equation  Bav  now  be  written  in  Bore  convenient  terns  which  will  be  consistent 
with  those  used  In  the  flow  chart  of  Figure  104  and  in  the  discussion  of  nobility; 


nv'o*  ^ 


.tuiS 

-j.  x-o'  -- ' 


”  i^oponss  function  at  the  reference  point  'X^.  (In  this  case, 
the  power  spectral  density  function  of  panel  dsflsctione) 

$F^o*  function  at  the  reference  point  (in  this  case,  the 

power  spectral  density  function  of  the  applied  pressure*) 

H  ■  ^1^  *  total  nobility  of  the  panel  (equals  the  linear  sun  of  the 
individual  mobilities  of  each  n-th  node  of  vibration)* 

■  >K>bility  of  the  n-th  node  of  vibrations 

■  ij  (») _ 


For  the  case  being  considered. 


where 

Thus 


foriUn 

>  total  nass  of  panel. 


[■(«,■“ -a^f  *  45 


It  should  be  noted  that  the  reaponse  function  could  have  been  given  in  terns  of 

flocity,  acceleration,  or  stress  apsetral  density*  Acceleration  8P*etral  density, 
EC'oti)^)*  (the  derivative  is  STadM^ic)  is  given  by 
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In  orter  to  obtain  atross  apaetral  densityf  it  is  nsessssrj  to  datonsim  a  conabant 
of  proportionalitj,  K,  idiidi  ralatas  stross  and  dafleetion  at  tlw  raferanea  point, 

(Strass  at  1^)  ■  (K)  (total  daflaction  at  Z^), 

and  the  straaa  spaetral  dansity  baeoawa: 


a>)  m  /j, 

(straaa) 


^  is  scan  from  tha  aboTS  eq^ions  that  for  a  noarly  flat  prasswa  apaetnn, 

09^) »  raqwnaa  wiU.  bo  ralstivaly  largt  alian  the  fraqoanej  of  tha  praasura 
fluebuatlona  at  an^  point  on  tha  panel  aquala  tha  natural  fraq|aanc7,t»^n>  of  ona  of 
tha  natural  aodas  of  Tibration.  Ihis  condition  ia  knoan  aa  rasonanoa,  and  the 
dancadnator  of  tha  n-th  tarn  in  tha  aboTa  sarlao  aoqwasaion  aquala  43  ^or 
rasonanea  in  tha  n-th  aoda  of  vibration*  ClaarlT’,  if  tha  panel  daaping  ia  aaall, 
tha  rasponse  could  ba  quite  large*  Considering  once  again  the  n-th  node,  it  ia  seen 
froB  tha  curve  of  joint  acceptance  shown  in  Figure  126,  that  tha  raaponae  is  hipest 
for  anj  iiqiut  fraquBne7,£»J,  whan  tha  ratio,  bA  9  equals  unity,  except  the  first 
■ode  of  vibratlon/Jx*  Vhan  b/A  *  1,  the  pressure  variation  over  tha  surface  of  the 
panel  is  in  phase  with  the  deflection  duqw  of  the  panel*  This  condition  la  known 
as  coincidence  (l*e*,  coincidence  between  the  panel  shape  and  tha  praasura  shape)* 
khan  b/!t  ■  o,  tha  waves  are  propagated  perpendicular  to  tha  aurfaoa  of  tha  panel, 
and  if  tha  frequency  of  these  inconing  waves  equals  tha  natural  fre<piane7,oj|^,  than 
tha  raaponae  of  tha  panel  will  ba  larger  than  for  any  other  aoda  of  vibration  and 
for  any  other  type  of  presaura  variation  over  tha  surface*  For  all  other  frequenclas 
of  tha  panel,  tha  raspoosa  is  largest  whaasvar  both  resonance  and  eoineidence  occur 
sinultanaoualy*  Tha  latter  phanoBtnon  is  diseusaad  in  greater  detail  in  Baferenoa 
13. 


292 


RE30NANCB  ON  RESONANCE 


INTRODUCTION 

The  response  of  primazT  Tshlde  struoture  to  random  exeltatloa  is 
highly  eonosatratsd  st  the  fe^  freqtasncles  of  the  struotetre* 

This  conoentration  is  easily  notieed  on  a  fraqiaen«qr  response  mdysis 
of  vibration  piekape  mounted  direetly  to  structure*  If  a  small  part 
wars  mounted  direetljr  to  struoture  the  question  arises  under  whatt 
conditions  the  resonant  response  of  primary  struoture  sdeht  set  as 
an  input  to  the  small  part*  The  i^sponse  of  the  small  Itma  would  than 
be  doubly  empllfled  when  its  natural  frequency  agrees  with  one  of  the 
natural  frequenoies  of  primary  struoture*  The  probability  of  frequenqr 
agreement  will  increase  as  the  number  of  secondary  items  increases* 

A  general  feeling  for  the  coupling  between  the  masses  of  a  two-'dsgrew 
of-freedom  system  suggests  that  when  the  masses  are  of  the  same  das 
two  distinct  coupled  modes  appear  sufficiently  separated  in  frequent 
that  the  modes  act  Independently  in  their  response  to  random  ex8it»> 
tion*  The  suggestion  was  made»  however^  that  wfien  the  secondary  mass 
was  small  compared  to  the  prlm^  mass  resonance  on  resonance  nl|^ 
exist. 

The  hypothesis  was  tested  through  a  general  study  of  the  complete 
two-degree<-of-freedom  system  shown  in  Figure  59.  The  primary  stme> 
ture  is  given  Iqr  mass  M  and  the  secondary  item  by  mass  m*  The  mathe* 
matioal  work  is  presented  by  means  of  appendix  A*  Oenerallty  was 
maintained  throughout.  The  particular  conditions  under  study  wore 
equal  uncoupled  freq^ncy  and  an  exciting  frequent  which  agrees  with 
the  lower  coupled  frequent.  As  the  secondary  mass  beoomes  smaller 
relative  to  the  primary  mass  the  couj^ed  frequencies  oonverge*  Damping 
normally  possessed  by  structurOf  3*3%  of  critical  damping  or  a  remonant 
ami^flcatlon  factor  of  15*  was  used*  Effects  of  both  sinusoidal  and 
random  exoltatlon  wore  studied* 
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DISCUSSIOJ 


The  two-degree-of-f reedom  ^stem  with  and  without  damping  for  sinusoidal  excit¬ 
ation  has  been  studied  extensively.  However,  the  literature  does  not  contain  a 
satisfactory  discussion  of  the  random  case  with  daBQ)ing.  The  case  is  studied 
here  in  detail  with  the  results  presented  as  a  function  of  the  mass  ratio. 

The  results  are  presented  in  figures  130-132.  The  results  reflect  excitation 
at  the  lower  coupled  frequency  since  it  was  shown  that  response  to  excitation 
at  the  higher  coupled  frequencies  led  to  a  lesser  response.  A  conqparison  of 
the  responses  to  white  noise  excitation  is  shown  in  figure  132  although  the  input 
conditions  are  slightly  different  frcsn  those  used  in  the  remaining  analysis. 

The  respc.ise  of  both  the  primary  and  secondary  masses  to  sinusoidal  and  random 
excitation  is  presented  in  figures  130  and  131»  The  results  demonstrate  the 
phenomenon  of  resonance  on  resonance  as  the  mass  ratio  becomes  large.  The  small 
mass  approaches  the  asymptote  ^-i-l  in  the  sinusoidal  case  and  .6  q3/2  in  the 
random  case.  These  are  the  esqpected  values  except  for  the  factor  0.6  in  the 
random  case.  Ihe  deviation  in  the  random  case  may  be  due  to  introducing  the 
excitation  to  the  secondary  mass  in  an  indirect  way  through  the  primary  mass. 

The  response  frequency  is  the  lower  coupled  frequency  as  expected  and  this 
frequency  converges  to  the  equal  uncoupled  frequencies  as  the  mass  ratio 
increases.  'Phe  amplitude  of  response  of  the  small  mass  is  a  smoothly  varying 
envelope  influenced  once  again  by  the  filtering  of  the  primary  mass.  This  devi¬ 
ation  from  random  response  may  also  partially  account  for  the  less  than  erqpected 
response  of  the  small  mass  in  the  random  case. 

The  theoretical  results  are  presented  in  figure  130  and  131  as  solid  lines  with 
the  analog  results  shown  by  the  circled  points.  In  addition,  the  random  response 
case  was  given  an  additional  check  through  the  use  of  normal  mode  response 
analyses.  Good  agreement  between  the  various  approaches  is  shown.  Appendix  A 
contadns  the  detailed  mathematical  derivations. 

The  original  hypothesis  of  resonance  on  resonance  is  correct  when  near  coincident 
natural  frequencies  exist  between  the  modes  of  primary  and  secondary  structure 
and  when  high  mass  ratios  occur.  Thus  the  two-degree-of -freedom  ^stem  has  been 
shown  to  respond  in  different  ways  depending  on  the  mass  ratio.  Either  the 
system  acts  as  Independently  coupled  modes  for  mass  ratios  near  unity  or  as  a 
resonating  primary  mass  causing  the  secondary  mass  to  resonate  doubly  for  high 
mass  ratios.  The  phenomenon  e:q>lains  one  of  the  major  causes  of  the  failure  of 
rniftll  parts  mounted  directly  to  primary  structure.  The  phencsmenon  appears  to 
be  unavoidable  when  black  box  equipment  containing  a  great  number  of  small  parts 
is  momted  to  primauy  structure  without  vibration  isolators. 
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RULES  OF  ADDITia^  FOR  RANDOi-J  PROCESSES 

The  addition  of  a  number  of  sine  waves  is  a  vector  addition  which  accounts  for 
both  magnitude  and  phase*  An  independent  random  process  is  described  by  its 
statistical  characteristics  because  its  future  value  is  not  predictable.  Both  the 
amplitude  and  phase  are  random  and  only  certain  conjectures  are  possible  regarding 
future  ejqpected  values*  The  statistical,  properties  which  define  a  random  process 
are  the  mean  value  or  dec«  component,  the  rms  value  of  the  a.c.  component, the 
probability  density  function  and  the  power  spectr«il  density.  The  same  statistical 
characteristics  which  define  a  single  random  process  also  describes  a  svun  of 
several  processes*  The  probability  density  function  defines  the  probability  of 
occurrence  of  amplitudes  greater  or  less  than  a  given  value.  The  area  under  any 
segment  of  the  probability  density  function  is  the  probability  that  the  instan¬ 
taneous  amplitude  of  the  time  function  is  between  the  amplitudes  bounding  the  area* 
The  power  spectral  density  is  the  distribution  in  frequency  of  the  power  of  the 
signal,  l.e*,  the  a.c*  component*  The  area  under  any  segment  of  the  power  spectral 
density  curve  is  the  mean  square  value  of  the  function  between  the  frequencies 
which  bound  the  area*  The  following  equation  defines  the  rqis  value  of  the  sum  of 
a  number  of  components* 

TOTAL  =  (•'l^  +  *  *  *  * 

It  is  not  necessary  that  the  two  waves  have  any 
common  frequency  content  for  the  sum  to  exist* 

The  sum  is  also  independent  of  the  probability 
density  function  of  the  components*  The  power 
spectral  densities  are  directly  additive  over 
the  common  frequency  band* 


Many  of  the  vibration  and  acoustic  phenomena 
are  closely  described  by  the  Gaussian  or 
Noimal  amplitude  probability  density; 

/  ^  (s-m)2/2^ 

P(s)  -  _ _ 
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The  parameters  m  and  O' are  the  mean  and  rms  vsilues  of  the  process*  If  the  time 
function  were  Gaussian  random  ncise,^^^  is  the  total  area  tuider  the  pwer  spectral 
density  curve?  a  point  of  interest  since  it  represents  the  only  connection  between 
the  density  function  and  the  frequency  distribution  of  the  power.  The  sum  of  the 
mean  values  is 

UL  s  IZL  in  +  e  o  o  •  4*  ni 

TOTAL  ^2  n 

If  and  Pg^®^  are  the  amplitude  probability  density  functions  of two  component 

processes  associated  with  two  time  functions  F^Ct)  and  F2(t) 


This  integral  is  the  convolution  integral  of  the  function  p^Cs)  and  p^Cs)*  and 
results  in  a  Gaussian  density  function  for  the  total  when  the  ccanpon^its  are 
Gaussian*  An  example  calculation  is  given  in  Appendix  B  for  the  sum  of  a  narrow 
band  Gaussian  component  with  a  sinusoidal  ccmponent.  The  rasultlng  distributions 
are  plotted  on  page4J7  for  various  ratios  of  the  sinusoidal  amplitude  to  the 
random  zms  amplitude*  When  the  sine  components  drop  out,  the  familiar  Raylel^ 
distribution  of  peaks  results.  It  should  be  emphasized  that  the  above  remarks  are 
applicable  to  stationary  processes  i*e*,  to  processes  having  statistical  proper^ 
ties  ^ich  are  time  invariant.  In  practical  eases  the  environment  of  structure 
and  equipment  changes  during  the  progress  of  the  mission,  but  the  excitation  or 
response  csn  usually  be  broken  into  segnents  which  can  be  considered  as  stationary 
processes* 

HETHCS)  OF  ESTIMATING  VIBRATION  RESPONSE  TO  MANY  SOURCES 


The  above  rules  of  addition  for  random  processes  define  at  any  point  in  the 
vehicle  the  composite  response  resulting  from  maz^  sources*  The  composite  is  a 
variable  in  its  amplitude^  frequency  spectra,  and  probability  density  function  over 
the  whole  vehicle  and  in  addition,  each  of  these  quantities  also  vary  with  time. 
The  manner  in  which  changing  conditions  throuehout  a  miB«i.on  and  during  the 
service  life  of  thr  vehicle  may  be  accounted  for,  will  be  considered  in  Part  3. 
Coalescing  of  the  composite  responses  into  single  simplified  process  will  be 
discussed  j.n  the  li^ht  ox’  the  non  linearities,  intermixing  of  the  load  levels  and 
equivalent  damage  concepts. 
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y  PANEL  VIBRATIONS 


The  purpose  of  this  section  is  to  consider  the  dynamics  of  those  structural 
elements  mhlch  are  most  likely  to  haye  their  greatest  response  in  the  fTequeniqr 
rifflge  Just  ^oue  that  of  the  basic  body  modeso  Although  a  rarlety  of  structural 
elements  may  have  resonances  in  this  region;  it  is  felt  that  panels  constitute 
the  li^est  sid;  neent  for  isolated  eases  „  the  most  Important  class  of  such 
elamentso  Of  primary  Interest  are  the  eacterlor  panels  are  ^^sed  to  the 

intense  aeouatle  environment  of  the  jet  and  rocket  engiias  eidiaust  noise  and 
the  boundary  layer  noise  a  Houever;  since  various  types  of  structural  elements 
ejdilbit  panel  vibration  characteristics  in  response  to  oscillatory  excitation 
caused  either  by  changing  surface  pressures  or  by  foundation  motion;  it  is 
espcdiont  to  consider  the  general  problem  of  panel  vibrations  in  this  section* 
The  term  "panel"  is  used  here  in  the  broad  sense  in  that  certain  structures  not 
having  the  iBSMdiate  appearance  of  a  panel  may  actually  have  response  properties 
idiich  are  much  like  those  of  normal  panelSo 

Tha  first  aectlon  eonslets  of  a  brief  description  of  panels;  with  examn^es;  in 
an  attempt  to  show  the  wide  variety  of  etruetural  types  that  may  be  classified 
as  such;  The  second  section  deals  with  the  problem  of  the  determination  of 
panel  natural  fraq^•nele8  end  node  shapes  showing  the  eeneltivlty  of  these  to 
parmsetera  such  as  mass  and  stiffness  distribution;  edge  fixity  conditions; 
foundation  fle]dbllity;  and  certain  nonlinearities  such  as  mambrane  stresseso 
In  the  third  section;  the  important  factor  of  panel  damping  is  consldsredo 
This  includes  material;  acoustlC;  coulomb  and  viseo-elasti’C  damping  and  the 
nonlineazitlee  introduced  by  eacho 


GENERAL  DESCRIPTION  OF  PANELS 

Panels  might  be  broadly  characterised  by  structural  elements  irtiich  have  surface 
dlawnelone  which  are  Imrge  in  proportion  to  their  thlckneee  and  which  are  weakly 
stqsported  over  their  surfaces;  except  at  the  boundaries  or  portions  thereof; 
for  certain  frequency  ranges  and  applied  loads  so  that  their  greatest  degree 
of  freedom  in  deflection  generally  lies  normal  to  thair  surface  *  For  the 
obvious  eases  of  panels  for  which  gsomstry  slons  dlctstss  ths  boundarlss  of  the 
panels  this  is  a  trivial  comment.  However;  this  description  has  been  made-  suf¬ 
ficiently  broad  to  include  such  cases  as  groups  of  normjiL  panels  acting  jointly 
aa  one  single  Isolated  panel  or  sections  of  a  large  stiffened  panel  which  respond 
individually  as  Isolated  panels. 

No  elssr-cut  rule  can  be  given  for  defining  the  boundaries  of  a  panel;  as  defined 
here,  and  must  rest  upon  experience  and  engineering  judgnent.  The  parmsetars 
which  must  be  considered  are  geometiy;  distribution  of  structural  stass  and 
stiffness;  and  the  distribution;  phase;  frequency,  and  direction  of  the  applied 
loads.  For  example;  a  thin  flat  plate  with  no  added  stlffhess;  except  at 
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tbs  edgSp  counted  on  a  massive  rigid  frame  certainly  will  have  panel  response  to 
applied  pressure  loads  of  any  sort.  Consider  next  a  group  of  such  flat  plates 
nounted  on  a  flexible  framework  and  loaded  with  oscillating  acoustic  pressures  6 
The  effective  panel  boundaries  of  the  latter  system  are  very  likely  to  be 
determined  by  the  area  or  region  over  which  the  acoustic  pressures  are  in  phase, 
or  nearly  so,  loSo,  over  the  system  area  where  some  degree  of  pressure  correlation 
existso  Finely,  far  panels  of  different  surface  densities  and  different  stiff- 
nssBSS  nounted  adjacent  to  each  other,  the  distribution  of  mass  and  stiffness 
of  the  system  dictate  panel  boundaries  by  indicating  the  loiount  of  (^mamlc 
coupling  between  the  adjacent  panels o 

Examines  of  typical  structural  elements  exhibiting  panel  characteristics  are: 
external  fuselags  or  main  body  skin,  body  cylindrical  shells  or  portions  thereof, 
nose  conss  or  portions  thereof,  wing  flaps,  control  fins  or  their  surface  (kins, 
exhaust  nosslss  of  rocket  or  jet  engines,  bulkheads,  blunt  trailing  edge  cover 
plates,  Aat  panel  type  equipment  racks,  portiOBS  of  fuel  tanks,  flat  aqulpatant 
mountl^  brackets,  etce 

The  construction  of  structural  panel  type  elements  have  a  wlda  variations  These 
may  consist  of  sheets  of  mstsrial  which  mdy  or  may  not  be  uniform  In  surface  mass 
and  stiffness  and  may  or  may  not  have  additional  stiffeners  attached  to  the  sur¬ 
faces  For  certain  applications,  sandwich  type  of  construction  may  be  used  such 
as  honeycomb  and  other  laminated  mateiialss  Caspoeits  structures  of  rlbr, 
longerons  and  thin  skin  are  also  used,  partlcularjy  for  control  surfaces s  These 
bullt-v^  structures  may  definitely  experience  vibrations  of  a  type  other  than 
pansl  response,  such  as  the  vibration  of  a  sin|p.e  component  of  this  structures 
The  latter  Is  not  discussed  In  this  section.  When  considering  panel  type  response 
of  surface  stiffened  or  built-up  structural  elements,  which  display  panel  response 
properties,  sufficient  engineering  accuracy  is  usually  attained  (for  purposes  of 
determining  the  response  characteristics  of  a  panel)  by  replacing  the  actual 
structure  by  an  equivalent  uniform  panel  having  the  same  surface  density  and 
stiffness s 

With  this  oquivslsnce,  many  geomatrlcal  shapes  are  posaibla.  Thaaa  include 
flat  plates,  cylindrical  and  conical  sheila  or  portions  thereof,  and  shells  with 
double  and  compound  curvatures  such  as  spherical  and  pwabollc  aaetlonas  In 
addition,  thaaa  shapes  may  have  a  variety  of  peripheral  getHBetriss,  of  which 
the  rectangular  and  circular  boundarlaa  are  the  moat  coaBon.  Multiple  dis¬ 
connected  boundaries  may  be  encountered  in  cases  of  cut-outs  in  a  structural 
element  responding  as  a  panels 

In  any  practical  case,  boundary  or  edge  fixity  conditions  are  esldoot  ideals 
Panels  such  as  exhaust  nozzles,  some  btilkhesds.  and  panels  with  cut-outs  have 
a  free  edge.  The  other  edge  or  edges  of  these' panels  and  the  sdges  of  nost 
other  panels  will  be  chsraetsrizsd  by  some  dsgrsa  of  edge  fixity  between  the 
conditions  of  pinned  and  fully  cluiped  edges  and  even  vertical  mount  fla^Lbilltys 
In  addition,  the  edge  fixity  is  not  alw^s  unifom  along  the  entire  edge  as  the 
pansl  may  be  attached  to  atlffanara  or  pidmaty  structure  having  different 
maasas  and  stlffnasaes  along  different  sdges  of  the  pansl,  aiy  of  a  rectangular 
T^atSe 
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NATURAL  RESPONSE  CHARACTERISTICS  OF  PANELS 


As  idth  any  dynamical  system^,  tha  response  of  panels  to  applied  osciUatoiy 
forces  depends  upon  the  magnitudes  and  distidbutions  of  these  foreeSp  the  mode 
shapes  of  the  panels  vhich  are  a  factor  in  detennining  the  effective  or  general*- 
iied  force  inputp  the  ratios  of  the  forces  and  natural  frequencies^  and  the 
amount  of  inherent  damping  in  the  panel  and  the  amount  of  damping  provided  by 
the  surrounding  mediumo  This  section  deals  vlth  the  mode  shapes^  nattiral  fre¬ 
quencies;  and  damping  in  the  panel  ^stemo  The  discussion  is  divided  into  two 
parte:  consideration  is  first  given  to  the  undamped  modea  and  frequencies;  and 
secondly  to  the  effects  of  panel  dsmpingo  This  division  folloirs  the  method  of 
analysis  generally  used  for  dynamics  problems;  los.;  first  the  modes  of  vibra¬ 
tion  and  their  corresponding  frequencies  are  determined  by  assuming  no  damping 
in  the  aystem  and  then  the  panel  frequency  response  function  is  determined  in 
terns  of  these  undmaped  natural  frequencies  and  the  panel  damping*  (See  for 
example  the  one  degree  of  freedem  system  discussed  ir.  Section  II*)  This  approach 
has  the  advantage  that  the  mode  shapes  considered  are  Invariant  with  time;  a 
condition  mhich  would  fall  to  exist  if  dairiped  mode  shapes  were  used* 

Mode-Shapes  and  Natural.  Freouenciejs  of  Panels 

A  rigorous  detennlnation  of  the  undgonped  mode  shapes  and  natural  frequencies 
of  panels  la  a  difficult  procedure  analytically  for  all  except  very  specif 
eaaee  where  ideal  conditions  such  as  panel  uniformity  in  mass  and  stiffnees; 
simply  supported  or  clamped  edges;  and  simple  surface  and  peripheral  geometries 
are  assumed  to  be  valido  Forttmately;  for  practical  applications  in  enginser- 
ing,  this  rigour  is  unwarranted  because  the  forcing  functions  are  generally 
crude  approximations  of  the  actual  Inputs  which  are  often  random  in  nature;  tend 
because  the  exact  response  has  little  value  in  other  than  defining  the  overall 
stress  level  of  the  panel  for  fatigue  and  reliability  analyses  and  the  overall 
acceleration  level  as  might  effect  neighboring  structures  and  equipment*  However; 
in  order  to  minimize  the  accumulation  of  error  in  design  sid  dynamic  analysis; 
every  reasonable  effort  shoxild  be  made  to  determine  these  mode  shapes  and  pand 
natural  frequencies  as  closely  as  possible *  In  view  of  the  fact  that  actual 
panels  are  seldom  ideal  and  since  available  solutions  to  this  problem  are 
generally  idea:!  solutions;  it  is  especially  Important  that  the  dependence  upon 
sensitive  parameters  of  geometry;  edge  fixity;  non-uniformity;  etc.;  be  determined; 
even  if  these  dependencies  are  of  the  single  parameter  type  wtere  coupling  of 
parameter  changes  is  neglectedo 

Essentially  three  methods  may  be  used  for  determining  panel  mode  shapes  and 
frequencies;  analytical;  empirical;  and  by  direct  testing*  The  analytical 
approach  consists  essentially  of  solving  a  boundary  value  problem  in  which  the 
unforced  equations  of  motion  of  the  panel  or  the  expressions  for  its  kiiMtlc 
and  potential  (strain)  energies  are  made  to  satisfy  certain  assumed  geometric 
or  natural  boundary  conditions  along  the  edges  of  the  panel*  The  enqplrleal 
determination  of  panel  mode  shapes  and  frequencies  can  be  perfoxned  with  the 
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.usa  of  scaling  lawsj,  the  functional  forms  of  i^lch  are  usually  basad  upon 
frequency  aquations  derived  analytically p  which  show  the  variation  of  mode  shapes 
and  frequencies  with  parameters  such  as  size,  shape,  edge  fixity,  etce,  and 
which  can  be  used  to  adjust  the  known  frequency,  say,  of  one  panel  to  that  of 
the  desired  panels  Direct  testing  of  panels  for  the  natural  response  charactex*- 
istlcs  is  performed  by  a  laboratory  duplication  of  the  manner  in  which  the  panel 
is  to  be  mounted  and  then  applying  a  frequency  sweeping  sinusoidal  force  to  the 
panel  by  means  of  a  sh^er  or  by  means  of  a  monochromatic  acoaBtie  iioiseo  ifhish 
method  is  to  be  used  in  any  situation  depends  upon  the  accuracgr  required,  the 
computing  equipMent  available  for  analysis,  the  ability  for  the  lateratory  to 
duplicate  the  actual  mounting  conditions,  tha  dagree  of  gaoowtrlc  complications 
of  shape  of  the  panel,  the  degree  of  non-uniformity  of  the  mass  and  stiffness 
of  the  panel  and  of  its  edge  fixity,  and  tha  number  of  natural  frequaneisa 
requlredo  A  few  of  the  most  Important  aspects  of  these  three  nethode  are  dis¬ 
cussed  belowo 

Tha  analytical  equations  used  for  the  mathematical  modal  of  the  panel  ouqr  be 
obtained  from  the  partial  differential  equations  of  motion  for  panel  deflec¬ 
tion  in  tihich  all  forces  external  to  the  panel  are  neglected  along  with  the 
panel  damping  constantso  They  may  also  ba  obtained  in  Integral  font  from  the 
expressions  of  the  maximum  kinetic  and  potential,  or  strain,  energies  of  the 
plate  in  terms  of  the  panel  deflection  function,  which  of  course  is  unknown* 

In  either  case,  the  deflection  is  aasumed  in  the  form  of  a  series  of  known 
functions  which  satisfy  the  natural  boundary  conditions  of  deflection  and  slope 
at  the  edges  of  the  panel*  These  functions  for  example  stay  be  trigonoBetrie 
(sines  and  cosines)  or  uniform  beam  modes*  Many  othara  are  also  posaible*  The 
series  assumed  will  Involve  constant  coefficients  as  factors  with  tha  known 
functions*  These  must  then  be  determined  from  orthogonality  ralationa  of  the 
assumed  functions,  if  they  exist,  or  from  the  sdnimizatjon  of  the  frequency,  or 
certain  energy  relations  or  from  the  minlstlsation  of  functions  which  eoqtress  the 
error  in  the  ipproxistatlon  being  used  with  respect  to  the  exact  solution*  Many 
such  methods  are  used  in  this  problem  and  they  are  too  noBerous  to  mention 
here,  and  the  mathematical  coopIicatlonB  involved  in  each  are  beyond  the  scope 
of  this  report*  It  ie  necessary  here  to  merely  appreciate  the  general  approach 
used  in  the  analytical  method  in  order  to  understand  why  certain  eiaplifylng 
assuBptions  are  made  in  theory* 

« 

Since  the  simplifying  assumptions  often  made  in  theoretical  woz4c  of  this 
nature  are  generally  based  iqwn  sound  engineering  Jud0Bent,  it  is  ncoossazy 
at  this  point  to  understand  the  nature  of  the  complications  which  arise  in 
the  mathematical  model  dlecuesed  above*  Tha  origins  of  a  mmbar  of  those 
compUcatione  are  as  follows  s 

(1)  coordinate  geometry  required  for  defining  the  middle  surface  of  the 
pwel  and  its  edges 

(2)  functionally  aatlafying  simultaneously  the  natural  boundary  conditions 
of  dafloction  and  idopo  at  all  edges  of  the  panel  and  at  other 
restrained  points  on  its  surface 


304 


(3)  coupling  of  the  motions  of  the  panel  In  different  directions,,  such  as 
the  radlal„  circumferential  and  axial  motions  of  a  cjrllndrical  surface 

(4)  combined  effect  of  bending  flexure  (Inextenslonal  motion)  of  the 
middle  plane  of  the  panel  and  the  membrane-llke  stretch  (extenslonal 
motion)  of  this  plans 

(5)  Rsn=unlfor&it^  in  panel  mass  and  stiffness  distribution 

(6)  nonllnearltles  resulting  from  the  change  in  stlffhessp  danqslng  and 
mass  (apparent  mass  due  to  gas  or  liquid  medlvm)  with  the  maximum 
deflection  napUtude  of  the  panel 

(7)  foundation  flexlbilltjrp  which  majr  be  non-unlformly  distributed  along 
the  boundaries  in  linsar  and  rotational  deflection 

(d)  thick  panels  which  permit  extenslonal  vibrations  bstween  the  two 
faces  of  the  panel 

(9)  large  deflections  of  the  panel  which  greatly  distort  the  panel  from 
Its  equlUbrluta  position 

No  analyses  are  available  In  which  the  combined  effects  of  t'lte  above  situations 
are  accounted  foro  Furtherp  there  are  but  a  few  analyses  which  involve  the 
combined  effects  of  more  than  two  tfid  at  most  three  of  the  above »  Uhleee  large 
scale  oonqiuter  programs  are  developed  and  made  available  to  the  engineerp  the 
effects  of  the  above  conditions  on  the  frequencies  and  mods  shapes  of  panels 
nist  be  taken  Indlvlduallyp  ieeop  a  single  parameter  at  a  tine  and  even  then  the 
analysis  will  be  eomaiwhat  Ideals  Digital  coaqrater  prograna  nay  be  set  up  to 
solve  the  difference  equations  for  the  eq[aation8  of  motionp  iriiere  effectively 
the  panel  Is  subdivided  Into  a  lattice  of  nas:!'.  points  and  springs  as  an  approxl^ 
nation  to  the  actual  panels  Pages  510through3?^  contain  a  list  of  a  few  equations 
for  panel  frequent  taken  from  available  llterat\sre  which  will  be  used  in  an 
atteaqBt  to  show  the  variation  In  frequenqr  with  ceirtain  parameters  s  Volumes  of 
litoratui*s  have  been  published  on  the  subject  of  mode  shapes  and  frequenelea  bf 
panslss  Included  In  the  bibliography  auvi  a  few  references  of  analyses  of  flat 
platss  and  (nirved  shells  for  special  cases  of  surface  and  peripheral  geQBMtrless 

Fortunately;  as  will  be  seen  later  onp  the  lowest  frequenclss  are  predominant 
In  response  level;  especially  idien  rather  broad  band  excitation  Is  applied  to 
the  panelo  ThuS;  only  the  first  and  possibly  the  second  mode  of  vibration  of 
a  panel  need  be  determined  especially  for  deflections  normal  to  the  panel  sur¬ 
face*  It  Is  possible;  however;  that  inputs  with  essentially  high  frequenqr 
content;  such  as  shocks;  could  cause  significant  response  at  higher  resonance 
frequencies*  so  that  from  a  fatigue  atgndpoing  these  could  be  Important* 

The  above  discussed  analytical  methods,  except  for  computer  programs,  will  yield 
e^qiresslons  which  ^proximate  the  panel  frequencies  for  various  small  ranges  of 
parm&eters  such  as  size,  geometry,  fixity,  etco  Eqiuatlons  for  mode  shapes  are 
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not  readily  available  since  th  y  are  far  too  complex  for  practical  usage. 

These  fre(|usn(y  actuations  may  be  used  for  scaling  laws  where  only  the  functional 
fom  of  the  actuations  are  maintained  and  the  csonstants  are  supplied  from  meaeursd 
full  scale  or  model  type  test  data.  It  is  important  to  note  that  these  scaling 
laws  ussd  for  ths  empirical  determination  of  panel  frequencies  are  seldom 
sufficiently  general  to  accurately  predict  frequencies  over  other  than  a  narrow 
range  of  panel  variables  because  of  changing  p^slcal  phenomena  in  the  panel  over 
lai^  varifttlona  in  such  things  as  curvature,  length,  thickness,  fixity,  etc. 

From  what  has  already  been  discussed,  it  is  seen  that  ths  direct  testing  of 
full  scale  pan****"  clearly  has  an  advantage  over  the  theoretical  approach  in 
being  able  to  aiore  realistloally  account  for  the  effects  of  geoautzy.  mass  and 
stiffness  distribution,  edge  fixity,  etc.  They  have  the  disadvantage,  howver. 
of  being  both  tism  consuming  and  costly,  especially  when  the  conditions  of  edge 
fixity  are  to  be  closely  duplicated  with  those  corresponding  to  actuaa  usage  of 
the  panel.  For  panels  which  are  clearly  defined  by  their  gecmstrlc  boundaries, 
the  Isolated  panel  characteristics  will  not  be  difficult  to  obtain  as  a  massive 
and  rigid  mounting  may  be  used.  However,  if  the  effects  of  the  elastic  suppoz^ 
arc  to  be  considered,  or  in  the  case  of  a  groi^)  of  panels  acting  ^intly  as  a 
single  panel,  the  direct  test  of  the  panel  may  becoam  quite  involved. 

Because  of  the  high  intensity  broad  band  acoustical  noiss  associated  with  space 
vehicles,  the  natural  response  characteristics  of  the  thin  tgrlindrical  body 
shells  idilch  are  esqMsed  to  this  excitation  should  be  of  greatest  interest.  The 
nature  of  these  random  acoustical  inputs  is  such  that  only  portions  of  these 
qrlindrical  shells  are  expected  to  dlajlay  panel->like  vibrations,  the  entire 
shell  being  seldm  excited  at  frequencies  above  the  basic  body  frequencies. 

These  sections  of  the  cylindrical  shell  are  e^qsected  to  exist  between  ring  type 
clrcianferential  stlffners  or  between  sections  of  the  middile  idxleh  are  very 
massive,  such  as  fuel  tanks  and  bulkheads.  The  end  fixity  coziditions  for  these 
shells  mar  vary  from  fnllycLmaped  ends  to  slxqply  supported  ends,  where  the  fixity 
at  both  ends  need  not  be  the  same. 

The  natural  frequencies  of  these  qrllndrieal  shells  Including  the  effects  of 
pressure  may  be  deteiminad  from  the  approximate  fimquency  equations  given  on 
page  310  and  the  nomographs  presented  in  Figures  136  through  141*  These  were 
noBiographs  obtained  from  Reference  61.  These  equations  and  nomographs  cover 
a  wide  frequent  range  including  beam,  ring  and  flat  ]^ate  type  cylinder  vibra¬ 
tion  BMdes.  and  can.  therefore,  be  used  for  obtaining  the  fundamental  body  fre¬ 
quencies  of  an  entire  unifom  ^n  thickness,  density.  «id  stiffness)  qrlindrleal 
body.  Caution  must  be  used  here  for  the  fundamental  modes  since  the  presence  of 
large  masses  such  as  fuel  tanks  attached  to  the  skin  will  greatly  alter  these 
funduasntal  uniform  cylinder  freqnencles. 

These  equations,  given  in  terms  of  the  free  flexnal  wave  velocity  on  the  siirface 
of  the  blinder,  are  only  approximate  for  q  •>  1  and  q  ■  2.  but  are  very  nearly 
exact  for  q>  2.  It  ifl-to  bo  noted  from  the  nomographs  that  the  effect  of  internal 
pressure.  ^  ■  (l‘«-2)  su  »  is  ne^gible  for  the  lower  modes  cos^sponding  to 

n"0.  but  has  a  considersble  effect  for  nB3.  The  general  effect  of  internal 
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pleasure  is  to  effectively  increase  the  surface  stiffness  of  the  cylinder  and  to 
thus  raise  the  cylinder  natural  frequencies.  The  mode  shapes  corresponding  to 
various  values  of  n  and  q  are  shown  on  page  315* 

Mhen  only  the  transverse  surface  vibrations  of  the  cylinder  are  of  interest, 
the  frequency  equation  given  on  page  311  can  be  used,  and  this  equation  more 
clearly  shows  the  affect  of  internal  pressure  on  the  natural  frequencies .  This 
equation  which  was  derived  under  the  assumption  that  the  apdal  and  circuaferential 
inartial  forces  could  be  neglected  for  transverse  vibrations.  Reference  17,  has 
the  additional  advantage  of  showing  the  relative  contributions  of  the  middle 
plane  inextenelonal  flexural  motion  and  the  membrano*llke  stretch  of  the  middle 
plans  extenslonal  motion.  The  node  shapes  corresponding  to  this  aquation  are 
i^eo  shown  on  page  311,  where  m  corresponds  to  q,  in  the  first  frequency  equation, 
page  310. 

Figure  139  shows  a  comparison  of  the  exact  cylinder  frequencies  for  a  nueober  of 
different  modes  of  vibration  with  those  approximated  by  using  the  equation  given 
on  page  311«  Figure  140  ehows  the  nuii>er  of  cireumferentiil  waves  that  might 
exist  at  the  lowest  natural  freqpsncy  of  vibration,  for  values  of  internal 
pressure.  A  plot  of  a  typical  frequency  response  cmrvs  is  presented  in  Figure  j.m1 
for  a  thin  pressurised  ^llndrlcal  shell. 

The  concept  of  Inextenslon  and  extension  is  Important  in  dealing  with  panel 
vlbratlona  for  any  shaped  panel*  Aside  from  the  assumptions  that  (1)  the  vlbra-' 
tions  in  different  directions  in  a  uniform  panel  may  often  be  uncoupled  and  (2) 
that  oarbaln  Inertial  forces  may  be  neglected,  the  greatest  simplification  in 
the  frequency  equations  for  panels  is  effected  when  the  energies  developed  by 
either  extenslonal  or  by  Inoxtensional  motion  can  be  neglected,  l.e.,  irtian  the 
motion  is  piuoly  extenslonal  or  purely  Inextensional.  Pure  insxtensional  or 
flexural  modes  are  proportional  to  the  thickness  of  the  panel  whereas  pure 
extenelonal  or  stretching  modes  are  independent  of  this  thickness.  Higher  ener> 
gles  are  required  to  excite  the  extenslonal  modes  than  are  required  for  the 
ixMxbensional  modes.  Therefore,  the  lowest  frequencies  are  associated  with  in- 
extension  so  that  the  higher  frequencies  of  extension  are  often  of  little  Im¬ 
portance.  The  importance  of  each,  however,  is  dependent  upon  the  type  of  excita¬ 
tion  apidled.  For  example,  if  only  radial  forces  of  uniform  intensity  and 
phasing  are  api^ied  to  a  u^form  circular  cylinder,  the  frequencies  of  jjiterest 
vdll  be  those  of  extension.  In  ary  actual  structure  both  extenslonal  and  Inexben- 
slonal  effects  will  be  present.  For  a  circular  cylinder  fixed  at  both  ends  (aero 
deflection),  pure  Inextensional  or  flexural  vibration  cannot  exist  as  the  boundax? 
conditions  are  not  satisfied.  However,  as  discussed  in  Reference  34,  the  oon- 
dltlon  of  pure  flexure  does  exist  over  most  of  the  cylinder  with  extension  being 
con*.'inad  to  a  narrow  '^undary  layer**  at  the  enr^«  of  the  yllnder,  the  length 
of  which  is  on  the  order  of  the  blinder  thickness.  In  this  ease  the  energy 
developed  by  extension  is  negligibly  small.  On  the  other  hand,  for  such  panel 
shapee  aa  cones,  spheres,  etc.,  the  inextensioni^  frequencies  are  inflnltelv  large 
so  that  ths  fundammtal  frequencies  will  be  those  corresponding  to  extension. 
Slnqile  examples  of  purs  extenslonal  vibration  are  longitudinal  vibration  of  rods 
and  cylinders  and  the  torsional  vibrations  of  cylinders. 
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The  frequency  equations  for  pure  inextenslon  shorn  on  page  318  for  a  uniform 
circular  cylinder  are  derived  in  Reference  62,  The  two  dimensional  vibration 
equation  corresponds  to  that  flexure  term  in  the  eqviation  on  page  311,  These 
are  included  here  in  order  to  show  the  effect  of  considering  the  vibration  of 
the  cylinder  as  being  three  dimensional.  Also  shown  on  page  318  are  the  fre¬ 
quency  equations  for  pure  extensional  cylinder  vibrations,  which  for  special 
cases  reduce  to  the  frequent  equation  for  pure  radial  motion,  longitudinal 
motion  and  torsion^  motion, 

A  majority  of  the  panels  encountered  in  space  vehicles  will  be  curved  in  the 
fom  of  cylindrical  sections  with  some  having  double  curvature.  The  curvat\irss 
of  these  are  such  that  they  may  often  be  adequately  approximated  ae  flat  panels. 
As  id.ll  be  shown,  the  effect  of  this  curvature  ie  to  increase  the  stiffness  so 
that  the  comparable  flat  plate  frequencies  will  be  lower  than  the  actual  fi^- 
queneies  of  the  curved  piuiels,  mirnerous  examplea  of  flat  panels  are  also  avail¬ 
able  in  the  form  of  bulicheads,  fine,  etc.  Since  flat  panels  are  nnieh  8ini|d.er  to 
analyze  theoretically,  the  effects  of  changes  in  edge  fixity  and  peripheral 
geometry  are  beet  evaluated  for  flat  panels,  Althoxigh  flat  panel  frequency 
equations  are  available  from  various  references,  a  fadrly  comjd.ete  list  is  cou- 
piled  hare  and  given  on  pages  319  through  321  for  the  cases  having  knovm  eolu- 
tlona,  Frequenqr  equations  for  rectangular  panels  mowited  on  elastic  founda¬ 
tions  are  also  Included,  These  are  presented  for  ready  availability  in  making 
comparisone. 

The  geometzy  of  flat  panels  is  such  that  the  transverse  vibration  modes  are, 
for  all  practical  piirpoaes,  esaentially  inextenslonal  for  small  deflection 
ampUtudee,  Extension  of  the  middle  plane  in  the  form  of  biaxial  torsion  occurs, 
however,  when  the  center  deflection  of  the  panel  exceeds  approximately  two  panel 
thickneeees.  This  increases  the  effective  panel  stiffness  and  thus  increases  the 
natural  frequency.  This  effect  on  the  natural  frequency  is  a  progressively  non¬ 
linear  effect  as  the  panel  frequency  is  dependent  upon  tha  amplitude,  whereas 
for  small  deflections  the  frequency  is  Independent  of  this  amplituds.  This 
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Using  the  assumption  that  the  load  Tersus  deflection  carve  can  be  approximated 
by  the  e3q)res8ion,  (otg  ^  method  is  developed  In  Reference  15  for 

conputing  the  natur^  frequency  of  a  clamped  rectangular  panel  in  terms  of  the 
panel's  center  deflection*  The  equations  required  for  this  computation  are 
presented  on  page  322  and  the  neeessazy  curves  taken  from  Reference  9  are  shown 
in  Figure  1^3  o  k  relatively  simple  esqpresslon  for  frequency  has  been  developed 
by  Timoshenko,  Reference  64,  which  accounts  for  the  middle  plane  extension  of 
a  thin  clasqped  circular  flat  plate*  This  equation  Is  shown  on  page  326* 

As  an  exMple  of  those  membrane  effects,  measured  test  results  for  clamped 
plates,  taken  from  Reference  1,  are  presented  In  Figures  l/<5a  and  146  vdiich  show 
respectively  the  static  stress  versus  static  pressure  for  four  flat  plate 
thicknesses  (*032, *040,  *064,  oOSl  inches),  and  the  peak  amplitude  stress 
versus  freqpiancles  for  the  *040  Inch  thick  flat  panel  for  three  different  pres¬ 
sure  levels  (*00164,  *00366,  *0147  psl)<^  The  increase  In  frequenqr  with  ampli¬ 
tude  Is  clearly  shown*  Figures  ligand  147  show  similar  data  for  qrli.ndxd.eally 
curved  panels  with  clamped  edges*  It  Is  to  be  noted  In  Figure  150that  for 
relatively  low  peak  stress  ampUttides  (relatively  low  deflection),  the  panel 
stiffness  Increases,  with  applied  load,  thus  Increasing  the  panel  natural  fre¬ 
quency*  But,  as  the  asqjtlltude  further  increases,  the  stiffness  Is  reduced 
vMch  lowers  the  natural  frequent*  As  explained  In  Reference  1,  this  effect 
Is  most  likely  due  to  panel  dinning  for  high  loads*  In  addition.  It  should 
be  noted  by  comparing  Figures  14.6  and  147  ,  that  since  the  over-all  panel  dimen¬ 
sions  were  the  same  for  the  flat  and  curved  panels,  the  effect  of  curvature  is 
to  generally  increase  the  panel  stiffness;  the  effect  here  was  to  roughly  double 
the  panel  natural  frequency* 

Tbs  co^ined  effect  of  panel  thickness  and  panel  deflection  upon  the  middle 
surface  extension  Is  shown  In  Figure  14B>  It  Is  seen  that  for  decreasing  thick¬ 
ness  mnd/or  increasing  deflection  (or  stress),  the  energy  absorbed  In  extension 
becomes  relatively  greater*  The  effect  of  maaibrane  deflection  on  the  Isq^flca- 
tlon  factor  at  the  panel  natural  frequencr  is  shown  In  Figure  149  for  one  flat 
panel* 

It  has  been  shown  sbove  for  one  test  condition  how  a  single  curvature  of  a  panel 
affects  the  natural  frequent*  The  effect  of  double  curvature  of  thin  shells  is 
shown  In  Figure  150,  Reference  35o  Here  the  lowest  axi-eynawtric  vibration  fre- 
quenoiss  of  shallow  sphsxieal  shells  are  plotted  In  terms  of  the  fondm^tal  fre¬ 
quencies  for  the  equivalent  flat  circular  id.ate  with  sero  Polsaon's  ratio,  for 
various  ratios  of  csntsr  deprssslon  depth,  H,  of  the  shall  to  the  shsU  thick¬ 
ness,  h,  and  for  various  valuss  of  Poisson's  ratio,  V*  The  frequency  equations 
for  thsss  shsUs  are  not  presented  here  as  they  involve  parmieters  which  are  not 
easily  definsd*  It  Is  of  Interest  to  note,  however,  that  the  loextensloasl  fre- 
qpenelee  of  very  shallow  shsUs  are  Independent  of  the  curvature  when  the  eirenlar 
edge  of  the  panel  Is  free*  As  the  depth  increases,  the  curvature  becomes  more 
In^rtant*  Aa  this  occurs,  t'ne  inextensional  ^qusnwles  inereass  and  the  vibra¬ 
tion  becomes  mors  predominantly  extenslonal,  and  in  the  limit,  for  a  dosed  spheri¬ 
cal  shell,  the  vibration  Is  pure  extenslonal* 
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Th«  storafitt  of  fools  in  seas  apses  vshioles  rsquiros  that  the  Innsr  surfacsa 
of  osrtsin  panels  bs  in  dirsot  oontaet  viih  large  ^Iwms  of  liqisid*  This 
liquid  loading  Kill  oarbalnly  inflosnes  tbs  natoral  Tlbration  oharaetsiTisties 
of  such  pamlse  Althoogh  ths  liquid  volnas  NiU  have  rosonsnecs  of  its  oan, 
thsso  are  not  saqMetsd  to  oeoor  in  ths  range  of  paml  natoral  fkKqeatteiss* 
Rsfsrones  61  dssoribss  ths  offset  of  ths  liquid  &&  panels  as  being  ms  of  an 
added  surfaes  nass  n  to  ths  p«Ml»  sines  pressoros  indaesd  bj  ths  panel  on  ths 
liq^d  vibration  ere  anifthiy  dlsalpetsd  in  ths  solnss  of  liqaid  dns  to 

ths  rslatiTslj  hl|^  spss^  of  sound  in  a  liquid  nhieh  ecoss  rapid  oonesnbrations 
of  ths  prsssore  lednesd  in  ths  liqaid}  l»Se«  ai9  vibratoxT  foress  sxioting 
between  ths  panel  and  ths  liquid  eaussd  only  a  non-rssonnnt  foresd  rlbration  in 
ths  liquido  Ths  liquid  being  nsithor  easy  eoaprossibls  nor  dlssipatlTo  in  ths 
sense  of  dasqdngf  ths  liquid  Bust  set  like  nass  attaehsd  to  the  panel*  Ths 
anount  of  nass  to  bs  addsd  is  a  function  of  ths  type  of  panel  sibratblonf  ths 
uncoupled  panel  frsqusneyp  and  ths  density  of  ths  liquid  and  ths  gsonsbxT’  of 
ths  liquid  Toluns*  Flgurs  154  Hefsrsnes  6l^  shows  that  for  a  ^llndrieal  shell 
ths  added  nass  is  larger  for  ths  lower  frequsnelss  and  low  elreoferential  order 
n,  and  that  this  mass  nay  be  rosy  large  in  eoGq>arlson  with  the  surfaes  nass  of 
ths  panel*  The  offset  of  liquid  loading  is*  therefore*  to  rednes  the  panel 
nature  frequeneies* 

Equation  for  the  natural  fTequeaqr  of  unlfom  thin  qrlindrieal  shsUs  having 
either  bean*  ring  or  flat  ]d.ate  type  of  vlbrationt  (Ref*  6l) 

■  "'■“'Va  •  <  °i-  > 

*  *  a  nr  a 

Q  ■  q  i  cylinder  ain}^  supported  at  both  ends 

Q  ■  q  ^  1/2  i  blinder  clamped  or  frso  at  both  ends 

Q  ■  q  -  1/2  t  cylinder  cantilerersd  fron  one  end*  free  at  othar  and 

a  ■  radius  of  cyllndor 

Jt  ■  length  of  qrlinder 

y\  ■  0*  1*  2*  0*0  ■  nuabsr  of  cireumferontial  wares 

(2)1  ■  nuabsr  of  oircunforential  nodes) 

Cyy  ■  flexural  wavs  velocity  for  y)  ciretiBfsrsnt^>al  waves 

c^  ■  speed  of  sound  in  the  aatorial  eonposiag  the  cylinder 

q  ■  If  2*  eaee*  ■  ordsr  nunber  of  the  resonance 

Q  ■  nunber  of  axial  half'-waves  with  l/4'^ve  aaauned  for  f^ree  and 

clanped  ends 
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“  2lrf/ci,  =  wave  ntanber  for  frequency  f  in  the  material 
k„  «  2‘Trfjj/Cjj  a  flexural  wave  number 
fjj  a  frequency  of  vibration  for  n  circumferential  waves 
h  a  cylinder  thickness 

Procedure  for  calculating  cylinder  natural  frequencies: 

1.  Qioose  integer  q  and  cos^puter  (Qa/^). 

2.  Choose  integer  n  and  draw  daehed  line  (idiich  corresponds  to  the  value  of 
(Qa/^)  cffi  nomograjrdi  (Figures  139.  3/^  andUd)  corresponding  to  n. 

3«  mterseetion  of  this  dashed  line  id.th  solid  line  determines  a  value  of 
(kija)  a  (kj^a)nQ  . 

4a  Cosqwte  (Cj/2ira). 

5a  With  the  cQsqsubed  value  of  (01/27:  a)  and  the  value  of  coaqnxte  the 

frequency  ^nq  by  the  above  equation. 

n  a  0  iarplies  expansion  and  contraction  of  cylinder  crosa-aection. 

n  a  1  iBgd.ies  translatiM)  of  cylinder  cross-section  without  deformation. 

n  att  2  bending  or  corregation  of  cross-section  perimeter. 


Freqiwncy  equation  for  the  transverse  vibrations  of  the  surface  of  a  pressurized 
thin  cylindrical  shell  idien  the  circvatferential  and  axial  inertial  forces  are 
negligibly  asallt  (Reference  17  ) 


r„,  -  i-IT I  _2i _ _  ♦  (n2  .  a  +  i  >?) 


Extension 


Inexbenslon 


Internal  Pressure 


A  “  nds2,  ^/a^  5  »  a,^'^  10 


m  a  niaber  of  axial  h^-waves 
m  +  1  a  number  of  axial  node  points 

n  a  number  of  circumferential  waves 
2n  a  number  of  clrcimsferentlal  node  points. 
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Figure  135.  Fr««  Flexural  Velocity,Co;  Pressurized  Cylinder  not  Loaded  by  a 
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Figure  136.  Free  Flexural  Velocity,  Co?  Pressurized  Cylinder  Not  Loacled  by  a  Liquid 
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(n,q)s(0,l)  (1,1)  (2,1)  (3,1)  (U,l) 


(0,3)  (1,3)  (2,3)  (3,3)  (lt,3) 


n 


Figui^  141. 


Typical  Frequency  Response  Curve  of  a  Thin  Pressurized  Cylindrical 
Shell  on  T 


Equation  for  the  pure  inextensional  natural  frequency  of  a  iinifomi,  thin  cylindrical 
shell  of  radius,  a,  length,  L,  thickness,  h,  ard  density,/^.  E  is  equal  to  the 
modulus  of  elasticity  of  the  material,  V  is  Poisson^s  ratioo  Reference  62,  page 

Two-Dimensional  Vibration  Perpendicular  to  the  Surface 

*»  E  •  n2(n^»-l)^  .  n  =  2,  3,  o... 

"  y3^)a!*  n2+l 

Note  that  this  equation  is  independent  of  length,  Le 


Approximate  Equation  for  Three-Dimensional  Vibration 
(Radial,  axial,  circumferential) 

Eh^  .  n^tn^-l)^  .  l-»-24(l-V  )  a^/nV 
”  12/)(1-V^)»^  a2/j^n^(n2+l)L2j 


Equations  for  the  pure  extenslonal  natural  frequencies  of  a  uniform,  thin  cylindri¬ 
cal  shell.  Note  that  these  equations  are  independent  of  thickness,  h.  Reference 
62,  page  546. 
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Pure  Radial  Vibration;  a/L«0 
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Longitudinal  Vibration;  a/LssO 
^‘n  “  X 


-  0 
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Fig*  142 Jlat\iral  Frequencies  of  Square  Flat  Plate  with  Various  Edge  Conditions! 
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Natural  Frequoieles  of  a  Thin  Circular  Flat  Plate  with  Various  Boundary 
Conditions s 


A.TfO-*' 


/A/ (/- 


Table  X?  Values  for«c 


Boundary  Conditions 

B 

0 

n 

2 

3 

tJlsmpod  Edge 

0 

10.21 

39.78 

8S.90 

1 

21.22 

2 

34.84 

0 

9.076 

Free  Edge 

1 

2 

5.251 

20.52 

35.24 

3 

12.23 

52.91 

Center  Simply  Supported 

0 

3.75 

20.91 

60.6S 

119.7 

(Node  Point  at  Center) 

1 

AXLal  Syinnetrlo 

2 

5.251 

Vibrations 

3 

12.23 

5  ■  number  of  nodal  circles, 
n  •  nunriser  of  nodal  diameters. 
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The  mode  number 


11.U5 

20.30 

23.65 


2 

3 

U9.35 

6U.31 

73.1a 

78.96 

95.85 

108,3 

5 

6 

98.70 

116.8 

132.3 

128.3 

ll;7.6 

165.2 

71.U6 

81.82 

86.85 

97.03 

98  .Hi 

109  .U 

16.19 

2U.15 

27.81 


16.19 

35.114 

I45.79 

6U.7U 

66.72 

96.33 

25.80 

I46.02 

59.98 

79.06 

79.2li 

111.2 

29.08 

52.52 

68.52 

89.140 

89.29 

12li,5 

5 

13.I12 

5 

21.52 

5 

2U.89 

s  di'mehShtaof  ih* 

J« 

f*r  fyukdiii^n 

A//  edjf9j 
J  bO  ,  p/»>»€d  edgej 

JsAo,  pArii^U/  tdgtj 

Ja  od  ,  iylt/  eUtnp&d  edges. 
HeUte^iee.  ¥^. 


The  following  equabions.  In  conjunction  with  the  curves  of  Figures  146  and  147*  may 
be  used  to  determine  the  frequency  response  function  and  the  associated  stress  of  a 
flat  elaa^d- clamped  rectangular  plate  when  the  extension  of  the  middle  fdlane  of 
the  plate  is  significant .  It  is  assumed  that  the  plate  is  uniformly  loaded  by  an 
oscillating  pressure  having  a  single  frequency  and  normal  incidence  to  the  ;^te. 

K3  A  3  +  Kg  A2  +  A  +  Kq  =  o  (41) 


,  tp 


12(1  -V^) 


s 


>  /b 

{  {  <p(x,y)  dxdy 

\  \  ^  (x*y)  'ixdy 

\  \ 

/  J 

0  0 

1.3  at  b/e**o 


tto 

1.5  at  b/a=1.0 


Q 


1 

TS 


A  * 

r,s  = 


I* Maximum  amplitude  of  oscillation  of  center  of  plat^ 


Nondimen sional  parameters  obtained  by  c\irve-fitting 
the  equation 
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in 


(42) 


PlA 

Dh 


to  th«  eiirv«8  in  Figaro  146* 

a,  b  ■>  edge  diawneions  of  panel  (a^b). 

D  B  i^te  bending  stiffneee 
£  »  Young*8  ■odula8  of  auterlal  in  plate 
f  B  denolty  of  material  in  plate 
h  •  total  plate  thlekneaa 
y  B  Pol88on*8  ratio 

^  B  ratio  of  actual  dai^ping  to  critical  damping 
oJq  b  plate  natural  frequency  in  bending 
<0  B  frequency  of  applied  presaure 
P  B  maxlmiai  aaplitude  of  apjlied  pressure 
<P(x«  y)  B  mode  ahape  of  panel 

T^b  dynamic  factor  accounting  for  the  effect  of  the  mode  shape  on  the 
effective  mass  and  effective  apiuied  forae. 

Procedure  for  calculation: 


1,  Specify:  a,  b,  E,  /» ,  h,  V  ,  3  ,  P,  a;. 


2. 

3. 

4. 


Fit  Equation  (,’^2)  bo  appropriate  curve  in  Figure  346  and  determine  T  and  S  . 
Compute;  ,CCq,  Q,  K3,  Kg,  K^,  and 

Solve  Equation  (41)iOr  A  and  compute  A  by  relation  A  1 


5*  Compute  A/h  from  tho  value  of  A  given  by  step  4> 

6.  In  Figure  14^  determine,  from  appropriate  b/a  cxarve,  a  value  for 
for  A/h  computed  in  step  5;  the  value  of  P  in  this  expression  is 
the  equivalent  static  pressure  on  tho  plate,  and  differs  from  the  P  givsn 
above  because  of  the  dynamic  plate  response.  In  order  to  avoid  confusion, 
this  value  of  P  is  denoted  by  Pg  and  the  original  value  of  P  is  denoted 
by  Pg«  Thus,  )4  ig  now  known.  Also,  let  A  corresponding  to 

Dh  h 
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Pe(b)'‘ 


Dh 


7*  Compute 


be  denoted  by  A£  .  Thus,  4®  is  known  from  Step  5. 
h  b 


P8(b 


and  find  ^  from  Figure  146  using  the  appropriate  b/a 


Dh 


curve.  Ps  and  Ag  are  assumed  to  correspond  to  static  values  of  the 
pressure  and  center  ;^to  dsflecticn. 

8.  Dynamic  magnification  factor  for  deflection  ■  ^e/^s. 

9.  With  the  two  values,  Pe(b  and  Ps(^  .  enter  Figure  147  and  from 

Oi  Dh 

the  appropriate  b/a  curve  detersdne  the  corresponding  dynamic  and  static 
stress  factors,  Sg  and  Sg  respectively. 

10.  The  stress  at  the  long  edge  of  the  plate  can  be  found  from  the  expres¬ 
sion 


3Jr 


(L.v2)(b/2)2 


and  thus  and  <7-,  correapondlng  to  Sg  and  Sg  can  be  eospxbed* 

11.  Dynamic  magnification  factor  for  stress  « ■  ^/^a,  (Note  that  due 
to  the  nonlinearities  introduced  by  the  membrane  extensional  stresaes.  the 
dynamic  magnification  factors  for  aniAitude  and  stress  are  different. 3 

12.  The  above  process  can  be  repeated  for  the  same  value  at  P  (or  Pg)  for 
different  values  of  iu  ,  and  frequency  response  eurvee  can  te  constructed 
for  the  aiqf>litude  and  stress  dynasde  magnification  factors.  These  curves 
will  appear  to  have  the  fi^owlng  form: 


Different  values  of  P  (or  Pg)  generate  different  response  curves.  The 
above  procedure  is  taken  from  Reference  15  and  Figures  Ilf)  and  147  wars 
taken  from  pages  346  and  349  of  Reference  9* 
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)  800  1600  2400  3200 

Fif^re  143  Large  Static  Deflections  of  Flat  Rectangular  Panels  for  a  Uniform 
Surface  Pressure,  P,  Ref .64,  Page  350. 


Equation  for  the  fundamental  frequency  of  vibration  for  a  thin,  circular, 
clamped,  flat  plate  experiencing  middle  plane  extension.  Reference  64, 
Page  433,4.  _ ^ 

f  «•  '  JiOaSii  A  /  ■  A  A  1*464 

2  TT  a2  V  (1-y^)  ^  1?^ 

^  .  -3Pa^(l-r)  1 _ 

l6Eh3  1  + 


P 

h 

a 

/ 

E 

V 

f 


Deflection  at  the  center  of  the  circular  plate 

Uniformly  distributed  pressure  loading  over  the  plate 

Plate  thickness 

Radius  of  the  plate 

Mass  density 

Young* s  Modulus 

Poisson’s  ratio 

Frequency 
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Figuj:*e  14i4«  Stress  Factor  for  Large  Static  Deflection  of  Flat  Rectangular 
Panel  with  Uhiform  Surface  Pressure  P;  Stress  for  Longest  Edge  of  Panel 


Flgare  145s  Ststlo  Strsss  ve*  Statlo^i^asim  13**  Flat  Rsotangular 

ilmdxam.  FaMla  o:r  Thloknsssas  ,032,  001^0,  ,06k,  and  .061  laohos. 

f 


Comprasslon 


Flgare  145b.:  statlo  Stress  vs.  Statlo  Pressure  for  Curved  Panels  with  11**  x  13  " 
Reotangular  Base  with  Various  Radii  Qf  Curvature. 


328 


100 


200 


FrequeiK^,  cps 


Figure  146.  Peak  Stress  Amplitude  vs.  Frequent  for  .040 

Inch  Thick  Flat  Panel  with  Acoustical  Siren  Normal 
Pressure  Loading 
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5 


Panel  Thickness  -  ii 
Figure  146  .  Maximum  Stress  vs.  Panel  Thickness 
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167 


Figure  149  Amplification  Factor  vs.  Sound  Pressure  I«vol 


-&L 


Free  edge,  in  units  of  Corresponding  Frequenqr  for  flat  plats  ^th  aero 
Poisson’s  Ratio. 


Figure  150,  Pundjunental  Axi-Syinnetrio  Vibration  Frequencies  of  Shallow 
Spherical  Shells,  Ref,  35 e 
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Figure  151e  Added  Surface  Mass  of  a  Liquid  in  a  Cylinder  (Reference  61) 


PaML.Danp^,nR 


The  damping  of  vibrations  in  panel  structures  is  a  composite  of  several  types 
of  damping  from  different  sources  and  having  different  characteristics.  The 
major  constituents  are  listed  here: 

1.  Material  damping  of  the  structure. 

2.  Coulomb  (friction  duo  to  slip)  damping  in  the  joints  at  the  fixed 
panel  boundaries,  or  in  the  joints  of  panel  structure  itself  in  the 
case  of  panels  which  are  built-up  from  several  elements. 

3.  Viscoelastic  damping  in  the  joints  at  the  boundaries  of  the  panel  or 
in  the  joints  within  the  panel  proper  for  built-up  panels. 

4.  Viscoelastic  damping  of  additive  panel  surface  damping  materials. 

5.  Acoustical  radiation  damping  into  the  medium  surrounding  the  panel. 

6.  Aerodynamic  damping. 

Material  damping  of  the  panel  stmcture  is  highly  dependent  upon  the  state  of 
stress  idiich  exists  in  the  panel;  i.e*,  upon  the  magnitude  and  distribution  of 
stress  throughout  the  panel.  According  to  Plan,  Ref.  65.  at  very  low  stress 
levels,  the  damping  is  governed  by  the  thermoelastic  properties  of  the  material. 

A  varying  low  magnitude  stress,  or  strain,  whi^h  has  a  uniform  stress  distribution 
throughout  the  material,  leads  bo  a  unifom  low  stress  level,  the  distribution  of 
stress  is  nonhomogeneous,  temperature  gradients  are  set  up  vMch  produce  enersr 
losses  at  intermediate  frequencies.  For  very  low  or  very  high  frequencies, 
little  or  no  damping  occurs  because  the  temperature  gradients  have  time  to  level- 
off  at  low  frequencies  and  the  process  is  essentially  adiabatic  at  hi^  fre¬ 
quencies.  At  higher  stress  levels  a  different  material  damping  process  occurs. 

The  stress  strain  relationships  become  multiple  valued  leading  to  hysteresis 
loop  because  of  plastic  action,  or  internal  friction,  within  the  material*  The 
area  of  this  loop,  for  any  fixed  stress  level  equals  the  amount  of  energy  danq»d 
per  cycle. 
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Matezlal  damping  at  thaae  highar  stross  levels  Is  independent  of  frequency 
since  the  hysteresis  loop  for  a  particular  case  is  the  same  for  a  static  as 
wall  as  a  dynamic  state  of  stress  and  strain.  This  damping  is,  hoNever, 
dependent  upon  the  stress  amplitude  and  hencoi  for  panels  upon  the  surface ^ 
deflection  of  the  panel.  The  most  common  e]q)re8Slon  used  for  measuring  damp* 
Ing  is  the  energy  dissipated  by  the  material  per  cycle  of  harmonic  loading. 
This  quantity  is  related  to  stress  according  to  the  relationship,  Reference  16, 

where 


*  damping  energy  dissipated  per  ^cle  for  stress 
amplitude  S. 

(A El*  damping  energy  dissipated  per  (qrcle  for  a  stress 
^  ^  level  of  1  psi. 


^  ■  real  positive  number. 

In  the  intermediate  stress  range,  above  the  very  low  stresses  and  below  a  certain 
critical  eiirese  level,  the  value  of  m  lies  generally  between  2  and  3  for  most 
structural  materials.  (Note*  m  ■  2  implies  linear  daimping).  k  critical  stress 
value  exists  for  all  materials,  called  the  "cyclic  stress  sensitivity  limit," 
or  the  fatigue  strength  point.  Reference  16,  above  which  the  v^ue  of  m  in¬ 
creases  markedly  and  may  attain  magnitudes  of  from  3  to  20,  depending  upon  the 
material  Involved.  Reference  1^  states  that  this  range  is  probably  fran  3  to 
13  for  aircraft  structures  with  an  average  value  of  8.  This  may  be  shown  in  the 
following  diagrams  in  terms  of  the  panel  deflection  rather  thm  panel  stress  s 


Figure  153.  Damping  Energy  vs.  Panel  Deflection 
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True  coulooib  friction  Is  a  kinetic  frlcbional  Sovcn  wi:dch  is  characteristic  of 
the  force  existing  between  diy  eliding  surfaces*  The  energy  damped  per  cycle 
for  such  a  damping  action  is  proportional  to  the  first  power  of  the  deflection. 
The  type  of  damping  occurring  at  riveted  or  bolted  Joints  at  the  boundaries  of 
the  panel  or  of  any  built-up  panel  structure  is  better  characterised  as  ’’sUp" 
damping*  Although  this  is  essentially  coulomb  in  nature,  "slip"  differs  from 
coulscfe  in  that  onsrs^  dissipation  psr  ^'cle  is  not  in  general  proporticnsl  to 
the  first  power  of  the  amidltude  of  the  deflection.  The  following  graph  shows 
a  probable  variation  of  disnped  energy  versus  deflection  for  plates  '•d.th  rivst-sd 
or  bolted  edge  support t 


Figure  154. 
Slip  Damping 


Slip  occurs  at  Joints  when  the  stress  around  rivets  and  bolts  reaches  a  magni¬ 
tude  greater  than  or  equal  to  that  which  produces  a  force  between  the  plots  find 
rivet  (or  bolt)  equal  to  the  maximum  static  friction  force  in  the  Joint.  Since 
the  latter  tangential  force  depends  upon  the  normal  pressure  in  the  Joint,  the 
deflection  (or  stress }  at  which  slip  initiation  occurs,  this  deflection  will  vary 
with  the  tightness  of  the  Joint.  The  tlghv.use  of  the  Joint  aLeo  determines  the 
amount  of  damping  obtainable  from  sliding  friction,  and  has  a  variation  like  that 
shown  inFigu^  155* 

Only  a  brief  mention  is  made  hare  of  the  damping  effect  of  viecoelaatic  materi¬ 
als  since  these  are  not  at  present  widely  used  in  space  vehicle  structural  de¬ 
sign.  This  does  not  imply,  however,  any  lack  of  importance  for  such  materials, 
since  these  may  significantly  add  to  the  damping  of  panel  vibrations.  Visco¬ 
elastic  matsiiala,  such  as  Poly-iso-butelens,  are  used  at  the  interfaces  between 
the  panel  and  the  supporting  frame  auch  as  is  shown  in  Figure  156,  ’’eference  16. 
Deflections  of  the  panel  surface  produce  email  deflections  at  the  edges  causing 
cyclic  shearing  stresses  in  the  vlacoelastlc  material*  In  addition  to  the 
damping  properties  of  these  materials,  they  also  produce  elastic  restoring 
forces  on  the  deflected  panel.  A  three  dimensional  plot,  shown  in  Figure  157, 
shows  the  variation  in  energy  dissipated  per  cycle  with  the  elastic  and  viscous 
shear  forces  and  G2.  In  tersns  of  panel  stress  the  dissipation  equation  given 

above  generally  has  an  m  »  4  for  interface  damping  so  that  (Z^£)  •  (dB)^*  S^. 
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(inch-pounds) 

Flgura  155.  ^orgjr  ipn  per  Cycle  for  Various  Loadings  of  A 
Riveted  and  Integral  Bean 
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A  second  tsrpe  of  viscoelasfclc  material  may  be  used  to  dampen  panel  vibrations* 
These  an  in  the  form  of  overlays  on  the  panel  surface.  Figure  159  shows  the 
ratio  of  composite  dBnq>ingf  3  ,  of  a  plate  with  euch  an  overlay,  to  the  damping 
of  the  viscoelastic  material  itself.  This  graph  shows  the  dependence  of 
the  damping  ratio  on  the  thickness  and  elastic  Dod\dus  ratios  of  the  plate  and 
the  overlay. 

A  vibrating  panel  imneread  in  a  fluid  mediim,  such  as  air,  induces  pressure 
«raives  in  that  sedluBi  vdiich  are  propagated  away  from  the  panel  surface.  In  doing 
so,  the  panel  gives  up  a  certain  amount  of  its  kinetic  energy,  with  the  resultant 
effect  on  the  panel 'being  the  same  as  dassping.  Tn  Reference  5$,  the  equation 
of  motien  ie  derived  f<or  a  single  degree  of  freedem  rigid  plate  surrounded  by 
a  fluid  medium  and  attached  to  a  foundation  throuj^  a  spring  and  iqptcn  tihieh  acts 
a  force  F(t).  ^  is  the  density  of  the  surrounding  medium  and  c  is  the  speed  of 
sound  in  that  medium.  The  effective  damping  provided  by  the  fluid  meditoi  is  seen 
to  be  2>oc.  |~Q  ^3  ■  K/2/ocoj.3  The  effect  of  this  dsmping  for  such  fltiids  as 

air  is  very  small  except  at  resonance  of  the  system.  At  resonance,  the  motion  of 
the  plate  la  actually  limited  by  this  effect  ao  that:  x  ^  K  8  ^2  ^ 

datable  2^ettiQ 


X 

^ - ► 


m 


Figure  156.  Schematic  for  Shewing  Fluid  Damping 


It  has  been  aaaumed  above  that  the  propagated  waves  are  not  reflected  back  to 
the  vibrating  plate.  In  the  case  of  a  panel  at  the  surface  of  a  closed  cylin¬ 
drical  shell,  striding  wave  patterns  may  bp  set  up.  in  the  contained  fluid 
causing  this  fluid  to  becoms  reactive  as  wsU  as  dissipative,  thus  changing  the 
panel  natural  frequencies  from  their  *1n  vacuo"  magnitudes.  This  is  quits  a 
conplex  problem,  beyond  the  scope  of  this  report,  and  reference  is  made  to  56, 
66,  and  6?  in  the  bibliography  for  fiuther  discussion  of  this  problem. 
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ATTENUATION  OF  VIBRATION  WITH  DISTANCE  IN  TYPICAL  STRUCTURE 


The  vibration  at  point  A  may  be  due  to  the  local  environBont  at  point  A  or  it 
could  be  due  to  the  environswnt  at  point  B,  inducing  sufficient  response  at 
point  B  ehlch  la  transmitted  thru  structure  to  point  Ao  Ths  gradient  of  the  en¬ 
vironment  and  the  vibration  attenuation  eharaeterlstles  of  the  structure  would 
appear  to  be  governing  factors.  Fortunately,  an  experiment  was  conducted  some 
years  prior  to  this  contract  which  provided  the  raw  data  to  determine  the  atteonar 
tion  of  typical  structures.  A  JOO^’lnoh  length  of  Stoaiic  fnsela^  structure  on 
a  soft  suspension  was  idbrated  at  one  end  and  the  struetural  response  measured 
as  a  function  of  distance  from  the  source.  The  input  was  nonsal  to  the  fuselage 
centerline  and  the  responses  were  measured  in  the  same  distance.  The  vibration 
was  a  sifiusoidsl  input  at  discrete  freq^enqr  from  20  cps  to  IStOQcpsa  A  random 
input  was  used  but  no  complete  analyses  were  made  of  this  output.  The  Sbaric 
fue^ago  is  60  Inchss  in  dianster  and  mads  up  of  constant  .190  magnesium  skins. 

Ths  analysis  was  an  attempt  to  answer  the  question  whether  a  constant  attenuation 
between  successive  ^cles  might  describe  the  attenuation  independently  of  fre¬ 
quency.  Data  from  Reference  61  (S.  Crandall,  Random  Vibrations,  Tsehnology  Prsss) 
was  used  to  determine  the  velocity  of  surface  waves  being  transmitted  longitu¬ 
dinally  thru  the  skin.  Tlie  velocity  of  these  surface  waves  varied  from  2700  fps 
at  1200  cps  to  715  fps  at  100  cps  as  compared  to  the  speed  of  sound  in  magnesium 
of  15,100  fpe.  The  results  presented  in  Flgurel6Lshow  that  the  attenuation  per 
cycle  is  indeed  a  constant  independent  of  freqiuonoy.  The  constant  is  .72  for 
the  ratio  of  successive  peaks  or  .515  for  suecossive  peaks  of  amplitude  squared. 

In  ths  plots  of  Bnark  response  duri:«  launch.  Figures  93-98,  an  anostaly  in  the 
data  eziats  on  Figure  98  in  that  a  bulge  in  the  response  data  suggests  a  locally 
high  response  in  ths  area  inowdiataly  forward  of  the  rocket  nossle.  Structural 
borne  transmission  from  areas  of  still  hif^er  structural  response  do  not  account 
for  all  of  the  exceedance,  and  it  may  be  possible  tha  <  part  is  coming  troa  a 
resonance  effect  of  the  local  fuselage  panels  or  substructure .  This  one  case  is 
an  exception,  however,  and  the  success  of  the  correlations  presented  in  gsneral 
shows  that  the  vibration  at  any  given  point  is  in  general  determined  by  the  local 
environment.  This  is  particularly  true  for ftequsncies  above  100-200  cps  and  not 
directly  true  at  frequencies  below  these  values,  except  as  one  integrates  the  exci¬ 
tation  over  the  whole  vibration  and  correspondingly  obtains  an  integral  measure 
of  the  deflections  and  generates  a  correlation  on  this  basis.  The  significance 
of  the  frequency  which  divides  tha  correlations  into  direct  and  integral  correla¬ 
tions  is  the  agreement  of  this  frequenter  with  ths  upper  limit  of  the  gross 
vehicle  natur^  frequency  considered  significant  and  worthy  of  measursewnt  on 
a  ground  vibration  test  and  its  agreement  with  the  lower  bound  of  frequent  repre¬ 
senting  struetural  panels  and  substructure . 
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(A  radial  Input  ia  transmitted  longitudinally 
to  a  point  at  i^eh  the  radial  output  is  measured.) 
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Figure  160.  Vibration  Attenuation  in  Snark  Fuselage 


STRUCTURAL  DAKPIHG 


A  (ranmaxy  of  tho  available  dai&ping  data  la  praaanted  in  Figure  I6l  to  help  in 
the  estimation  of  transfer  functions  and  to  obtain  a  general  feel  for  the  struc¬ 
tural  damping  of  the  gross  vehicle  modes.  Transfer  functions  may  be  estimated 
knowing  the  natural  fre^enoyf  mode  shapes  generalised  force  and  mass  for  each 
modef  if  m  estimate  of  the  damping  is  also  available.  The  damping  for  air¬ 
craft  Diodes  is  ni|^sr  thsTi  w^ctsd  dus  possibly  to  an  inccs^sts  definition 
of  the  response  curves.  Ihs  damping  was  estimated  from  the  width  of  the  resonant 
peak.  In  transient  analysis  of  oosplete  structural  reaponas,  it  is  common  to  use 
5  per  cent  of  critical  damping  as  an  astimata. 
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VI 


FATIGUE 


INTRCOUCTION 

The  mechanism  of  vibration  and  acoustic  failure  Is  fatigue.  Although  a  working 
knowledge  of  fatigue  exists  in  every  design  and  structures  group,the  recent  develoi)> 
msnts  In  this  problem  area  have  been  unusually  worbhtdiUe  as  a  result  of  more  effort 
and  emphasis.  Approximately  300  papers  per  year  are  produced  on  this  surject.  ^e 
nature  of  the  damage  within  the  crystal  Is  more  thoroughly  understood  and  a  usable 
mathematical  base  for  analysis  and  prediction  Is  approaching.  The  knowledge  to 
optimise  solutions  of  the  fatigue  problem  Is  not  available  and  rellKice  is  placed 
mainly  on  testing  and  the  margLi  of  safety. 

Pest  experience  was  concerned  with  failure  of  equipment  and  secondary  structures. 
Primary  structuzol  failures  were  ncceedingly  rare  until  the  last  few  years. 

Acoustic  fatigue  of  Jet  engine  inlet  duets  and  gust  Induced  fatigue  of  primary 
structure  are  Important  and  costly  examples.  A  failure  existed  due  to  acoustic 
fatigue  in  the  internal  structuio  of  the  main  bMc  of  the  horlsontal  stabiliser  of 
the  BA5  aircraft.  It  Is  unfortunate  that  the  more  eomaon  failure  in  the  acoustic 
fatigue  problem  involves  substinicture  which  Is  difficult  If  not  impossible  to 
inspect.  All  aspects  of  the  contributions  of  dynamic  stressing  of  primary  structure 
must  now  be  provided  for.  Both  economic  reasons  and  weapon  aystem  effectiveness 
support  this  conclusion. 


Figuare  162 

Mean  Time  to  Failure 
for  Complete  System  for 
2  Tear  Mission  Lito 
Space 


2.0  6.0  20 

Mean  Time  to  Fall\a«,  Caqilete  System 


200  Years 
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ThM  reasons  for  the  emergence  of  fatigue  as  a  primary  design  criterion  have 
been  the  requirements  for  greater  vehicle  performance,  the  use  of  more 
efficient  concepts  of  structural  design  for  problems  other  than  fatigue, 
the  use  of  optimum  design  principles  throughout  the  vehicle,  a  general  cut 
in  design  margin,  and  a  greater  number  of  parts  arising  from  greater  corn-- 
plesdty. 

A  thought  provoking  illuatration  of  the  need  for  additional  emphasis  is 
shown*  in  Figure  iSj,  taken  from  Reference  15> 


Attaining  mean  times  to  failure  for  a  conq>lete  cystem  of  this  ordur  will 
require  new  knowledge. 


A  basic  presentation  of  the  fundamentals  of  fatigue  is  given  which  include 
the  Important  expsrlasntal  results.  Material  of  Shanlqy,  Reference  1,  and 
Sines,  Reference  2,  is  used. 


A  oonvanti(»ial  presentation 
of  the  S-N  data  for  a  number 
of  different  materials  shows 
conslderaible  variation  in 
level.  Figure  163.  No  basic 
correlation  exists  in  the 
data  which  could  be  used  to 
predict  new  situations.  The 
fatigue  curve  may  be  divided 
into  three  parts,  the  re¬ 
peated  load  portion  similar 
in  stress  level  to  the 
strength  of  the  material, 
the  center  of  the  curve 
which  is  a  straight  line 
using  log-log  scales,  and 
the  endwance  limit  region. 
No  one  set  of  governing 
parameters  oovers  all  parts 
of  the  curve. 


LOQ  S 


SAl  U3U0 


202ii>TU 
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02U-TU 
Rolled 
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Fig.  163  Conventional  Presentation  of  S-N  Data 
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The  failure  mechanism  within  the  crystal 
is  due  to  unbending  from  plastic  defor¬ 
mation.  A  measure  of  plastic  deforma¬ 
tion  occurs  in  the  hysteresis  loops  The 
hysteresis  loop  is  a  result  of  the  funda- 
mwital  imperfections  of  the  material, 
a  reflection  of  internal  dislocations 
and  slip.  These  same  material  charac¬ 
teristics  which  give  width  to  the 
hysteresis  loop  are  responsible  for 
fatigue.  When  the  hysteresis  loop 
collapses  to  a  straight  linei  perfectly 
elastic  action  is  indicated  and  fatigue 
is  impossible.  In  real  material^  the 
ideal  of  perfectly  elastic  action  is 
approached  below  the  endurance  limit 
where  the  plastic  strain  is  negligible. 


Fig.  i6A.  Hysteresis  Loop 


If  the  hysteresis  loop  were  to  remain 
constant  throughout  the  life  of  the 
part,  a  constant  relationship  would  exist 
between  the  alternating  values  of  the 
plastic  strain^  the  total  strain  and  the 
total  stress.  In  Figure  165  it  is  shown 
that  the  bending  tnomoit  required  to 
produce  constant  strain  is  often  a  vari¬ 
able,  however  Strain  hardening  and 
strain  softening  is  illustrated. 

Still  a  third  parameter  suggesting  that 
a  test  should  be  made  for  correlation 
based  on  plastic  strain  is  the  fact  that 
the  damping  indicated  by  the  hysteresis 
loop  increases  radically  in  some  materials 
above  a  stress  value  called  the  cyclic 
stress  sensitivity  limit  (See  Lazan"*’-^). 
This  stress  is  veiy  near  the  endurance 
limit. 


Fig.  Bending  Homent  required  to 

165  Produce  Constant  Strain 


The  correlation  based  on  plastic  strain  is  shown  in  Figure  166  for  steel  and 
aluminum  and  for  normal  and  elevated  temperatures.  Although  based  on  limited 
data  it  appears  a  fundamental  correlation  does  exist.  It  is  worthwhile  noting 
that  the  collapsing  of  the  data  to  a  single  line  based  on  parameters  measurable 
in  fatigue  has  at  the  same  time  eliminated  consideration  of  oonventi  cs«  al  material 
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properties.  A  cause  for  some  of  the  previous  unwanted  scatter  in  fatigue  data  is 
given  bgr  considering  the  above  result.  The  data  suggest  that  plastic  strain  is 
the  proper  quantity  to  measure  and  hold  constant  during  testing  rather  than  the 
imposed  load  or  stress  level. 


Figure  166  •  Fatigue  Data  from  CSontroUed  Strain  Tests  (Reference  3) 
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Fatigua  cracks  originate  at  the  surface. 

The  rare  exceptions  are  found  to  be  concerned 
with  Internal  voids  which  may  also  be  looked 
at  as  free  surfaces.  Slip  planes  exist  as  Ar 
normal  flaws  within  the  crystal  In  any 
iusterl&l.  With  ccntlnued  %^nclng}  the  slip 
planes  become  more  prominent,  allowing  a 
reversible  shearing  action  which  causes 
progressive  severing  of  the  atomic  bonds. 

A  crack  develops  within  one  crystal,  is 
temporarily  delayed  at  the  grain  boundary 
and  finally  spreads  to  adjacent  crystals. 

The  electron  microscope  has  identified 

cracks  in  material  after  only  four  percent  Pig* 

of  the  life  span. 


•“-r 


Pig*  16?  Hypothetical  Varlatl 


A  leverage  action  takes  place  at  the 
edges  of  the  unbonded  area  when  tension 
stresses  are  present  perpendicular  to 
the  unbonded  area.  Tension  aecelerates 
the  breakdown  of  the  material  but  is  not 
a  basic  requirement  since  failure  can  be 
produced  %diolly  in  the  cco^resslon  range. 
The  fundamental  parameter  Is  the  amount 
of  plastic  strain  imposed. 


LOO  dtf* 


LOO  4lg 


Fig*  168 


LOO  H 


If  a  value  of  cyclic  stress  amplitude  A A®' 
exists  below  which  no  ^ellc  plastic 
strains  occur,  an  endurance  limit  will  be  . 

present.  Flmre  167  shows  the  cyclic  plastic  J 

strain fiep«'(A<r-^Crp)^»  Figure  169  shows  » 

an  alternative  possibility  ^Sq'^ACT^  with  a  ' 

cutoff  at  ACp  and  Figuras  l68and  170  show  [_ 

the  corresponding  S-N  curves.  Pig.  169 


356 


The  physical  exid.anatlon  of  the  endurance 
limit  is  that  the  dislocations  tdthin  the 
crystal  are  pinned  by  mild  stressing* 

Such  lookijig  up  of  the  dislocations  does 
not  occur  vriien  high  stress  levels  are 
intemixed  with  low  stresses*  The  inter¬ 
mixing  of  hi^  and  low  stresses  generates 
more  dislocations  at  high  stress  levels 
than  can  be  pinned  at  low  levels*  Conae- 
quently^  S-N  curves  for  randan  loading 
are  significantly  below  those  generated 
at  one  stress  level  only*  References  6. 
17*  and  18. 


cell.  HMtlc  rtr.1.  of  PlIMW  linil.nilW  Ulli 

anqplitude*  the  rate  of  growth  of  crack 
area  can  be  es^reased 


da 

dn 


tuiera  a  s  crack  area  CRACK 

AREA 

n  a  number  of  cycles 
i^6p  «•  plastic  strain 


Integrating* 


Fig.  171 

At  the  point  tdten  the  critical  area  is 
reached*  n  becomes  N*  a  fatigue  life. 


Affine  Crack  Orowth  Curves 


^r  ■  Cd8‘p^ 
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Using  the  sxpex*imenbally  deteradned 
constant  from  Figui’-j  166, 

N  «  -  *36 

A€p2 

Ths  slops  olBtaSiMd  on  log-log  pspsr, 
-1/2,  srisss  froB  ths  sxpons^  of 
the  {dLsstic  strain  and  agrsss  %flth 
iMasursd  data. 

lha  rslatitxi  betwssn  plastic  strain 
and  ths  stress  is  that  shcMn  by 
Figurss  167  and  169  • 

A^p  ■  f(A«^) 

A6p  - 

“  '  T^ar)^ 


Flgurs  172 


Hie  effects  of  mean  stz^ss  can  be 
approodsiatsly  represented  by  the 
linear  interaction  curve 


ASL  -i-SiE.  .  1 

AcTo 

usable  to  the  yield  strength  uhere 

Ao*  alternating  stress 

allowable  alternating 
0  stress  at  sero  mean 
stress 


TEEU)  STRESS 


mean  static  stress 


Figure 


extrapolation  of  the  straif^t 
line  as  shewn  to  give  a  fic¬ 
titious  allowable  mean  stiress 
at  zero  alternating  stress. 
See  Figure  173 , 


An  interaction  curve  is  illustrated  in  Figaro  173,  A  siera  conventional  plot  is 
that  shown  in  Figure  172. 


Combined  Sbresees 


The  valid  theoretical  mechanisms  v^ich  attempt  to  explain  the  mechanism  of  fatigue 
include:  (l)  maximum  shear  criterion^  (2)  octahedral  shear  stress,  (3)  strain 
emrgy  method,  (U)  the  principal  strain,  and  (5)  the  principal  stress.  Concentra<~ 
ting  on  the  octahedral  shear  stress  criterion  because  of  its  support  from  e:g>erimen- 
tal  data,  we  describe  the  stresses  on  a  small  volume  of  material  by  enclosing  it  in 
a  Cubs  and  defining  ths  mcmsnt  and  shear  stresses  on  the  six  faces.  The  cube  casi 
be  oriented  so  only  normal  stresses  result;  these  are  extreme  values  called  the 
principal  sti^sses. 

Of  more  interest  to  plastic  flow  problems  (and  fatigue  is  apparantly  in  this  cate¬ 
gory)  are  the  shear  stresses.  The  octahedral  shear  closely  predicts  jd^stic  flow 


octa 


(Pi  -  P2)^  +  (P2  -  P3)^  +  (P3  “  Pl>" 


idiere  the 


are  the  three  principal  alternating  stresses. 


Figure  17A  is  a  plot  of  the  criterion. 

Pure  bending  is  a  vector  along  one  of  the 
axes,  piure  torsion  at  45**  as  Indicated. 
Combined  bending  and  torsion  occ\u*  only  in 
the  same  quadrants  as  pure  torsion.  Each 
principal  stress  oscillates  from  a  given 
value  in  the  tensile  direction  to  an  equal 
value  in  the  conpresslve  direction  on  the 
other  half  cycle.  The  diagram  is  applicable 
to  a  free  surface,  P2  =  0.  In  the  first 
and  third  q^drants,  the  principal  stresses 
are  in  i^eiss. 


The  c(»raon  problem  is  not  alone  one  of 
combined  alternating  stresses  but  also 
includes  an  array  of  static  stresses  as 
well;  all  combinations  of  axial  bending  or 
torsional  stresses  must  be  considered. 

Conanon  engineering  practice  presents  these 
data  in  the  form  of  the  GoodWi  diagram, 
but  this  procedure  fails  when  the  static 
stress  is  not  the  same  kind  as  the  alter¬ 
nating  stress.  The  vez^  interesting  summaries 
of  the  results  of  the  interactions  are  given 
in  Figures  175  fflid  176  =  The  ordinate  is  the 
alternating  stress;  the  abscissae,  the  static 
stress.  The  data  shows  no  Interaction  of  (l) 
static  torsion  on  alternating  torsion,  nor  (2) 
static  torsion  on  alternating  bending  as  long 
as  the  static  torsion  stress  is  less  than  the 
yield  strength. 


Octahedral  Shear  Failure  Criterion 
Figure  174 
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Ths  pBrsnisBible  alternation  of  the  octahedral  shear  stress  is  a  linear  ftmctlon  of 
ths  orthogontd  normal  static  stresses  (at  a  given  life) 

'C  octa  -  «l(8i  +  ®2  +  »3^ 

vdiere  f  »*  alternating  uniaxial  fatigue  strength  at  zero  mean  stress  at  the 
®  desired  life 

cL  (£o  _  1) 

3  'fi 

fn  ■  alternating  uniaxial  fatigue  strength  centered  on  a  mean  stress  of 
the  same  value,  at  the  desired  life* 


Effect  of  Mean  Axial  Stress  on  Axial  Fatigue 
Figure  175 


Effect  of  Static  Womal  Stress 
on  Torsional  Fatigue 


Figure  176 
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Yielding  must  be  prevented  to  provide  a 
design  which  is  at  all  conservative.  A 
simple  conservative  criterion,  in  lieu  of 
the  longer  and  more  exact  method  above,  is 
that  the  majdmum  local  shear  stress  must 
not  exceed  one-half  the  yield  strength. 

Pi  -  P3  *  W  ^  ^ 

2  2 

Wang^®  shows  that  the  octahedral  shear 
stress  can  be  calculated  without  knowing 
the  principal  stresses.  In  an  elastic 
solid  there  are  three  mutually  perpen¬ 
dicular  planes  with  no  shear  stress. 

The  nonnal  stiresses  are  the  principal 
stresses.  With  the  cube  oriented  in  an 
arbitrary  direction,  three  linear  simul¬ 
taneous  honogeneous  equations  must  be 
solved  to  find  the  principal  stresses 
and  directions.  The  secular  deterainant 
set  equal  to  zero,  yielding; 


S3  _  -  Jj  -  0 

*^1  sO’xx  +^yy  +^zz 

'^2  =  “^^xx^yy'^'^yy^zz  '‘‘^zz  ^xx  " 

■^3  =  ^xx^jV^zz  +  ^^iy^yz^^  "  ®xx^z^  "^zz^xy 

The  solution  of  this  equation  is  independent  of  the  choice  of  coordinates  and  the 
J;  are  called  stress  invariants.  Expressed  in  terms  of  the  principal  stresses 


+  Sg  + 

Jg  =  ”^^1^2  ®2^3  ^3^1^ 

J3  - 

If  the  hydrostatic  pressure  is  subtracted  from  each  of  the  principal  stresses, 
one  of  the  invariants  obtained  has  a  number  of  significant  physical  meanings. 
Let  p  =  Ji/3  where  p,  the  average  of  the  normal  stresses,  is  called  the  hydro- 
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static  pressures  Subtracting  the  hydrostatic  pressure  from  the  principal  stresses 
gives  the  stress  deviator 

"  P  Sg  «  Sg  -  p  Sj'  ■  S3  -  p 

Fonsing  Jg,.,  the  second  invariant  of  the  stress  deviator 

jg  a  -(Sj^  Sg^+  Sg'S3  +  S3  S^) 

-  1/2  (Si  ^  +  Sj^  ^  +  S3 

«  1/6  [(Si  -  82)^  +  (S2  -  83)2  +  (S3  -  S^f] 

Starting  with  only  the  data  available  froa  an  arbitrary  set  of  coordinates  at  the 
beginning  of  the  problea 

Jg  ■  1/6  pcysK  *  ^‘’’yy  “^as)^  *  -  ®x3c)^ 

The  second  invariant  of  the  stress  deviator,  following  phsrsieal 

significance : 

a.  It  is  proportional  to  the  atean  shear  stress  obtained  from  considerizig 
planes  with  all  possible  orientations,  2  J2V/ 10 

b.  It  is  the  shear  stress  on  the  octahedral  plane,  /2~  .12^/3 

c.  It  is  proportional  to  the  elastic  energy  stored  by  change  in  shape, 

(1  +  V)  z{  Is. 

d.  It  is  the  von  Mses  criterion  for  plastic  deformation,  /  Jg''  ^  K 

A  further  broad  general  statement  is  possible  regarding  the  stress  in^^riants.  The 
failure  of  all  isotropic  or  quasi-isoti>opie  solids  may  be  expressed 


F(Ji,  J2,  J3)  ^  0 


^ere  careful  experiments  must  be  performed  to  find  the  function  F  apj^ieable  to 
the  type  of  failure  or  material  under  consideration. 
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The  special  case  of  combined  stress  solvable  by  Mohr's  circle  depends  on  knowing 
one  principal  direction.  When  this  is  not  available,  the  stress  formulas  given 
above  are  required  for  the  general  case. 

Variable  Amplitude  Loading 

An  important  class  of  fatigue  failures  will  result  from  a  nearly  continuous  spectrum 
of  the  applied  alternating  loads.  Loads  from  different  stress  levels  will  be  inter¬ 
mixed.  It  is  believed  that  an  accurate  pi ct in's  of  randomly  applied  loads  is 
obtained  if  these  loads  are  merely  sunned  to  form  such  a  continuous  load  spectrum. 

To  obtain  the  loading  history  from  a  random  wave,  it  is  necessary  to  know  the  prob¬ 
ability  density  distribution  of  the  stress  amplitudes. 


The  simplest  case  is  presented  in 
Figure  178  in  which  the  damage  density 
(5.e.,  the  cycle  ratios)  is  presented. 
The  presentation  in  this  form  is  highly 
recommended  as  it  gives  a  valuable 
picture  of  the  damaging  portion  of  the 
load  spectrum. 

Conventional  S-N  curves  present  failtire 
data  for  a  certain  combination  of  moan 
and  alternating  stresses,  a  combination 
which  is  held  constant  until  failure 
occurs.  These  data  are  not  applicable 
to  the  random  load  case  because  inter¬ 
mixing  of  high  and  low  loads  allows 
significantly  more  damage  to  be  done 
at  low  stress  levels.  The  situation  is 
illustrated  in  FigiU’e  179.  The  explana- 
t  ioir'is^tiac^rugrT^atreases  generate  the 
dislocations  and  that  when  only  low 
stresses  are  present,  the  dislocations 
are  pinned}  but  vrtien  the  stresses  are 
intermixed,  significant  damage  is  done 
by  the  low  stresses  at  and  below  the 
endurance  limit, 

Freudenthal^  has  shown  tnat  the  Miner 
fraction  varies  between  .1  and  1,0  whan 
intermixed  stresses  are  used  on  smooth 
unnotched  specimens  of  202k  aluminum 
and  A340  steel.  Figure  180. 


A  Suggested  Presentation  of  the  Damage, 
the  Load  History,  and  the  Strength 
Figure  178 
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Miner *s  rule  haa  been  uaed  aa  a  guide  on  conventional  built-up  structure  with  it a 
many  atreaa  concentrationa  and  reaaonably  juatified  for  a  certain  class  of  problems. 
Miner*8  rule  waa  created  to  aecusulate  damage  for  the  basic  case  of  iinnotched 
material*  However,  Freudenthal  haa  given  a  fundamental  demonstration  of  its  lack 
of  api^lcabillty  to  the  basic  case.  Therefore,  the  future  use  of  Miner^s  rule  must 
be  ringed  with  qualifications  to  prevent  its  use  in  areas  ^supported  by  test  data 
or  previous  esrperienee, 


1.0 


MINER'S 

FRACTION 


.7S 


do 


.25 


\ 


202U  Aluminum 
Smooth,  Unnotched 

Probability  of  Survival  \ 
l/e«.368  \ 

fAiNCA'A  RULei^ 

\  p.o.s.*oi)  r 


T 


Safe  Life 

S  i 


LOO  LIFli 

Figure  180.  Influence  of  Stress  Interaction 


The  Stress  Concentration  Factor 

The  usual  fatigue  failure  ia  not  caused  by  atreaaing  sn  appreciable  portion  of  the 
material  above  its  endurance  limit  but  is  caused  by  the  eidstence  of  locally  high 
stresses  around  attachments,  drill  holes,  inclusions,  ruid  surface  roughnesses.  If 
these  elastic  stress  concentrations  were  removed,  the  number  of  failures  would  be 
considerably  less. 

The  elastic  stress  concentration  factor  is  the  ratio  of  the  elevation  in  stress 
predicted  by  the  theory  of  elasticity  for  a  flawless  material.  Cne  would  expect 
the  curve  api^lcable  to  a  part  with  a  stress  concentration  to  be  the  S-N  curve 

for  the  \smotched  material  divided  by  the  stress  concentration  factor,  K^.  The 
factor  Kt  api^ies  to  a  peak  stress  affecting  an  insignificant  nuniber  of  grains  and 
in  the  practical  case,  the  degradation  in  strength  predicted  by  Kt  is  not  obtained. 
The  fatigue  notch  factor,  Kf,  is  the  ratio  of  the  unnotched/notched  fatigue 
strength  and  can  be  thought  of  as  expressing  an  average  increase  in  stress  affect¬ 
ing  a  statistically  significant  ntsnber  of  grains— the  nmber  within  one  per  cent 
of  the  peak  stress,  for  exanple*  Spaulding  presents  a  chart  in  Reference  19  showing 
Kt  U»5  to  be  representative  of  the  beat  that  can  be  depended  v^n  in  typical  aii'- 
craft  struetTire  when  special  care  is  exercised  in  design. 

The  notch  sensitivity  factor,  q,  is  a  measuire  of  how  much  Kt  effect  is  finally 
exhibited  in  the  experimental  result. 
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Notch  sensitivity  is  usimlly  presented 
graphically  as  a  function  of  the  notch 
radius  and  is  defined  as 


Kt-1 

q 

and  varies  between  the  limits  Notch 

of  zero  indicating  no  notch  Sensitivity 

effect,  Kf  ■  1}  and  unity, 
indicating  full  theoretical 
notch  effect,  Kf  ■  K^.  As  the 
radius  approaches  very  low  Figure  181.  Notch  Sensitivity 

values  of  the  order  of  the  grain 
size,  the  sensitivity  approaches 

zero.  In  the  limiting  case  of  small  radius  but  finite  notch  depth, 

Kt-»-oo  $  q— ►0  but  Kf  approaches  finite  values  in  the  range  of  2  to  4*  The 
curve  shown  is  expressed  by  an  equation  of  the  form  q  »  l/(l+  a/r)  where  a 
is  a  constant  peculiar  to  a  given  material  but  varying  with  its  heat  treatment 
and  the  size  of  the  Inclusions  which  may  be  present.  A  listing  of  the  data  avail¬ 
able  regarding  the  parameter  is  on  page  295  $  Reference  16.  The  grain  size  effect 
shown  has  been  hypothesized  as  due  to  (l)the  number  of  grains  in  the  volume  of 
material  where  the  stress  is  within  one  percent  of  the  peak  stress,  or  (2)  the 
existence  of  a  stress  gradient  which  is  steep  in  relation  to  the  grain  size. 

Size  effect  describes  a  variation  in  fatigue  strength  in  a  series  of  parts  all  of 
which  are  geometrically  similarj  the  larger  the  part  the  lower  is  its  fatigue 
strength.  The  greater  volume  of  the  large  part  which  is  stressed  to  within  one 
percent  of  the  maximum  stress  provides  a  greater  probability  of  finding  weak  links- 
weak  crystals. 

Miles^^  has  attempted  to  show  the  compatibility  of  the  existing  S-N  data,  the 
random  response  theory,  and  Miner* s  rule.  The  Rayleigh  distribution  of  peaks  was 
used  to  describe  the  loading  history.  There  is,  however,  a  basic  incompatibility 
between  (l),  a  load  history  which,  to  be  consistent  with  S-N  data,  implies  equal 
negative  peaks  between  adjacent  positive  pea-ks  and  (2),  the  Rayleigh  distribution, 
which  does  net.  The  use  of  the  Rayleigh  distribution  for  the  load  history  may  be 
improper.  McClymonds^^  has  shown  that  an  alternative  approach  is  possible  which 
divides  random  stresses  into  alternating  and  mean  stresses.  Examination  showed 
both  to  be  normally  distributed.  This  result  would  seem  to  require  the  use  of 
the  Joint  probability  of  occurrence  of  the  mean  and  ratemating  stresses.  The 
statement  was  made,  however,  that  the  effect  of  the  mean  stresses  was  negligible. 
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Further  developments  must  be  expected  before  an  established  method  Is  available  to 
handle  random  loads  c  The  method  must  cover  mean  stresses  and  stress  concent ra** 
tions. 

Referring  to  the  random  S-N  curve  of  Figure  179 ,  It  will  be  possible  to  establish 
rather  easily  the  eiiduranee  liMt  for-  the  randsm  load  case.  Succes:Dlvs  failures 
are  obtained  by  test  using  the  full  spectrum  randomly  applied,  then  the  block 
containing  the  lowest  stresses  is  omitted,  next  the  lowest  two  levels  are  omitted, 
and  so  on  until  the  caiq>arative  life  begins  to  increase.  The  endurance  limit  for, 
random  loads  Is  defined  by  thi.s  procedure.  This  test  was  suggested  by  Shanley. 

Cumulative  Damage  A  uniform  rate  of  damage  accumulated  per  ^ele  at  constant 

stress  level  Is  one  leg  of  the  cumulative  damage  definition. 
The  other  leg  of  the  definition  is  the  linear  rule  of  damage  accumulation  under 
variable  stress  as^illtudes. 

Freudenthal  increased  the  linear  damage  rate  per  cycle  1/^5^;  Iqr  a  stress  inter- 
action  factor  w  to  obtain  w/ti^^,  w>l. 

Partlail  Damage  D  ■  winjy^j^  Cumulative  Damage  2D  s  2 

Ifiner*8  rule  la  obtained  whenSD  and  w  >  1.  Let  nj,  r  where  N  la  the  total 
nimiber  of  cycles  to  failure  obtained  by  siamalng  the  load  hl’atozy  at  all  stress 
levels,  and  p;^^  Is  the  fraction  of  the  total  nuiober  of  qrcles  at  any  given  stress 
level. 
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For  nns  stresses  low  enough  to  result  in  long  life,  the  damage  Is  done  by  the 
few  peaks  appreciably  In  excess  of  the  rms  value,  a  significant  conclusion. 


Application  to  Engineering  Problems  Considering  the  extroaes  in  flight  time 

and  power  plant  operation  that  exist  in 
missiles,  aircraft,  and  spacecraft,  there 
is  a  tendency  to  expect  fatigue  failures  to  be  a  remote  possibility  in  the  vehicle 
with  the  short  fll^t  times.  In  practice  this  has  not  proven  to  be  true.  The 
severity  of  the  environment  has  tended  to  balance  the  duiation  of  the  exposure. 
FidJ^ure  has  moved  to  higher  frequency  bands  in  equipment  vibration  and  acoustic 
panel  fatigue  problems  where  a  iklUon  cycles  of  alternating  load  can  be  applied 
in  one  hour*s  time.  The  German  V-2  missile  suffered  approximatflly  30  complete 
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structural  failures  foUowir-g  launch  which  were  due  to  skin  failure  following 
panel  flutter. 

Failure  of  flat  pamels  in  the  T-38  engine  inlet  duct  took  place  in  only  10  hours. 

If  full  power  had  been  iised  continuously  it  was  estlnated  that  failure  would  have 
been  induced  in  only  one  hour.  At  zero  forward  velocity,  air  is  inducted  with 
sufficient  turbulence  to  cause  pressure  fluctxiations  at  the  level  of  154  DB. 

Single  skins  held  by  countersunk  rivets  are  Inaulequate  for  this  environment.  At 
all  speeds  above  a  low  forward  speed,  adr  is  smoothly  inducted  —  the  corresponding 
measured  pressure  fluctuations  drop  to  139  IB.  The  probable  mechanism  of  the 
generation  of  the  high  tuibulence  on  the  ground  is  the  flow  of  air  across  the 
sharp  leading  edge  of  the  duct,  since  a  portion  of  the  air  supply  is  drawn  from  the 
side  and  from  the  rear.  A  reasonable  leaullng  edge  radius  on  the  duct  inlet  on 
subsonic  vehicles  has  not  always  prevented  internal  duct  pauiel  damage.  Extensive 
damage  also  has  existed  in  completely  circular  inlets  and  in  the  case  of  retason- 
able  radius  and  a  circular  inlet.  That  damage  can  occur  in  the  ciroilai-  duct  with 
the  large  leading  edge  radius  is  significsuat  because  it  would  have  been  expected 
to  be  less  susceptible  to  damaige  than  a  duct  with  flat  panels  and  sharp  leading 
edge.  These  parameters  were  insufficient  to  prevent  damage.  Very  few  Jet  Intakes 
have  escaped  this  type  damage. 

Extoisive  acoustic  damage  to  secondary  structures  exists  on  many  Jet  engined 
aircraft  and  has  become  so  common  that  a  satisfactory  service  life  for  fairing  and 
ejector  stimctures  adjacent  to  the  Jet  stream  has  proven  to  be  as  low  as  500  hours. 
The  Air  Force  estimates  acoustic  fatigue  damage  to  have  cost  foui^ly  on  hundred 
million  dollars  in  the  last  five  years;  (Ref.:  WADC  TR  59-50?  Supplement  #1). 

The  initiation  of  studies  concerned  with  rate  of  crack  giwbh  were  partly  the 
result  of  the  need  for  a  criterion  for  safe  life  of  secondary  structure  containing 
cracks.  These  costs  are  lneon^>atlble  with  the  e^qpressed  positon  of  several 
companies  that  fatigue  is  a  detail  design  problem  and  can  be  prevented  by  properly 
engineered  details. 
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CONCLUSIONS 


There  are  a  large  nvshber  of  coneluaions  isipllclt  within  each  of  the  eeetions  of 
this  report;  mugr  of  triiieh  are  of  Talue  only  when  viewed  in  eontext  with  the 
discussion.  However;  several  general  and  specific  conclusione  can  be  restated 
here;  as  follows: 


(1)  In  general;  the  ranadiiiua  vibration  in  sj^ee  vehicles  occurs  at  either  IwsTivh; 
as  a  result  of  rocket  noise;  or  daring  the  maxtswa  djmaaie  pressure  flight 
phase  as  a  result  of  boundarsr  lay’or  pressure  fluctuations. 

(2)  The  ras  acceleration  associated  with  the  ii^>lifieation  of  either  of  the 
above  randoB  noise  inputs  appears  on  the  order  of  2  g  for  li^t  nissiles; 
weighing  less  than  15;000  lbs.;  and  on  the  order  of  .5  g  for  heavy  nissiles 
weiiidng  over  100;000  lbs.  Note  that  these  ac^litudes  result  fren  surface 
launch  and  present  maxlmun  q  values. 

(3)  These  aiss^Lle  accelerations  increase  appro^dnately  in  proportion  to  the 
square  root;  of  frequeni^. 

(4)  Has  acceleration  anplitudes  on  nissile  structures  near  operating  rocket 
engines  in  both  heavy  and  li^xt  nissiles  are  on  the  order  of  3-10  g 
Independent  of  flight  phase. 

(5)  Total  zms  accelerations  including  all  frequencies  below  12;Q00  epe  on  rocket 
motors  are  generally  of  the  order  of  4  >  10  g  with  peak  aiqplitudes  during 
firing  as  such  as  10  tines  the  ms  values;  however;  some  ms  values  of  the 
order  of  50  to  500  g  have  been  reported  with  peaks  ranging  to  2000  g. 

(6)  Internal  acoustic  levels  can  be  as  hi^  as  150  db  SPU  for  certain  ccnflgura- 
tlons  and  sust  be  considered  in  relation  to  electronic  and  other  equlpni^. 


(1)  in  flsqplrlcal  correlation  of  nissile  launch  vibration  data  showed  that  pre¬ 
diction  of  resonant  vibration  could  be  nade  by  considering  the  mean  sipiare 
force  per  qrole  input  to  the  vehicle;  regardless  of  spaclal  correlation; 
the  vehicle's  weight;  and  frequency.  The  data  indicate  that  the  ratio  of 
generalised  force  on  the  v^ole  to  the  generalised  mass  taking  part  in  the 
motion  is  constant  for  constant  values  of  the  wave  number  associated  with 
the  noise  input. 

(2)  A  correlation  between  external  noise  and  vibration  of  adjacent  structure 
showed  prosdse  for  aircraft  at  the  hi^er  frequencies.  However;  the  results 
were  negative  at  low  frequencies;  indicating  that  the  vibration  of  struotiire 
in  regicne  rssste  from  the  location  of  the  wh—w  noise  levels  is  a  smass^ 
tlon  of  direct  local  eaoltatlon  and  vibration  transnitted  through  the 
structure  from  the  areas  of  naxinnui  noise.  These  results  are  consistent 
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with  the  concept  of  a  constant  value  of  attenuation  per  wavelength  of  the 
transmitted  vibration  bending  wave^  as  demonstrated  from  a  Snark  experiment) 
Figure  160.  The  data  also  exhibited  major  differences  between  types  of 
aircraft  which  may  resxilt  from  differing  structures  and  conflgurati(»is. 


C. 

(1)  The  analytical  approach  for  the  understanding  and  prediction  of  space 
vehicle  vibration  enyihaslses  the  use  of  mobility  concepts)  where  ffiobllj.ty 
of  the  vehicle  Is  defined  as  the  ratio  of  the  response  to  the  generalized 
force  input; 

(2)  Computation  of  the  generalized  force)  or  the  effective  force  on  the  vehicle, 
requires  statistical  knowledge  of  the  spatial  correlations  of  the  forcing 
function,  together  with  deflxiltion  of  the  mode  shape  of  the  panel  or  shells 
irtileh  are  exposed  to  the  forcing  function; 

(3)  The  definition  of  the  mobility  of  the  structure  can  be  approached  analytic¬ 
ally  by  studying  various  simplified  analytical  amdels,  appropriate  to  the 
gecmetiy  of  the  structure  dbtaining  a  series  of  solutions  irtiich  converge 
towards  an  inoreasingly  better  approximation  of  the  true  structure. 

D. 

(1)  Resonance  on  resonance  is  responsible  for  the  failure  of  many  eii&ll  parts. 
The  two  degree  of  freedom  qrstem  has  been  analyzed  many  times  In  the  past 
without  noting  that  for  the  sj^l,  mass  of  the  system  that  a  0^  response  for 
sinusoidal  excitation  and  a  z^ponse  for  random  excitation  is  possible 
for  large  mass  ratios.  Hence)  resonance  on  resonance  should  be  prevented 
by  proper  damping  of  the  critical  itons  and/or  vibration  Isolation. 

£. 

(1)  A  fundamental  correlation  between  strain  and  life  Is  presented  based  on 

limited  data  from  work  of  Shanley  and  Plan  and  D*Amato  derived  from  several 
different  materials)  from  different  tei]$>erat\ire  ranges,  and  from  the  thermal 
fatigue  problem. 
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PART  III 


SIMPLIFIED  COMPOSITE  BE^NSB 


WADD  TR  61-62 
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I.  B},T30Dy.CTM 


Th«  previous  sections  of  this  roport  hare  been  concerned  with  the  prediction  of  the 
(^ynanic  forcing  functions  encountered  in  the  operation  of  a  space  rehicle  and  the 
rehlcle*s  responses  to  this  enrlronmente  This  section  discusses  the  coai>lnlng  of 
the  rarlous  dfnuic  responses  encountered  during  the  rehicle  *s  nomal  sendee  life 
to  a  simpUfied  eoaposite  re  spouse ,  suitable  for  test  spseifieatlons» 

In  fomer  jrears,  rlbratlon  test  specifications  for  aircraft  were  dereloped  for  sn 
entire  class  of  aircraft,  generally  froa  enrelopes  of  rlbratlon  data  acquired  from 
a  large  body  sttasaregeats  on  a  rarletj  of  ^rcrafto  In  general,  these  specifi¬ 
cations  applied  to  BMChanlcal  or  electronic  equlpnent  mounted  within  the  aircraft 
and  were  intended  to  prerent  occurrence  of  either  malfunction  or  fatigue  failure 
during  the  serrlce  life  of  the  equipment o  Furthermore,  these  specifications  were 
tailored  to  arailable  slnt'soldal  rlbratlon  shakers  which  were  capable  of  sweeping 
through  the  frequency  range  at  a  constant  amplitude  or  dwelling  at  one  frequency  at 
rarlous  amplitudes a  Thus,  the  actual  flight  rlbratlon  environment  which  usually 
consisted  of  a  super-position  of  many  sinusoidal  rlbratlon  components,  resulting 
from  both  engine  rlbratlon  and  acoustical  coupling  between  the  propeller  and  the 
aircraft,  was  reproduced  during  test  one  frequency  at  a  time.  These  envelope 
specifications  ware  adequate  for  equipment  in  the  majority  of  propeller  aircraft, 
since  the  envelope  emvlrcnment  was  more  severe  than  any  enrlronnent  encountered 
in  an  Indlrldual  aircraft,  and  the  aircraft  design  state  of  the  art  did  not  result 
in  vibration  enrlronmonts  for  new  aircraft  which  differed  radically  from  the  en- 
rironasnts  of  their  predscessorso  Furthermore,  although  compliance  with  these 
specifications  restilted  In  a  considerable  iqtgradlng  of  the  fragility  level  of 
many  types  of  equipment.  It  did  not  necessitate  a  radical  change  in  "good  design 
practice”  for  equipment,  nor  did  it  result  in  equipment  which  became  too  heavy, 
bulky  or  otherwise  incompatible  with  other  aircraft  requirements. 

The  development  of  modexvi,  high  performance,  lightweight  flight  vehicles  with  Jet 
or  rocket  propulsion  has  resulted  in  a  significant  change  in  the  characteristics 
of  vehicle  dynamic  envlroiasents,  and  in  some  cases  the  introduction  of  structural 
fatlgiw  as  a  problem  ax>ea  of  vital  concern. 

As  shown  in  previous  sections,  the  most  severe  vibration  environments  for  modem 
vehicles  generally  result  from  external  pressure  fluctuations  of  either  acoustical 
or  aerodynasde  ozdgin.  These  pressure  fluctuations  are  characterised  by  a  distri¬ 
bution  of  energy  at  all  freqiMncles  throughout  a  wide  frequency,  range  and  by 
gausslan  amplitude  dlstrlbutlono  Thus,  mechanical  energy  is  available  to  simul¬ 
taneously  excite  many  resonances  in  a  panel,  substructure  component  or  equipment. 
Secondly,  because  of  the  random  amplitude  distribution  of  the  forcing  function, 
the  relationships  between  the  resulting  responses  at  the  rarlous  resonances  can 
be  (iescribed  only  statlstlcallyo 
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The  general  increase  In  the  severity  of  the  dyaezaic  eavironaMnit,  coupled  with  this 
change  in  the  nature  of  the  emiting  foreas  tbs  iaorsasiag  oouesm  with 
structural  fatigue,  has  nseessitated  a  re>sTaIuatloa  of  previous  vibration  speci¬ 
fications*  nany  cases,  equlpawnt  and  design  teohid.qpes  uhich  uere  qualified  for 
propeller  aircraft  have  been  found  unsatisfaetosy  for  nodem  flight  vehicles, 
necessitating  eajor  redesign  and  often  the  iatrodaotion  of  techsaological  advances 
to  the  desiffi  state  of  the  art.  Equal  difficulty  has  been  encountered  in  dster- 
proper  laboratory  test  procedures  uhich  insure  adeqaate  alnx^tion  of  the 
flight  vn^rsnnsat  uhich  rssults  frcs  the  rasdss  sstemal  prsssnrs  fluctuations  • 
Further,  the  lack  of  a  large  body  of  vibration  data  has  ha^capped  selectien  of 
general  vibration  specifications,  particularly  uith  tlw  realisation  that  encossive 
conservatism  in  ths  spselfieation  oftsn  requirss  significant  advances  in  both  design 
and  construction  teehniquas^  ulth  their  aeeoi^anying  cost  penalties*  On  the  other 
hand,  oeeasional  lack  of  sufficient  ettention  to  qualifying  flight  structure  or 
equipment  for  ite  actual  ssrvice  dynamie  snvironawnt  has  rssultsd  in  serious  nal- 
fimctions  or  failures,  uith  thsir  attendant  cost  penalties* 

Thus,  ths  dynanic  anviroment  in  a  spaes  vehicle  hae  proven  more  difficult  to 
specify  and  slmolats  in  ths  test  laboratory  than  previous  aircraft  environmsnt* 

Theas  diffleultlaa  have  been  resolved  fay  varying  methods  for  each  of  the  nsv 
vehielee  after  consideration  of  the  in'edieted  or  measured  sriTl  mraint  for  ths  par= 
ticular  vehicle*  The  following  snb-eeetions  will  dl senes  the  eoneideratiens 
ImpUeit  in  formnlatiag  suitable  test  epeelfleationa  for  the  vnrious  prbblem  ereas 
and  tins-vazylng  dynasde  envlronmenta* 


II.  CONSIDERATIONS  IN  THE  DESIGN  OF  THE  TEST 


Th*  sole  reason  for  dereloping  idbratlon  speclfleatlons  and  tost  requlreosnts  for 
conponents  of  a  space  rehlcle  Is  the  neeessltj  to  assure  a  satisfactox7  lerel  of 
rellablllt3r  for  the  eonponent  when  It  is  exposed  to  the  serrlee  operational  environ* 
nento  The  required  reliability  for  each  conponont  can  be  detemined  directly  from 
the  design  reUabilitj  goals  for  the  entire  vehicle  or  agrsteii*  Hence,  it  would 
appear  appropriate  that  all  judgments  involving  aceepti^le  test  preesdurss,  confi¬ 
dence  levels,  safety  margins^  environmental  predictions,  etc.,  shotiLd  be  made  with 
cognisance  of  and  reference  to  the  vehicle *s  overall  reliability  requirements. 
Further,  it  would  seem  equally  appropriate  that  the  eeonoedc  aspects  of  these 
Judgments  be  viewed  in  the  context  of  the  total  vehicle  or  program  reliabili  ty 
reqpireBMnt. 

Thia  latter  point  should  not  be  minimised,  for  once  the  overall  program  reliability 
reqiulrenent  has  been  detemined  from  consideration  of  personnel  safety,  national 
security  or  prestige  and  economics,  the  procedures  required  to  attain  these  require* 
ments  must  be  c<aB|)atible  with  the  importance  of  the  reliability  requirements.  Thus, 
the  specifications  of  what  to  test,  how  to  test  and  how  long  to  test,  depend  upon 
the  level  of  confidence  necessary  to  meet  the  overall  reliability  requirement. 
Similarly,  arbitrarily  increasing  the  severity  of  the  test  environment  relative  to 
the  expected  flight  environaent  to  provide  a  safety  factor  must  be  weired  in  terns 
of  the  possible  economic  or  parfomance  penalties  of  requiring  unnecessary  upgrading 
of  a  vehicle *s  cooiionent  frac^lity  level. 

Here,  it  must  be  recognised,  the  eeMrgence  of  space  vehicles  has  not  only  been 
characterised  by  more  severe  vibration  environments  than  generally  encountered 
previously,  but  has  also  been  accompanied  by  fantastic  Increases  in  necessary 
component  reliability  to  assure  even  marginal  mission  reliability  and  increases 
in  the  required  vehicle  perfomanoe.  These  factors  combine  in  emphasising  the 
importance  of  adequate  test  programs  to  assure  successful  missions.  Hence,  if 
these  trends  continue,  it  would  be  expected  that  environmental  testing  will 
become  increasingly  thorough,  and  occupy  a  more  prominent  part  of  the  design 
process. 

The  environswntal  specialist  must  define  the  test  specification  to  provide  adequate 
reliability.  Normally,  this  definition  involves  a  prellmlnaxy  specification  during 
the  preliminary  design  stage  and  one  or  more  revisions  as  more  detailed  environ¬ 
mental  predictions,  model  data  and,  eventually,  fli^t  data  become  availible. 

The  design  of  a  test  specification  is  subject  to  innumerable  compromises  during 
its  evolution.  Not  the  least  of  these  considerations  is  the  original  concept  of 
an  ideal  test  for  a  specific  component  intended  for  use  in  a  known  environsmnt. 

This  concept  of  an  Ideal  test  necessarily  Involves  comproadses  in  the  duration 
of  test  and  the  number  of  samples  to  be  tested  to  assure  a  stated  confidence  level 
in  the  test  results.  Secondly,  the  concept  of  an  ideal  test  requires  definition 
of  the  allowable  deviation  of  the  laboratory  simulation  of  environment  from  the 
actxial  service  environment. 
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Each  of  these  basic  compromises  involves  additional  risk  and  must  therefore  be 
related  to  the  basic  reliability  objective>  Hence,  departures  from  the  ideal  test, 
idiich  may  be  required  because  of  unavailability  of  equipment  to  perform  the  ideal 
test,  must  be  justified  on  an  engineering  basis  in  terms  of  additional  tdsk,  if  any. 
Thus,  when  it  can  be  shown  that  a  feature  of  the  environment  is  unimportant  in  terms 
sf  failing  the  component,  it  should  bo  unnecessary  to  reproduce  this  feature  in  test. 
However,  if  it  cannot  be  shown  that  a  given  environmental  feature  is  definitely 
unimportant  in  the  failure  process,  its  elimination  by  the  test  method  Involves 
aritM  onai  risk.  Generally,  this  ad&tien^  risk  can  be  sdnindsed  by  increasing 
the  severity  of  the  test. 

If  each  compromise  which  involves  additional  risk  is  resolved  in  this  manner,  the 
conbined  effect  may  add  considerably  to  the  test  severity  of  the  component.  This 
increased  requirement  may,  in  tnrn,  nooessitate  a  significant  upgrading  of  the 
component  involving  either  economic  or  performance  penalties.  Whenever  this  occurs, 
it  would  seem  appropriate  to  weigh  the  penalties  of  upgrading  the  component  versus 
those  of  upgra<i^g  the  teat  method  to  a  point  where  the  compromise  is  tx>t  necessary. 

Thus,  the  design  of  a  test  specification  involves  assessment  of  the  overall  reli¬ 
ability  requirement  and  the  overall  economic  balance,  as  well  as  engineering 
definition  of  service  environment  and  knowledge  of  the  inechanlsm  of  component 
failure. 
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III.  THE  SIMPLIFIED  COMPOSITE  RESPONSE 


Tha  rasponsa  to  Tsrioaa  atimoll  was  datarmlnad  in  Part  II.  Whan  aararal  axcltations 
aetad  slmoltanaouslT',  oompoalta  raaponaaa  wara  daflnad.  Tha  eomposlta  raaponaa  la 
tha  auffl  of  tha  aaparata  rasponaas  condi)lnad  according  to  tha  mlas  of  addition  for 
random  procaasaa.  Tha  raatalt  wae  a  racord  aa  long  in  tins  aa  tha  life  of  tha 

Tahlcla. 


Procaaalng  thaaa  data  into  ona  neat  bondla  for  ctnimlativa  damaga  failuraa  ia 
rLaualiaad  in  tha  following  manner. 


1.  To  obtain  aagments  in  tioa  where  atationarltj  may  be  aaatnnad  it  ia 

naeaaaar7  to  dlrlda  tha  Ufa  into  Intenrala  containing  an  approximataU' 
conatant  level  of  vibration  and  a  conatant  atatlatical  dlatributlon 
of  tha  anplitndaa. 


2.  Tima  majr  ba  removed  from  tha  daacriptlon  of  tha  loading  hlatory  bjr  counting 
within  each  of  tha  above  blocka  tha  paaka  at  each  different  atraaa  level. 
Tha  numbar  of  occurrences  at  each  different  level  is  required  to  define  the 
cumulative  damaga  dona  in  fatigue  to  equipment  or  structure.  An  analogous 
count  for  other  cumulative  damage  problems  might  be  the  number  of  occur¬ 
rences  of  each  different  acceleration  level.  The  number  of  occurrences 
at  each  different  stress  level  may  be  defined  for  a  reference  station  on 
the  part  and  if  Infomation  is  preserved  in  the  counting  process  of  the 
associated  frequency,  mean  stress,  and  idiether  a  particular  occurrence 
takes  place  in  the  first  tenth,  say,  of  the  vehicle  life  or  a  later  tenth, 
an  adequate  deaeriptlon  of  the  loading  hlstoiy  has  been  obtained. 


The  fatigue  pi*ocess  is  concerned  with  alternating  stresses 
mainly  and  to  a  lesser  degree  with  mean  stresses.  (See 
Section  VI.)  The  influence  of  mean  stress  was  presented 
in  Part  II  as  shown  in  Figure  IS2. 

The  information  preserved  in  determining  the  number  of 
occurrences  at  each  stress  level  may  be  presented  in 
another  fashion  as  the  nundoer  of  occurrences  at  each 
different  stress  level  for  a  given  mean  stress  described 
by  whatever  number  of  mean  stress  levels  may  bo  appro¬ 
priate  to  picture  the  mean  stress  life  histozy  of  the 
part.  A  loading  history  is  presented  for  each  mean 
stress  and  is  shown  in  Figure  183. 

In  the  general  case,  response  at  different  frequencies 
will  represent  responses  in  different  modes.  Although 
the  stress  at  an  appropriate  reference  station  might 
be  equal  at  two  different  frequencies,  the  stresses  at 
other  stations  in  the  part  will  not  be  equal.  The 
response  at  frequency  fi  and  the  1%  response  at  fre¬ 
quency  f2,  and  so  on,  is  nreserved  therefore. 


Load  History 


Fi,gure  182.  Effect  of 
Preload 
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If,  In  addition,  the  bulk  of  th«  high  stresses  occur  in 
the  first  tenth  of  the  life  of  the  vehicle,  the  test 
imposed  on  the  part  may  be  required  to  duplicate  this 
sequencing  effect. 


^y  these  means,  a  record  in  time  as  long  as  the  life  of 
the  vehicle  is  reduced  to  a  loading  history.  The 
loading  history,  in  the  most  general  case,  must  pre-  Q 

serve  information  on  frequency,  mean  stress  and  sequence. 

It  will  pay  to  Illustrate  in  detail  the  moans  of  transfer¬ 
ring  data  from  a  typical  random  vibration  trace  into  a 
load  history. 


Consider  the  cases  shown  in  Figure  184  vdiere  an  overall 
mean  stress  exists.  Three  cases  are  shown:  a  positive, 
zero  and  negative  mean  stress.  Examining  a  random  trace 
in  detail  in  Figure  ]85,  it  is  desired  to  describe  the 
trace  between  points  A  and  B  as  an  alternating  half  cycle 
of  amplitude  (A-B)/2  and  having  a  local  mean  stress  of 
(A4-B)/2.  It  is  lmpot*tiant  to  note  that  the  data  cannot  be 
anailyzed  on  the  basis  of  its  peak  distribution.  VIhlle  a 
Rayleigh  distribution  of  peaks  may  describe  the  trace 
very  well,  this  distribution  cannot  be  used  as  a  load 
history  on  an  3-N  curve  because  the  load  history  is  a 
count  of  the  alternating  load  in  the  load  history,  it 
must  lie  betvfeen  two  positive  peaks  of  the  same  amplitude. 
The  assessment  of  the  load  history  by  this  technique  was 
advanced  by  McClymonds"^  and  Scheldei'up'"*.  The  latter 
reference  examines  strain  gage  response  data  from  an 
acoustic  input  to  17  structural  elements  for  1000  cycles 
each  and  shows  the  distribution  of  mean  stress  is  a 
normal  distt*ibutlon  while  the  alternating  stresses  were 
between  a  normal  and  a  Rayleigh  distribution.  Although 
no  definite  relation  between  the  rms  stress  and  the 
normal  distribution  could  be  established,  reasonable  cor¬ 
relation  was  obtained  by  consldei*lng  the  rms  stress  equal 
to  the  mean  alternating  stress.  The  aurbltrary  trace 
analysis  suggested  above  and  shown  in  FigurelS^may  be 
used  for  multi-mode  response  while  the  case  of  the  single 
mode  response  appears  to  be  satisfactorily  covered  by 
the  theory. 

The  equivalent  simplified  response  presented  above  as 
an  integrated  load  history  may  be  used  to  define  a 
random  trace  in  the  time  domain  having  the  character¬ 
istics  of  the  integrated  load  history.  The  random 
trace  so  defined  would  feature  inter-mixing  of  the 
loads  in-the-small  that  is,  large  load,  small  load, 
medium  load  following  one  another  successively,  and 


i 


I 
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Figure  183.  Load  His¬ 
tory  Related  to  Mean 
Stresses. 


Figure  184.  Overall 
Mean  Stress. 


Figure  185.  Alternating 
Stress. 
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would  make  use  of  the  data  preserved  In  the  integrated  load  history: 

lo  mode  and  freqaen<7  data 

2.  mean  stress 

3o  sequencing,  intermixing  In-the-large 

This  newly  defined  trace  would  differ  from  the  original  composite  response  record 
which  was  as  long  in  time  as  the  life  of  the  vehicle  in  that  a  convenient  niunber 
of  discrete  blocks  of  alternate  stress  and  mean  stress  would  be  used,  and  in  that 
the  statistical  distribution  applicable  to  the  original  intervals  of  time  has 
disappeared  into  the  Integrated  load  history  and  would  be  rejf^aced  by  the  statis¬ 
tical  description  of  that  integrated  load  historyo 

This  reconstruction  of  a  random  trace  in  the  time  domain  may  not  be  a  necessary 
step.  The  need  for  intermixing  In-the-small  will  be  discussed  in  Section  V 
on  sine-random  equivalence  when  the  present  damage  aecianulation  theory  is  looked 
at  in  the  light  of  Freudenthal^s  work.  If  the  need  for  intermixing  in-the-small 
exists,  then  one  method  of  satisfying  this  need  will  be  the  reconstruction  of 
an  equivalent  random  trace  in  the  time  domain.  Other  methods  will  be  discussed 
in  the  following  sections. 
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IV.  NONLINEARITIES  ASSOCIATED  WITH  ACCELERATED  TESTING 


Present  practice  for  qualifying  airplane  stiructure  and  equipment  consists  of  can- 
pliance  with  a  group  of  military  vibration  specifications  such  as  MIL-E-5272  which 
typically  call  for  a  nine  hour  vibration  test  to  represent  the  life  of  militaiy 
vehicles  varying  between  1000  and  5000  hours.  These  specifications  contain  arbi¬ 
trary  levels  meant  to  approximate  the  damage  potential  of  the  long  time  environment. 
The  maximum  environment  encountered  in  the  vehicle  for  a  significant  tisra  period  is 
multiplied  by  a  factor  of  2  or  3  to  provide  the  test  levels.  The  process  is  arbi¬ 
trary  and  depends  on  adequate  feedback  or  monitoring  to  tailor  the  process  to  an 
acceptable  reliability  level.  Monitoring  has  been  carried  out  over  a  period  of 
years  and  in  the  area  of  arbitrary  specifications  some  of  these  are  quite  useful. 
Their  main  disadvantage  is  the  inapplicability  to  specific  items  in  specific  loca¬ 
tions  in  specific  weapon  systems. 

The  following  nonlinearities  will  be  discussed: 

1.  Those  associated  with  the  S-N  curve 

2.  Nonlinear  structural  response 

3.  Nonlinear  inputs 

4.  Nonlinear  damping 

5»  Influence  of  temperature 

6.  Influence  of  frequency 

An  obvious  nonlinearity  occurs  in  attempting  to  accelerate  the  testing  for  a  part 
whose  load  history  lies  under  the  endurance  limit.  Such  a  part  will  not  fail  in 
service  but  will  fail  in  test  following  an  Increase  in  level.  In  assessing  irtisther 
a  load  histoiy  lies  below  the  endurance  limit,  it  is  necessary  to  compare  a  load 
history  stress  level  from  random  response  to  an  endurance  limit  obtained  from  sim¬ 
ilar  random  testing.  Endurance  limits  from  random  vibration  testing  on  pax*ts  con¬ 
taining  stress  concentrations  are  very  low,  4000  psi  rms  in  aluminum,  for  example, 
and  do  not  at  all  compare  to  the  endurance  limit  for  the  basic  material,  15,000  psi 
for  aluminum,  for  constant  amplitude  loading.  The  characteristic  of  the  S-N  curve 
is  then  that  a  very  large  number  of  loads  approaching  infinity  may  be  applied  below 
the  endurance  limit  without  contributing  to  fatigue  damage.  An  exnerlment  for 
defining  the  endurance  limit  for  random  loading  appears  on  page  3^,  Part  II. 

A  second  nonlinearity  associated  with  the  S-N  curve  occur*  at  the  yield  point  \rtiere 
damage  is  intensified.  Good  design  requires  that  the  yield  stress  not  be  reached 
at  the  location  of  maximum  stress  concentration. 

In  view  of  these  nonlinearities  in  the  S-N  curve,  the  question  arises  as  to  >diat 
acceleration  in  level  is  acceptable?  A  satisfactory  increase  in  level  should  not 
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c]*oss  the  stress  level  defined  by  either  of  the  above  nonlinearities  of  the  S-W 
curve*  If  the  peak  stress  level  at  the  point  of  maximum  stress  concentration  is 
below  the  endurance  limit,  the  accelerated  test  should  stay  below  this  limit* 

Acceleration  is  permissible  to  this  limit  but  it  appears  that  the  only  advantage  is 
in  demonstrating  a  margin  of  safety.  If  the  peak  stress  level  at  the  point  of 
naxianB  "tress  concentration  is  below  the  yield  stress,  acceleration  is  permissible 
to  this  Unit  provided  a  satisfactory  damage  accumulation  thsoiy  is  available.  A 
discussion  of  the  present  availability  of  such  a  cumulative  damage  theory  seamed 
most  appropriate  for  the  section  on  slne-randcs  equivalence  and  is  included  there. 

Another  nonlinearity  associated  with  accelerated  testing,  is  nonlinear  response  of 
the  test  item*  As  tha  input  level  is  increased,  if  the  item  undergoes  either  more 
or  leas  than  the  expected  increase  in  response,  the  test  may  be  an  unsatisfactory 
representation.  Acoustic  testing  of  flat  panels  is  an  exemple  of  an  item  which 
stiffens  considerably  under  accelerated  testing.  If  accelerated  testing  were  under¬ 
taken  with  expectation  of  accelerated  response,  such  accelerated  response  wo\ild  not 
occur.  In  edition,  the  distribution  of  stresses  about  the  ins  level  is  altered  in 
that  all  stresses  al^ve  the  nas  level  are  decreased,  producing  less  than  proportion¬ 
ate  increase  of  the  high  peaks.  At  high  noise  levels,  above  the  order  of  170  db, 
the  nonlinear  properties  of  air  begin  to  affect  the  propagation  of  -sound.  At  these 
high  levels  a  sine  wave  becomes  highly  distorted  after  it  progresses  only  a  few 
wavelengths  from  the  source.  Consequently,  accelerating  a  test  by  means  of  in¬ 
creasing  the  sound  level  must  consider  the  nonlinearities  present  in  the  acoustical 
system  and  cannot  assums  that  a  6  db  Increase  in  input  to  the  noise  transducer 
results  in  a  6  db  increase  in  the  input  to  the  item  under  test.  Curvature,  pressure 
differential  across  a  panel,  and  temperature  differential  between  a  panel  and  its 
supporting  structure  are  causes  of  nonlinear  panel  responses.  MsBdbrane  stress  is 
the  basic  cause  of  the  increased  stiffness  of  flat  panels.  Curved  panels  are 
generally  more  flexible  as  deflection  increases.  I^vssure  differential  cosbined 
with  curvature  would  appear  to  stiffen  the  panel  when  acting  in  one  direction  and 
make  it  more  flexible  in  the  other.  The  amount  of  nonlinearity  in  a  flat  panel 
increases  with  a  decrease  in  thickness.  As  the  panel  cycles  once,  the  msmbrane 
stress  cycles  tid.ce,  always  in  tension.  Difficulties  in  measuring  the  natural 
frequency  of  thin  panels  are  associated  with  this  nonlinear  feature.  Nonlinear 
influence  from  the  damping  should  also  be  expected.  In  conawnting  on  a  paper  by 
Galt  Booth-^,  D,  C«  Eennard  of  HAOD  stated,  ''The  resonant  aaplification  factor  "Q” 
in  typical  dynamical  systems  with  constant  acceleration  input  tends  to  increase 
with  resonant  frequency  and  is  not  constant.  Also,  increasing  the  acceleration 
input  for  a  resonant  frequency  causes  a  decrease  in  Q.  Generally  speaking,  there 
is  a  greater  decrease  in  Q  for  highly  damped  systems  for  corresponding  changes  in 
apiGled  acceleration." 

One  of  the  hypotheses  for  explaining  the  mechanism  of  fatigue  damage  is  uxibonding 
of  the  atoms  along  a  slip  plme  advanced  by  Shanlejn.  The  slip  planes  are  merely 
the  planes  along  which  the  crystal  shows  a  propensity  to  slip,  the  atoms  ordinarily 
releasing  their  bonds  across  this  plane,  but  rebonding  as  neighboring  unbonded 
atoms  pass  by.  The  crack  forms  at  the  edges  of  the  crystal  where  a  block  of  mater¬ 
ial  has  moved  past  a  mating  block  on  the  other  side  of  the  slip  plane.  Repeated 


383 


reversals  of  the  slip  motion  propctgate  the  crack  by  failure  of  the  atoms  to  rebond. 
Associated  Mith  the  internal  i«ork  Is  an  appreciable  release  of  heat  but  heat  wfaleh 
is  probably  concentrated  at  the  slip  plane  and  at  the  edge  of  the  unbonded  region. 
Heat  at  the  edges  of  the  advancing  crack  may  play  a  part  In  propagating  the  damage. 

The  Influence  of  frequency  of  load  application  is  discussed  by  N.  Stephenson^* 
"Little  effect  of  frequency  In  the  range  16-170  eps  exists  on  the  endurance  limit 
at  room  tenperature  provided  there  is  negligible  heating  through  hysteresis*  cor¬ 
rosion  is  absent  and  the  material  Is  net  in  the  creep  range*  Increase  In  frequency 
over  broader  frequency  ranges  Increases  the  endurance  but  only  at  hl|^  stresses. 
Microscopic  evidence  of  deformation  is  less  apparent  with  increase  in  frequency. 
Damping  capacity  decreases  and  elastic  modulus  Increases  with  inezmase  in  frequenqr. 
These  changes  are  consistent  with  the  decrease  in  plastic  deformation  mith  increase 
in  frequency*  The  striations  which  fonsed  at  the  higher  frequencies  often  showed  a 
granular  surface  film  with  a  slightly  stained  appearance  of  the  surface*  This  sug¬ 
gested  that  a  localised  increase  in  temperature  had  occurred*  For  an  aluminum 
alloy  at  200*C  there  was  evidence  of  a  sm^l  speed  effect  but  fatigue  failure 
depended  mainly  on  the  number  of  ^des  applied  rather  than  on  time*  The  frequent 
of  load  application  is  important  for  the  material  of  hlg^  hysteresis*” 

The  above  results  which  are  adequately  docimented  in  the  reference  allow  acceler¬ 
ation  in  frequency  by  either  accounting  for  the  increased  fatigue  strength  or 
accepting  the  small  error  encountered  at  low  frequent*  Acceleration  in  frequenqr 
is  possible*  then*  for  parts  operatli^  well  below  the  fundamental  mode  or  modes 
where  the  m^e  shape  and  load  distribution  do  not  change* 

In  summary,  the  nonllnearltlea  associated  with  accelerated  testing  are  brou^t  out* 
The  nonllnearltlee  associated  with  the  S-N  curve  require  consideration  of  one 
necessary  new  approach  to  quaUiying  parts.  If  certification  can  be  provided  that 
the  stress  level  at  the  point  of  maxlmuB  stress  concentration  is  less  than  the 
endurance  limit*  then  that  part  should  be  considered  qualified*  The  certification 
could  be  through  analytical  determination  of  the  response  of  the  part  where  methods 
are  established  and  acceptable  or  through  a  test  to  determins  the  stress  level  in  a 
simulated  environment.  This  procedure  is  foUewed  to  some  degree  at  present  in  that 
only  equipment  items  expseted  to  be  critical  are  qualified  by  test  and  only  a 
number  of  structural  items  ara  tested. 


¥.  SIHE-RAIiDOM  EQUIVALENCE 


TIm  simpllflad  OMposltc  proe«sa  pr«Mnt*d  m  an  iatagratad  load  hiatorgr  idiich 
WM  auj^aMBtad  bjr  Infomation  on  tlM  naan  atrasa,  aaqoanclng,  and  fraquancj  or 
BMda  abapa  for  cuamlatlTa  danaga  failaraa*  A  alna  aqplTalanb  to  thla  randon  hlstoxy 
■Igjbt  ba  fonmlatad  b7  diTidLLag  tha  load  history  Into  say  10  parts  along  tha  stress 
axis  and  10  aqoal  parta  along  tha  nmbar  of  occnrraneas  axis,  100  blocks  in  total* 

A  siaasoidal  aq^^ant  for  aaeh  of  thaaa  blocks  nagr  now  ba  constzuctad,  and  if 
thasa  sinusoids  ara  appliad  within  tha  linitations  of  tha  raqaireaMUts  of  tha  supple- 
nsntazy  infomation  regarding  naan  atraaa,  saqaancing,  and  fraqponcj  or  node  ahape, 
a  aatisfactoxy  duplication  of  tha  msponaa  ia  obtained*  In  tha  general  case,  idiere 
aaaaral  node  ahapes  and  sasaral  naan  atraasaa  ara  InTolTad,  tha  nunbar  of  blocks  is 
expanded  to  aceonodata  thasa  foaturas*  In  tha  ease  of  tha  snltimode  response,  a 
eoiqaax  input  iriiich  axeitas  the  sawaral  nodes  sinultanaoualy,  could  ba  eonsidamd. 
This  definition  of  eqpiTalanca  is  fait  to  ba  a  rigorous  definition  of  sins-random 
aqniTalanea  for  cuanlatiTs  danags  failures* 

No  aeealaration  in  load  laral  was  considarad  ia  tha  abora  aqairalenee  for  tha  fol¬ 
lowing  masons! 

1*  Nonlinaarltias  ara  often  prasant* 

2*  No  euBulatlire  daaaga  theory  exists  for  randon  ribration  at  present* 

3*  Effect  of  intamixing  la  likely  to  ba  changed* 

To  undamtand  thasa  latter  two  points  it  is  necessary  to  haws  an  understanding  of 
Fraudanbhal*8  work  on  stmaa  intaraction*  Ha  shows  that  tha  intamixing  of  tha 
load  lamia  of  succaaslm  peaks  has  a  significant  Influanca  on  tha  damage  histoxy. 
VLth  tha  dagraa  of  intamixing  used  in  Fmudsnthal's  axparlmsnts,  which  ware  tape 
controlled,  so  as  to  make  tha  shortest  block  of  tha  appliad  loads  at  least  as  long 
as  12  ^clas.  Miner's  fraction  at  failum  is  as  low  as  .2  for  alxadnua  and  »1  for 
steal,  as  shown  in  Flgare  S6  *  Howamr,  with  random  loading,  the  degree  of  Intar- 
adxing  may  ba  significantly  gmatar  than  tha  intamixing  in  Praudenthal's  expar- 
Inants*  Tha  question  must  ba  asked  whether  Miner's  fraction  at  failure  may  mt 
ba  significantly  less  in  some  casas  than  is  indicated  by  Fmudenthal's  work  with 
tha  gmatar  Intaroixing  appropriate  to  random  response  *  This  daelatlon  from  tha 
unity  constant  in  Mlnsr's  rule  is  a  concise  presentation  of  the  danaga  done  by 
intamixing*  Themfom,  the  rigorous  definition  of  slna*randoa  aquiTalanca  must 
ba  asMndad  with  a  fourth  suppleawntary  dascription  defining  the  dagraa  of  Inter¬ 
mixing*  Mhatamr  dagma  of  Intamixing  in-tha-small  exists  in  tha  real  anvlron- 
mant,  at  least  this  much  must  ba  used  in  tha  tost* 

The  mechanism  of  the  damage  done  Iqr  tha  intermixing,  Shanlay  suggests,  can  ba 
axplaiaad  by  dislocation  theory*  Under  constant  stress  mi^tudes  the  density 
of  tha  free  dislocations  tends  to  dacmase  because  some  dislocations  am  pinnad* 

Khan  intamittant  high  stmssas  am  applied  some  of  the  pinned  dislocations  am 
fmod  and  mom  am  generated,  incmasing  the  cyclic  plastic  strain  and  mdocing  the 
life* 
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NASA  has  carriec*  out  extensive  work  in  this 
problem  area  vMch  is  reported  in  References 
6-12.  (Lassiter  and  Hess”;  Hess,  Fralich 
and  H\4)bard';  Hess,  Harr  and  Mayers®;  Liu 
and  Contend;  Hardrath,  Utley  and  Guthrie^”; 
Hess,  Lassiter  and  Hubbard^^;  R.  W,  Fralich^, 
Similar  woric  is  reported  by  Getline^3.  The 
wdz4c  consists  of  acoustic  fatigue  tests  on 
panels,  and  variable  amplitude  loading  tests 
of  cantilever  beams.  Several  interesting 
plots  from  the  NASA  reference  are  shown  in 
Figures  187, 188  and  189.  Comparisons  with  the 
Miles  Theory  and  ^liner*s  rule  show  general 
agreement  at  low  stress  levels  and  conservative 
at  high  stress  levels. 


A  number  of  investigators,  Freudenthal,  Corten 
and  Shanley,  agree  that  damage  Is  propagated  at 
stresses  below  the  endurance  limit  obtained  by 
constant  amplitude  testing.  It  is  not  apparent 
that  this  effect  has  been  accounted  for  in  the 
NASA  calcTilation  as  a  straightforward  applica¬ 
tion  of  Miles  theory  does  not  account  for  this 
damage  nor  for  that  dona  by  intermixing.  The 
NASA  work  Includes  comparisons  between  experiment 
and  theory,  but  only  for  cases  xAiore  stress  con¬ 
centrations  are  present.  It  is  likely,  therefore, 
that  the  agreement  presented  in  References  1,  2 
and  11  is  an  agreement  based  on  the  cancellation 
of  major  variables  not  accounted  for:  the  damaging 
effect  of  interndxing  versus  the  advantage  of 
omitting  the  lovrarlng  of  the  endurance  limit  and 
a  second  advantage  due  to  a  favorable  effect  from 
the  stress  concentration.  Shanley  has  commented 
on  this  point:  "It  has  been  found  that  notched 
specimens  sometimes  have  a  higher  life  under 
random  loading  than  that  predicted  by  the  cumulative 
damage  theory.  This  is  xmdoubtedly  caused  by  the 
building  up  of  favorable  residual  stresses  in  the 
critical  regions,  thereby  reducing  the  cyclic 
plastic  strain.  For  design  pirposes,  such  effects 
should  generally  be  ignored,  because  of  the  pos¬ 
sibility  that  a  particular  structure  might 
experience  a  less  favorable  loading  history." 

The  damaging  effect  of  the  intermixing  probably 
contains  two  factors:  that  due  to  the  lowering  of 
the  endurance  limit  and  that  due  to  the  production 
of  moz^  dislocations.  The  favorable  influence  of 
stress  concentration  has  not  been  measured,  al- 
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Figure  187.  Typical  S-N  Curve 
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Figure  188,  Miner’s  Fraction 
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though  the  data  Indicates  that  this  Influence  is  of  similar  magnitude  to  the 
influence  of  intermixing* 

Acoustic  fatigue  tests  «Mch  integrate  the  influence  of  a  loading  spectrum  over  a 
period  of  time  cannot  be  used  to  work  backwards  to  define  the  influence  of  a  sin^e 
variable  such  as  the  random  endurance  limit  or  the  damage  threshold  in  the  presence 
of  intermixed  loads*  A  su^restion  as  to  how  the  random  endurance  limit  sd^t  be 
measured  was  made  on  pago366.  Part  n*  A  cumulative  damage  estimate  cannot  be  made 
if  the  random  endurance  limit  la  not  defined*  As  a  loading  spectrum  moves  to  higher 
stresses  the  Influence  of  the  stress  concentration  will  certainly  vary*  Freuden- 
thal*s  woric  on  stress  interaction  adequately  covers  the  movement  of  the  loading 
spectrum  to  higher  stresses  for  smooth  specimens* 

For  all  these  reasons  it  was  stated  that  there  is  not  a  satisfactory  damage 
accumulation  theory  available  for  resonant  response  of  structure*  Acceleration 
in  test  level  eanrot  proceed  without  this  guide  in  the  general  case*  In  a  partic¬ 
ular  problem,  for  which  a  correlation  has  been  established  for  accelerated  test 
levels,  and  in  which  the  proposed  test  specimen  is  like  those  used  in  establishing 
the  correlation!  alike  in  1)  same  degree  of  Intermixiitg  2)  same  kind,  number  and 
intensity  of  stress  concentration  3)  same  loading  spectrmns  4)  same  material  and 
5)  with  similar  nonlinearities ;  accelerated  testing  may  proceed  on  firm  ground* 

Acceleration  In  Time 

One  of  the  nonlinearities  discussed  in  Section  3V  which  did  not  offer  a  serious 
interference  was  that  of  frequency*  Therefore  the  speeding  up  of  the  application 
of  a  loading  spectrum  may  be  used  for  the  particular  case  when  the  mode  shapes 
and  the  load  distribution  are  independent  of  frequency*  This  occurs  when  the 
loading  frequency  band  in  the  real  environment  is  well  below  the  first  mode  or 
resonance*  Here,  acceleration  in  time  is  acceptable  for  either  the  application 
of  the  random  load  hlstozy  or  its  sine  equivalent* 


Another  possible  method  of  time  acceleration  is  the  use  of  a  structure  model  for 
testing,  obtaining  a  time  acceleration  inversely  proportional  to  the  scale  factor* 
In  a  small  number  of  cases  the  modelling  technique  may  provide  a  solution  to  the 
test  design* 


Eoulvalence  for  Two  Particular  Response  Patterns 

There  are  two  particular  response  patterns  for  ^ 
vddch  sinusoidal  equivalents  may  be  easily  sped- 
fled*  One  case  consists  of  damage  localized  to 
one  particular  strain  level,  as  shown  in  Figure  19CI 
A  sinusoid  at  this  same  amplitude  may  be  substi¬ 
tuted  with  confidence*  However,  supplementary 
information  about  the  load  history  regarding  mean 
stress  and  frequency  would  be  used  in  the  most 
general  ease*  This  simplification  will  apply  to 
any  high  cycle  case,  since  the  relation  of  the  S-N 
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Figure  189.  Typical  S-N 
Curves, 
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curve  to  the  load  history  must  be  approximately 
as  shovm.  Also,  the  damaging  effect  of  inter¬ 
action  appears  to  be  negligible  in  this  case. 

A  second  case  consists  of  a  part  which  has  a 
known  response  to  a  random  input  concentrated 
at  two  or  three  rasonant  frequencies,  known  in 
the  sense  that  calculations  or  predictions  had 
been  made  at  an  acceptable  level  of  accuracy. 
Rather  than  simulate  the  actual  random  input, 
it  is  only  necessary  to  simulate  the  resulting 
random  responses,  each  of  which  is  random  in 
amplitude  and  phase  but  essentially  constant 
in  frequency.  A  number  of  references,  Getline, 
Hall-IA-  and  indirectly  work  done  by  Shanley 
and  Lazan‘~15  indicate  that  this  equivalence 
may  be  based  on  work  equivalence.  E:q>res8lng 
an  equivalent  sinusoid  for  each  mode  allows 
the  testing  to  proceed  either  by  simulating 
each  mode  separately  or  combined.  A  tape 
controlled  electronic  power  supply  would  allow 
three  modes  to  be  excited  simultaneously.  A 
significant  raduction  in  power  required  is  an 
advantage  of  this  suggestion.  Alternatively, 
the  extra  power  available  could  be  used  to 
obtain  greater  response. 


Figure  190.  Cumulative 
Damage. 


Figure  191.  Response  Spec¬ 
trum. 


Work  as  a  Basis  for  Equivalence 


Consideration  should  be  given  to  Lazan’s  presentation  of  the  variation  of  the 
internal  material  damping  as  the  stress  level  varies,  Figure  19!><.  At  a  stress 
level  called  the  cyclic  stress  sensitivity  limit,  the  damping  increases  rapidly. 
Section VI  ,  Part  II  study  showed  the  correlation  between  the  plastic  strain  and 
the  fatigue  life.  The  plastic  strain  is  proportionsJ.  to  the  width  of  the  hyster¬ 
esis  loop,  which  in  turn  is  a  measure  of  both  the  internal  work  and  the  damping. 
Figure  393, 
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These  points  are  Indirectly  tied  to  other  of  lazan's  conclusions  which  are  of 
interest:  PP0F£P7t£S  OF  A 

VAR/ETY  OF- emp.  MATLO. 

1.  A  typical  engineering  material  under  a  _ 

uniform  stress  distribution  (tension  1.00 

and  coBQjression)  at  its  endurance  stress  _  SFCC. 
level  at  60  cps  can  absorb  and  dissipate  ‘Sjritmiv 
as  much  as  1  HP/ou,in, 

/At-is/Mro. 

Damping  is  dependent  on  the  prior  stress 

history  at  stress  levels  >0^  ,  As  the  Figure  192.  STAEOS 

damage  progresses  the  damping  inci'eases. 


2. 


/ 


3.  In  choosing  materials  for  high  resonant 
fatigue  strength,  comparisons  should  be 
made  on  the  basis  of  a)  damping  at  a 
given  stress,  b)  stress  for  equal  energy 
absorption  and  c)  the  proximity  of  this 
stress  to  the  fatigue  strengtli. 


Figure  193.  Hysteresis 
loop. 
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Becausa  of  the  logarithmic  nature  of  the  variation  of  the  damping  en8rg7  «ith 
etreee  level,  the  bulk  of  the  work  done  on  the  mateiial  ie  work  done  at  etreeees 
near  to  or  above  the  endurance  limit  and  therefore  the  woric  done  bacomce  an  approx¬ 
imate  measure  of  the  damage* 

Suggestions  by  Outline  and  Hall  that  slne-randrai  equivalence  be  based  on  equivalent 
UDik  for  partleular  cases  of  their  interest  are  shoim  here  to  be  fundameribally 
sound*  It  has  the  disadvantage  of  failure  to  include  Intermixing  and  the  assumption 
of  linear  damping  is  made,  ehich  Lasan*s  work  contradicts*  Hall  attempts  to  find 
a  factor  betmeen  ezpeidaMnt  and  theoxx  ehich  accounts  for  the  many  unaccounted-for 
variables*  It  should  be  recognised  that  no  such  constant  generally  exists  because 
of  the  Buux  nonllnaarlties  in  the  problem* 

Why  Po  Random  Vibration  Testing 

Random  vibration  testing  is  used  because  it  is  the  most  accurate  simulation  poss¬ 
ible  of  a  random  environment *  Random  vibration  causes  simultaneous  resonance 
throughout  a  dynamical  system  and  this  will  often  produce  failure  modee  not  present 
when  oi^  single  resonances  are  uccited*  Sinnltaneous  resonance  of  two  parts  which 
are  interconnected  by  a  third  part  can  only  be  made  to  fall  in  carton  cases  by 
random  excitation*  Collision.of  two  parts  of  a  flexible  system  may  be  created  by 
random  excitation*  Bingtiam***”  states,  "Failures  occurring  in  qualified  items 
(qualified  to  applicable  military  specification)  during  acoustic  fatigue  tests  to 
certify  hardware  for  major  Air  Force  weapon  qretems  were  occasionally  cansed  by 
excessivo  response  of  sensitive  items  but  more  often  were  caused  by  fasteners  being 
shaken  loose*  Broad  band  random  excitation  at  high  frequency  appears  to  be  a  more 
efficient  means  of  loosening  sezwws  than  sinusoidal  excitation*"  But  the  major 
reason  for  the  need  for  random  vibration  is  stress  Interaction  or  intermixing  of 
the  loads* 

The  above  statements  are  not  meant  to  be  an  endorsement  of  random  vibration  testing 
and/or  of  random  facilities  ]J.anning  and  purchases*  A  clear  statement  of  the 
problem  and  the  nature  of  the  correct  questions  to  be  asked  and  the  means  of 
obtaining  the  answers  was  attmapted  in  Section  H.  Not  only  is  random  vibration 
testing  expensive  from  the  standpoint  of  facilities,  but  also  from  set-up  time, 
fixture  req^  rements,  difficulty  in  equaliaing  the  input  for  flatness  and  other 
operational  complexities * 

The  question  arises  as  to  idwthor  a  preliminary  study  test  may  not  be  useful  in 
seme  cases*  Random  vibration  would  be  imposed  without  extensive  set  up  to 
comparative  sine-random  response  measurements  and  to  evaluate  the  possibility  of 
model  Interaction*  One  ran^m  vibration  facility  could  accomplish  many  more  tests 
in  this  way  and  the  power  requirements  could  be  compromised*  The  ability  to  inspect 
for  model  interference  will  certainly  depend  on  the  comj^exlty  of  the  part*  The 
more  complex  the  part  the  moxa  necessary  it  is  to  use  random  vibration  testing  or 
one  of  the  equivalences  discussed  below*  Many  presently  iRltten  specifications  are 
calling  for  three  types  of  vibration  inputs  random,  sinusoidal  resonant  dwell, 
and  sinusoidal  sweap  testing* 
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The  search  for  vibration  damage  above  500  should  not  be  made  automatically  but 
should  depend  on  the  characteristic  of  the  part.  Electron  tubes  are  most  sensitive 
in  the  band  2000-3000  ,  All  equipment  for  the  Snark  missile  was  qualified  below 

600  .  After  the  appearance  of  guidance  system  reliability  problems  an  extended 

vibration  environmental  study  was  made  to  detemlne  the  degree  of  damage  in  the 
band  600-1000  .  The  work  is  reported  by  Mustain-17,  Twenty  packages  of  equi|»nent 
likely  to  be  the  most  sensitive  in  this  frequency  band  were  tested  including  a 
random  acoustic  input  with  only  one  failure  resulting,  it  being  of  the  type  where 
simultaneous  resonance  was  required.  Cook~^  has  further  comnents  of  interest  on 
this  point.  The  power  requirement  for  random  facilities  are  reduced  whenever  the 
frequency  band  of  interest  is  reduced. 


Studies  Presently  Completed 

There  have  been  a  number  of  studies  completed  in  the  equivalence  area.  A  brief 
review  follows: 


Booth  suggests  a  sweep  random  test  wherein  a 
wide  band  low  acceleration  density  is  replaced 
with  an  intense  narrow  band  random  input.  It 
is  equivalent  when  the  magnitude  and  sweep  rate 
characteristics  are  chosen  so  the  number  of 
stress  reversals  in.  any  incremental  stress 
interval  are  the  same.  It  is  necessary  to  in¬ 
crease  the  grms  vd.th  increased  frequency  for 
this  test  and  th®  necessary  development  for 
making  this  increase  automatically  is  shown 
in  the  paper.  Figure  shows  a  cost  comparison 
made  at  Iffi  Mfg.  Co.  In  coomenting  on  the 
technique,  D,  G,  Kennard  of  WADD  asks  about 
the  effect  of  neglecting  simultaneous  resonance, 
aooUt  tne  necessity  of  defining  Q  properly  and 
allowing  it  to  vary  with  frequency,  and  points 
out  its  nonlinearity  with  amplitude. 


Figure  194.  Cost  Comparison 


Spence“19  shows  an  equivalence  based  on  experimental  tests  of  four  electronic  pack¬ 
ages.  He  applies  the  existing  equivalence  relationships  for  one  degree  freedom 
systems  to  the  multi-mode  resonant  packages  by  assuming  decoupled  modes.  For  each 
package,  vibration  response  measurements  were  made  at  various  internal  members  which 
act  to  provide  the  structural  vibration  input  to  sensitive  component  parts.  The 
data  from  the  measurements  was  processed  using  single  resonance  theory  resulting 
in  showing  the  existence  of  an  rms  sinusoidal-randran  relationship  for  each  package 
within  a  certain  scatter. 


Trotter^20  examines  experimentally  two  methods  for  examining  sinusoidal-random 
equivalence  from  References  21  and  22,  Cantilever  specimens,  some  with  strong 
response  in  the  fundamental  mode  only,  some  with  strong  response  in  the  first  two 
modes,  and  some  with  and  without  stress  concentrations  were  tested  to  determine 
comparative  fatigue  failures.  Complex  electronic  packages  were  tested  to  determine 
malfunction  thresholds.  The  experimental  evidence  showed  the  two  methods  are 
unconservative,  had  wide  scatter,  and  if  corrections  were  made  to  render  them 
conservative,  many  items  would  experience  excessively  severe  tests. 
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endorsee  the  narrow  band  random  test  suggested  in  References  24,  25  and  26 
and  suggests  a  tuc^lsvel  modulated  sinusoid  to  duplieste  the  Rayleigh  peak  distri¬ 
bution. 

Both  the  above  authors.  References  20  and  23,  express  the  viewpoint  that  a  random 
vibration  test  has  been  compromised  to  a  large  extent  by  a  numer  of  practical  diffi¬ 
culties  so  that  it  often  is  not  a  valid  test.  It  is  an  envelope  test,  an  envelope 
idiich  has  been  Moothed,  and  which  is  difficult  to  duplicate  equalisation.  A 
vexT'  rigid  shaker  armature  and  flxtxm  are  required,  but  these  cannot  dtpUeate 
structural  Impedances  at  all  frequencies.  The  complex  three  dlmensi^ial  notion  la 
not  being  slnnlated  even  in  one  j^ane. 

Bingsan'^^  recoauBeods  more  attention  to  the  problem  of  acoustic  fatigue.  Hie  paper 
was  proapted  by  an  indicated  lack  of  awareness  of  the  widespread  extent  and  diver¬ 
sity  of  damage  iddch  occurs  under  noise.  Acoustic  fatigue  is  a  serious  problem  of 
detail  design  in  secondaxy  structure  and  in  subqrstem  components.  Acoustic  fatigue 
may  impose  an  excessive  maintenance  burden  in  weapon  qrstem  hardware. 

The  Air  Force  program  tc  control  acoustic  fatigue  is  discussed  in  this  eame 
reference  and  has  a  three-fold  objectivet  1)  control  of  the  average  maintenance 
OMn-hours  required  to  repair  acoustic  fatigue  damage,  2)  deteradnation  of  how  and 
where  to  inspect  mad,  3)  use  of  fail-safe  design  to  prevent  safety  of  fll^ 
problems.  Past  experience  has  shown  that  a  final  proof  test  of  all  design  details 
is  required.  fAien  the  noise  loading  is  significant  over  much  of  the  entire  air¬ 
craft,  the  final  proof  teat  is  best  accomplished  utilising  the  complete  airezmft. 
lypic^  testa  have  consisted  of  operating  the  power  plant  on  the  ground  under  the 
most  severe  conditions  of  noise  iapingoment  for  a  sufficient  time  to  indicate 
reaaon^le  service  life.  Cycles  oo^msed  of  10-30  minutes  of  maximum  power  followed 
by  inspection  have  been  ueed.  An  hour  of  ground  time  at  maxUram  power  may  produce 
dmaage  that  is  produced  by  200-600  hours  of  nozmal  service  operation.  It  was 
pointed  out  that  the  rms  stress  in  certain  elemente  which  fail  later  in  the  test 
may  be  below  the  endurance  limit  of  the  material  and  thereljere,  this  type  test 
cannot  be  sufficiently  long  to  produce  enough  peak  stresses  to  reach  the  knee  of 
the  S-N  curve  of  all  the  structural  elements.  Broken  clips  mad  supporting  brackets, 
wires,  bonding  cables  or  straps,  coaxial  connectors,  broken  hTdraulie  lines,  failure 
of  heat  ahields  and  insulation  of  air  duets,  failures  in  bearings  and  rad  end 
bearings  and  in  fire  detection  systems  made  vp  the  more  oomsion  failures  in  these 
piroof  tests.  Rib  failures  and  failures  in  more  minor  structural  elements  such  as 
stiffeners,  gussets,  shear  ties  and  fasteners  have  always  represented  a  large  per¬ 
centage  of  the  failuree.  Stress  concentrations  appear  to  be  even  more  erlticaj. 
under  high  frequency  coaplex  modes  of  response.  The  nominal  stress  level  assoc¬ 
iated  with  acoustic  fatigue  failuies  is  generally  not  sufficient  to  eaure  any  local 
yielding.  Fabrication  and  assembly  1»,  therefore,  more  critical  for  secondary 
structure.  The  nature  of  the  majority  of  failures  uncovered  in  proof  tests  was 
such  that  prediction  of  the  etreeses  would  be  nearly  impossible.  A  lack  of  appli- 
eatioii  of  good  fatigue  desiga  prineiples  is  frequently  iadioatsd.  Many  of  the 
study  dsslgns  and  fabrication  praetiees  have  been  found  to  be  unacceptable.  The 
following  design  practleea  have  been  found  neeeaaaryt  1)  design  for  inereasad 
stiffness,  2)  to  mlnlnles  stress  conesntrations,  3)  to  Inereass  damping  and, 
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4)  to  distribute  loads  evenly  at  joints.  The  development  program  should  be  applied 
to  all  subsystems  and  not  limited  to  structure. 

The  bulk  of  the  reliability  and  qualification  testing  in  the  past  has  been  concerned 
with  equipment  and  to  only  a  lesser  degree  with  structure.  Full  'weight  must  be 
gi'ven  to  qualification  of  all  structure. 

Any  one  of  these  methods  has  its  shortcomings  when  ccmapared  to  the  requirements 
which  are  necessary  to  avoid  interference  from  the  nonlinearities  and  the  necessity 
to  be  cooqsatlble  irith  the  significant  parameters  associated  with  fatigue.  In  line 
with  the  discussion  of  Section  Hon  the  statement  of  the  problem,  it  is  felt  that 
the  proper  overall  question  is,  '*Nhat  is  the  cheapest  way  to  pro^de  a  targetted 
level  of  reliability?'*  It  may  be  through  random  vibration  testing,  sinusoidal 
testing  or  through  new  design  innovations  such  as  miniaturizing,  transistorizing, 
potting  of  components,  or  the  analogous  structural  advances  which  basically  design 
around  the  problem. 
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VI  o  MALFUNCTION  AND  DAMAGE  TO  EWUIPMENT 

Eqviipment  coii53on0nts  used  in  space  vehicles  range  frcEi  relatively  heavy  and  rugged 
components,  such  as  turijopumps,  plumbing  valves,  motors,  generators  and  transformers 
to  very  small  and  fragile  items  such  as  electron  tube  elements,  relays,  optical 
lenses,  pressure  sensors,  magnetic  pickups,  etc.  The  latter  category  are  generally 
sensitive  items  having  fine  tolerances  and  requiring  fine  adjustments  vrtiich  must  not 
be  excessively  disturbed.  Shocks  and  vibration  transmitted  from  the  source  through 
the  main  and  secondary  structure  and  through  the  equipment  mounts,  and  the  direct 
impingement  of  acoustic  pressures  can  cause  considerable  vibration  response  of 
these  equipment  cos^nents  and  their  internal  mechanisms,  thus  destroying  fine 
tolerances  and  adjustments.  Shock  and  vibration  environments  therefore  represent 
damage  and  malfunction  potentials  which  may  permanently  or  temporarily  interrupt 
the  normal  operating  and  function  of  such  equipment  components. 

The  probability  of  occurrence  of  equipment  dasiage  or  malfunction  in  a  space  vehicle 
is  quite  high  because  of  the  very  large  number  of  relatively  fragile  items  required 
for  instrumentation,  data  recording,  guidance,  etc.  The  overall  reliability  of  the 
vehicle  and  its  mission  is  highly  dependent  upon  the  proper  functioning  of  each 
such  component  during  at  least  a  portion  of  the  mission,  so  that  acceptable  overall 
reliability  can  be  attained  only  by  insuring  that  the  reliability  of  each  piece  of 
equipment  be  as  high  as  possible. 

Equipment  failures  to  shock  and  vibration  environments  can  be  broadly  divided  into 
two  classes:  temporary  and  permanent  failures.  Teiq>orary  failures,  often  called 
malfunctions,  are  characterized  by  out->of-tolerance  perfomance  of  equipment  :dien 
the  shock  and  vibration  environments  are  applied  and  by  normal  performance  when 
these  environments  8u*e  removed.  Permanent  failmres  are  characterized  by  breakage 
resulting  from  hi^  amplit\ule  overstressing  associated  with  shocks,  and  cumulative 
damage  leading  to  fatigue  type  failures  associated  with  vibration.  These  two 
classes  are  not  necessarily  distinct  since  ten^wrary  failures  are  often  acccmpanied 
by  'Hrecn:''  and  gradual  deterioration  of  the  equipment  which  may  promote  permanent 
type  failures  under  continued  action  of  the  environment.  This  type  of  "aging  '  of 
the  components  will  often  lead  to  conditions  which  could  not  be  classed  as  failures, 
but  must  be  classed  as  bej.ow  normal  functioning. 

Before  attempting  to  analyze  the  problem  of  equipment  damage  and  malfunction,  it  is 
necessary  to  understand  the  various  mechanisms  which  lead  to  damage.  These 
mechanisms  cure  easily  understood  from  the  types  of  failures  that  occur,  so  that  the 
following  list  of  examples  of  malfiuictlon- and  damage-type  failures  should  well 
define  the  problem  area. 
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EQUIPMEWT  FAILURES 


1.  Oscillations  of  electronic  tube  elements  such  as  filaments,  grids,  cathodes 
and  plates,  is  such  that  the  spacing  between  these  elements  fluctuates.  The 
relative  positions  of  these  elements  are  often  critical  and  fluctuations  of 
this  nature  may  temporarily  change  the  tube  characteristics,  increase  electri¬ 
cal  background  noise  in  the  tube  such  as  that  associated  with  microphonics,  and 
where  arcing  or  shorting  of  these  elements  occurs,  temporary  paralysis  of  the 
electronic  circuitry  can  result.  Conventional  tube  elements  are  often  long  and 
slender  and  are  generally  cantilevered  from  the  base  with  natural  frequencies 
ranging  from  500  cps  to  8000  cps.  Internal  damping  is  very  low,  producing  high 
Q*s  resulting  in  high  resonant  responses.  The  mica  spacers  between  these  ele¬ 
ments  can  become  cracked  and  permanent  distortion  and  direct  shorting  of  the 
elonents  is  a  common  cause  of  permanent  tube  failure.  Other  tube  damaiges  are 
open  circuiting,  cracked  glass  envelopes  due  to  impact  with  neighboring  com^- 
ponents,  cracked  plastic  bases,  gassiness,  pin  breakage,  vibration  of  the  tube 
from  the  socket.  When  conventional  glass  envelope  tubes  are  used,  these 
failures  are  coumon,  making  the  electron  tube  very  vulnerable  to  serious  damage, 
and  often  the  most  vxilnerable  of  all  components,  Reference  1  . 

2.  Acoustical  excitation  produces  nearly  uniform  compression  of  small  components: 
a  capacitor  may  act  as  a  microphone  creating  electrical  noise  in  the  circuit 
with  little  or  no  permanent  damage  to  the  capacitor;  a  large  chassis  may  be 
excited  acoustically  and  cause  vibration  of  attached  elements. 

3.  Relay  chatter  is  a  frequent  type  of  failure  in  vhioh  the  contacts  of  an  open 
relay  oscillate  and  accidentally  close  an  open  circuit  or  open  a  closed  circuit. 
Oscillation  of  the  contacts  of  a  closed  relay  changes  the  normal  pressure 
between  the  contacts  so  that  the  contact  area  fluctuates,  changing  the  electri¬ 
cal  resistance  of  the  contact  atui  the  current  flowing  throxigh  the  relay. 

Although  these  represent  tes^jorazy  malfunctions,  arcing  and  corroding  do  occur 
leading  to  serious  changes  in  circuit  parameters  and  may  eventually  freeze  the 
relay  closed  or  permanently  open.  Mechanical  warping  and  breaking  may  also 
occur,  for  exaii^>le,  in  the  brushes  of  a  motor  generator. 

4.  Resistors  and  capacitors  are  often  located  adjacent  to  a  large  flat  surface 
such  as  a  chassis  and  when  vibration  excited  by  the  flat  surface  will  ejqierience 
numerous  impacts  with  the  surface  which  often  leads  to  breakages  -  especially 
of  carbon  resistors. 

5.  Wires  connected  to  terminal  posts  from  resistors,  tubes,  capacitors  and  trans¬ 
formers  experience  stretching  due  to  chassis  flexures;  high  bending  moments  at 
the  texmlnal  posts  result  from  this  stretch  and  frtmi  the  high  amplitudes  of 
oscillations  that  can  be  attained  by  these  low  natural  frequency  wires.  When 
soft  wire  is  used,  such  as  hook-up  wire,  the  wire  is  easily  deformed  so  that  a 
"flopping”  action  occurs  along  the  wire  between  tie  down  points.  Cumulative 
damage  of  this  type  leads  to  fatigue  in  a  relatively  few  number  of  cycles. 

Wire  breakage  is  considered  to  be  one  of  the  most  coamon  causes  of  failure  in 
electronic  equipment. 
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6.  Vibrating  wiraa  may  rub  againat  a  nali^boring  coaponent  so  that  the  insulation 
on  tha  wiras  uaars  awaj  producing  short  circuits.  This  is  also  a  otmaon  fail- 
urs  in  Kulticonduetor  eablas. 

7*  About  lOJt  of  tha  failures  of  alaetronic  aqnlpMnt  under  shock  and  vibration 
anvii*onaant8  can  be  attributed  to  broken  lock  uasherSf  loosened  screws  and 
nutSf  loosening  of  threaded  fasteners,  and  e<MQ>onent  Bounting  stud  failures 
(Reference  1 ). 

d.  Change  in  alignment  of  optical  s^eas* 

9*  Flexing  of  coaxial  cables  can  produce  considerable  i^ioise**  voltages  in  the 
circuit. 

10.  Transformers  are  heavy,  rigid  type  eoiq>onent8  idtleh  experience  little  internal 
damage  from  vibration,  but  idiieh  have  been  known  to  Inniet  considerable 
breakage  of  the  other  eo^>onenta  by  breaking  loose  from  the  moxmtings  imich 
are  sometimes  made  with  undersised  bolts  and  understrength  mounting  studs. 

11.  Chassis  and  mounting  bracket  fatigue  failures  can  cause  considerable  malfunc¬ 
tioning  and  permanent  failure  of  mounted  components. 

12.  Under  hl|^  acceleration  peaks  from  shocks  and  random  vibration,  equipment 
eo^Mments  mounts  may  bottom  and  inject  a  shock  pulse  to  the  mounted  equipment. 

13.  Galling  of  bearings  and  bearing  races  under  hl^  dynamic  loading. 

14.  It  should  be  noted  that  many  good  design  and  installation  techniques  have  been 
developed  recently  for  virtTuOly  eliminating  certain  types  of  eq^pment  failure 
and  greatly  reducing  the  probability  of  occurrence  of  others.  It  is  beyond 
the  scope  of  this  section  to  discuss  these  techniques.  Reference  1,  but  the 
following  are  examples  idilch  will  indicate  the  present  abroach  to  the  problem: 

(a)  Replacement  of  conventional  glass  (and  metal)  envelope  electronic  tubes 
with  transistors  which  experience  very  little  damage  and  malfunction 
under  shock  and  vibration  environments. 

(b)  Cementing  or  claaqiing  maall  items  such  as  resistors,  capacitors,  transie* 
tors  to  circuit  boards  and  chassis. 

(c)  Minlat\urlsation  of  large  blocks  of  electronic  coaponents  to  adnimise  the 
wei^t  and  inertia  loads  on  individual  coa^nents  (i.e.,  increasing  the 
natural  frequencies  and  lowering  the  stress)  and  to  obtain  higgler  density 
(volume  saving)  packages. 
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(d)  Qareful  tie  down  of  all  wires  to  rigid  subassemblies  along  the  entire 
length  of  the  wire. 

(e)  Potting  of  entire  electronic  packages. 

(f)  Counting  all  components  such  that  the  strongest  ajds  of  the  con^nent 
is  oriented  parallel  to  the  direction  of  greatest  -vibration  and  shock 
excitation. 

The  ultimate  goal  of  any  engineering  discussion  of  equipment  failures  should  be 
the  establishment  of  either  liqproved  equipment  design  techniques  or  better 
laboratory  methods  for  qualification  testing.  The  present  discussion  is  primarily 
concerned  with  testing  and  the  problems  associated  with  providing  for  realistic 
but  practical  criteria  for  assessing  the  damage  potentl^  of  the  in-service  shock 
and  -vibration  en-vlronment  to  on-board  equipment  components.  Practical  criteria 
are  often  dependent  upon  defining  a  aimpllfled  response  which  is  equivalent  to  the 
actual  response  so  that  unnecessary  complications  may  be  eliminated  from  labora¬ 
tory  testing  and  so  that  the  time  duration  of  these  tes-ts  may  be  shortened. 

In  keeping  with  the  basic  purpose  of  laboratory  tests »  each  and  every  simplified 
response  must  duplicate  the  mMe  or  modes  of  failure  of  the  equipment.  The  above 
list  of  examples  shows  that  several  different  types  of  failures  can  occur,  with 
the  possibility  that  different  equivalent  simplified  responses  are  required  for 
each  different  type  of  failtire.  Permanent  types  of  failures  associated  with 
cumulative  damage  can  be  classified  as  fatigue  failures.  A  discussion  of  the 
concepts  of  fatigue,  cumulative  damage,  equivalent  response  for  fatime  and 
appropriate  methods  for  testing  are  presented  in  Sections  XXI »  IV,  v. 

Cumulative  damage  is  dependent  upon  the  cyclical  etressing  of  a  component  over  a 
large  number  of  cycles.  For  tenporaxy  equipment  malfunctions,  the  essential  para¬ 
meter  is  deflection  response.  Displacements  of  eq-ulpment  components  and  their 
elements  alters  the  relative  positions  of  these  items  with  respect  to  neighboring 
components  ar^  elements  producing  electrical  noise  and  arcing.  For  sufficiently 
large  relative  displacements,  iiipacts  may  result  causing  el-bher  electrical  shorts 
and  the  interruption  of  circuitry  functions  or  shocks  which  in  turn  produce  other 
malfunctions. 

It  should  be  noted  that  the  fatigue  of  elements  within  electronic  equipment  com¬ 
ponents  will  have  some  v^t  different  characteristics  than  the  fatigue  of  struc¬ 
tural  items  because  of  the  wide  variety  of  materials  used  in  equipment  design, 
such  as  plastics,  soft  metal  wires,  brittle  mica,  carbon  ceramics,  etc. 

On  assessing  the  overall  importance  of  equipment  malfunctions  relative  to  all 
equipment  failures,  it  is  difficult  to  assign  a  single  number  to  the  percentage 
of  all  failures  due  to  malfunction.  A  review  of  the  literature  indicates  that 
for  different  test  programs  Involving  various  types  of  components,  malfunctions 
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have  accomtad  for  from  5%  to  5056  of  all  equipment  failures  under  shook  and  vibra¬ 
tion  environments.  An  exact  figure  need  not  be  established  here  as  this  is  of 
interest  mainly  to  the  estimation  of  statistical  reliability  of  a  space  vehicle. 

The  fact  that  ceirtain  programs  have  shown  a  5056  malfunction  figure  indicates  that 
this  problem  area  cannot  be  overlooked. 

UnfortTuiately,  only  a  limited  amount  of  actual  malfunction  test  data  is  available 
and  therefore  a  detailed  evaluation  of  this  area  is  not  presently  possible. 
Specifically,  it  is  difficult  to  evaluate  present  testing  specfications  and 
establish  testing  criteria  \dilch  are  both  realistic  and  practical.  Test  programs 
discussed  in  the  literature  give  no  detailed  information  concerning  the  particular 
types  of  equipment  tested,  locations  of  accelerometers,  and  the  actual  environment 
that  is  to  be  duplicated  in  the  laboratory.  The  present  state  of  the  art  on 
equipment  malfunction  is  in  its  infancy. 

As  with  many  engineering  problems  of  this  type  in  which  the  hardware  involved  is 
extremely  complex  and  input  excitations  are  complex  random  time  functions,  the 
approach  consists  of  analyzing  simplified,  hi^.ly  idealized  dynamic  models.  These 
simple  models  ,iidilch  generally  consist  of  one  or  two  degree  of  freedom  linear 
oscillators,  are  used  to  provide  a  basic  understanding  of  the  phenomena  involved, 
and  the  response  solutions  of  these  simple  ^sterns  are  used  to  provide  engineering 
direction  and  order  of  magnitude  results  and  establish  better  test  procedures  and 
indicate  the  significant  parameters  which  should  possibly  be  measured.  Investi¬ 
gations  in  Reference  7  ,  indicate  that  the  responses  of  complex  vehicle  structures 
to  random  inputs  may  often  be  adequately  approximated  by  the  responses  of  single 
degree  of  freedom  systems  so  that  efforts  to  siJipllfy  the  actual  dynamic  systems 
to  ideal  models  may  be  very  worthwhile.  The  dynamical  cranplexities  inherent  in 
equipment,  especially  electronic  components,  probably  stem  from  the  fact  that  there 
exists  a  multitude  of  individual  <me  and  two  degree  of  freedom  systems  each  having 
different  natural  frequencies  and  damping  characteristics,  different  directions  of 
response  (including  rectilinear  and  rotation  motions)  and  different  transmission 
paths  through  idiich  the  excitatlonal  energy  has  been  fed. 

It  is  felt  that  cases  do  exist  >diere  coupled  multimode  response  (say  greater  than 
two  degrees  of  freedom)  is  significant,  but  these  are  very  likely  to  be  exceptional 
cases  and  not  representative  of  the  general  type  of  response.  Laboratory  testing 
criteria  are  often  rather  arbitrary  because  of  a  lack  of  good  data.  The  errors 
introduced  by  neglecting  this  type  of  multimode  response  may  very  well  fall  within 
the  larger  error  introduced  by  present  testing  techniques. 

Another  approach  to  this  problem  is  to  determine  what  degree  of  reliability  is 
required  for  an  equipment  package  w^iich  will  be  compatible  with  the  overall  relia¬ 
bility  of  the  vehicle  emd  consistent  with  the  cost  of  obtaining  this  reliability. 

It  may  be  foxind  that  it  is  desirable  in  laboratory  testing  to  reach  for  such 
multimode  interactions. 
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The  actual  vibratory  Inputs  to  equipment  components  are  generally  complex  random 
accelerations  at  the  equipment  mounting  points  and>  vrtiere  direct  acoustic  excita¬ 
tion  is  significant,  the  inputs  consist  of  random  pressure  fluctuations  over  the 
surface  of  the  components.  The  statistical  characteristics  of  the  excitation, 
such  as  spectrum  level  and  shape,  amplitude  probability  distribution,  and  degree 
of  non-statlonarlty  are  usually  unknown  and  must  be  estimated.  Also  the  time 
duration  and  principal  direction  of  input  excitation  are  often  not  known.  With  a 
knowledge  of  a  flight  phase  and  the  locations  of  the  equipment  within  the  vehicle, 
these  estimations  can  be  made  by  methods  discussed  in  References  7  and  6. 

The  major  sources  of  vibrational  energy  are  the  external  acoustic  field  produced 
by  the  rocket  exhaust,  es^emal  hydrodynamic  pressure  fluctuations  over  the  sur¬ 
face  of  the  vehicle  and  direct  mechanical  excitation  by  thrust  variations  within 
the  rocket  engine.  The  vibration  energy  contained  in  these  sources  is  broad  band, 
i.e.  contains  a  significant  amount  of  energy  at  all  frequencies. 

For  an  equipment  component  located  near  the  source,  the  excitation  will  be  fairly 
broad  band.  Such  is  the  case  for  equipment  mounted  to  the  external  shell  of  the 
vehicle  or  in  the  aft  section  of  the  vehicle  in  the  vicinity  of  the  engine.  When 
the  vibratory  energy  is  transmitted  mechanically  through  various  structural  load 
paths,  the  filtering  and  transmission  loss  effects  of  the  structure  and  equipment 
mounts  narrows  and  reshapes  the  excitation  spectrum.  The  amplitudes  of  the 
excitation  are  still  distributed  randomly  after  filtering,  but  if  the  frequency 
band  has  been  sufficiently  narrowed,  the  excitation  will  be  nearly  constant  with 
a  slowly  varying  amplitude  envelope.  Arguments  for  the  use  of  sinusoidal,  labora¬ 
tory  testing  of  equipment  are  in  part  based  on  this  filtering  of  the  excitation 
by  the  structure.  The  actual  effect  of  this  filtering  is  not  as  pronounced  as 
might  be  e:q)ected,  however,  when  or  where  vibratory  energy  is  transmitted  to  a 
point  through  nmltiple  structural  paths  each  having  different  filtering  effects. 
The  composite  excitation  at  any  point  on  the  structure  will  then  be  wider  band 
than  that  of  its  components. 

Three  simple  dynamical  models  aire  discussed  below  which  are  considered  to 
represent  a  wide  variety  of  equipment  elements  that  are  likely  to  malfunction 
under  shock  and  vibration  environments.  These  ^sterns  aure  fully  discussed  in 
References  6  and  ID  for  random  vibration  excitation,  and  since  th^  involve  only 
single  degree  of  freedom  concepts  (adequately  discussed  in  References  7  and  9.  ) 
only  the  results  of  these  analyses  are  presented  here. 

Figure  195  a  shows  a  single  degree  of  freedom  system  B  attached  to  a  base  A  of 
infinite  impedance  and  in  close  proximity  to  a  third  element  C.  The  condition  of 
an  Infinite  impedance  base  means  simply  that  the  motion  of  the  base  is  unaffected 
by  the  dynamic  response  of  the  oscillator.  It  is  assumed  that  the  surfaces  A 
and  C  are  structurally  connected.  Oscillations  of  the  surfaces  A  and  C  are 
assumed  to  be  identical  with  the  same  frequency  content,  same  amplitudes  at  each 


398 


frequency  and  zero  relative  phasing  in  the  frequency  range  from  0  to  f^  cps.  This 
rigid  body  type  oscillation  of  A  and  G  may  be  due  for  example  to  the  response  of 
the  space  vehicle  in  its  lower  modes  of  vibration.  The  oscillations  in  the  fre¬ 
quency  range  from  f^  to  f2  of  both  surfaces  A  and  C  are  assumed  to  have  the  same 
frequency  components  with  different,  but  kn<3wn,  anq>litudes  and  phasing  at  each 
frequency  in  this  range.  Lastly  it  is  assumed  that  in  the  frequency  range  above 
f 2»  the  two  surfaces  have  the  same  frequency  content  with  different  amplitudes  at 
each  frequency  and  arbitrary  (Tonknown)  phasing  between  the  two  at  each  frequency. 
This  system,  as  defined,  represents  a  very  realistic  condition  insofar  as  the 
interdependencies  of  the  oscillations  of  neighboring  elements  in  the  low,  medium 
and  high  frequency  range.  The  problem  consists  of  first  determining  the  response 
of  the  simple  oscillator  to  its  foundation  excitation  at  the  base  and  then  deter¬ 
mining  the  root  mean  sqxiare  fluctuation  of  the  spacing,  S,  between  the  oscillator 
and  the  adjacent  axirface. 


For  the  latter  problem  it  may  be  more  desirable  however  to  determine  the  proba¬ 
bility  that  impact  will  occur  at  a  given  design  and  to  determine  the  mean  time 
between  collisions.  Ftirther  statistical  analyses  would  be  required  for  the  system 
Just  discussed  if  this  type  of  information  is  desired.  Two  simpler  dynamic  ayst^ns 
were  analyzed  by  Hlmelblau  and  Keer,  Reference  10 ,  which  are  special  cases  of  the 
above  system  except  that  the  emphasis  was  placed  on  solving  the  impact  problem. 

The  results  of  these  analyses  are  presented  below. 


Figure  195h  shows  a  simple  one  degree  of  freedom  linear  system  having  a  mass  m, 
spring  constant  k,  viscous  (linear)  damper  c,  and  attached  to  an  infinite  impedance 
base.  Assume  that  the  base  e3q)erlences  a  random  oscillation,  characterized  by  a 
Gausgian  white  noise  acceleration  spectral  density  F(f)  fi.e.FCf)  ■  constant 
(g  /  for  all  o<f<oo].  The  rms  relative  displacement,  (x-y)],,  between  the 

mass  m  and  the  base  is  then  given  by  the  eq.,  Reference  10, 


(<-Y),  ^ 


fsziT» 


=  \^.25 


■P  * 


vrtiere 


Q  «  ^  ^cr  ■  resonant  amplification  factor 
c 

c  ■  viscous  damping  constant  (linear  dan^>ing) 


Cqj,  b  critical  damping  constant 

fo  =  -  system  natural  frequency,-  cps. 

F  =  applied  accelerations  spectral  density,  g^/ops  (  «  constant  from 
f»Otof»OD) 


Although  the  above  equation  was  derived  on  the  basis  of  a  constant  acceleration 
spectral  density  from  o  to  oocps.,  the  above  nns.  response  equation  is  sufficientiy 
accurate  if  all  frequencies  above  (4  fo)  are  neglected.  Integration  of  the 
Gaussian  probabllAty  density  function  yields  an  equation  for  the  probability  that 
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the  relative  amplitude  will  exceed  a  given  displacement  in  either  the  positive  or 
negative  direction.  This  probability  distribution  is  given  by  the  equation: 


p||v  .v|  >q]  =  I 


^  ;  ’  /  /  V 

(X-Y)j,  •  rms  displacement  response 

A 

Table  ID  lists  this  probability  for  various  ratios  -  * 

This  equation  is  useful  in  investigating  such  equipment  vibration  problems  as: 


(a)  Bottoming  of  equipment  movints  during  high  acceleration  peaks. 

(b)  Iii;}act  of  electron  tubes  against  chasses  and  equipment  covers 
when  small  clearances  are  available. 

(c)  Shorting  flexible  tube  elements  with  more  rigid  neighboring  tube 
elements. 

(d)  Relay  chatter  for  relays  having  a  flexible  or  moving  contact 
point. 

(e)  Change  of  electronic  parameters  due  to  an  oscillating  elements 
change  of  position  with  a  chassis. 


Many  other  examples  could  be  given  which  may  be  euiequately  analyzed  by  this  simple 
model.  The  complex  gemetry  occurring  in  equipment  items  often  disguises  the 
actual  sis^liclty  with  \diich  the  system  may  be  analyzed.  Such  interpretations 
must  be  left  to  the  ingenuity  of  the  vibration  engineer  as  a  complete  discussion 
of  the  many  possible  geometries  that  fall  in  this  category  cannot  be  presented 
here. 


One  very  sia?)le  schematic  is  shown  in  Pigurel95ii,  however,  which  should  be 
representative  of  many  types  of  geometries  occurring  in  practice. 

The  specific  problem  of  interest  in  Figure  19$d  isthat  of  impact  of  the  internal 
member  against  a  relatively  rigid  casing.  From  Reference  10  the  average  number  of 
impacts  in  time,  t  is 

N  =  2fg  (At)  exp  -  ^a2/2(X-y)2j 

Numerical  values  for  the  exponential  appear  in  Table  X  Q  The  mean  time  between 
consecutive  impacts  is  given  by  the  equation  for  N  »  1. 

exp  [+  a2/2(X-Y)2j 
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The  amplitude  response  of  the  mass  is  roughly  that  shown  in  Figure  196. 

An  assumption  made  in  Reference  10  for  the  derivation  of  the  above  e3q}ression  is 
that  the  Gaussian  distribution  of  the  response  amplitudes  remains  unchanged  by  the 
iaqpact  or  "clipping"  of  the  response  at  (X-Y)^  b  a.  The  above  equations,  which  are 
approximate  for  this  case,  are  considered  by  Himelblau,  Reference  10  ,  to  be 
sufficiently  accurate  to  give  order  of  magnitude  resul.ts« 

This  assumption,  and  the  shape  of  the  response  time  history  shown  in  Figure  196 
imply,  however,  that  impacts,  when  they  occur,  are  generally  grouped  into  a  set 
of  successive  Impacts  nearly  l/f^  in  time  apart  with  a  relatively  long  time  delay 
between  groups.  It  is  vexy  likely  that  the  response  changes  considerably  after 
each  impact,  since  energy  is  lost  In  the  collision,  so  that  the  above  grouping 
does  not  occur. 

The  mean  time  between  collisions  corresponds  to  a  50^  probability  of  occurrence 
a  collision  during  the  time,^t.  H.  Himelblau  (Northrop  Corporation)  and 
J.S.  Bendat  (Ramo-Wooldrldge)  are  presently  investigating  the  problem  of  deter¬ 
mining  the  time  Interval  between  successive  collisions  for  various  probabilities 
of  occurrence  of  a  collision  during  the  corresponding  time  interval.  With  this 
information  it  is  possible  to  estimate  the  probability  that  a  given  number  of 
Intacta  (or  say  the  closure  of  a  relay)  will  occur  dxiring  the  service  life  of  a 
space  vehicle. 

The  idealized  model  shown  in  Figure  195djs  also  representative  of  vibratory  systems 
internal  to  equipment  conqionents  which  may  produce  malfunctions  under  shock  and 
vibration  environments.  This  model  consists  of  two  single  degree  of  freedom 
oscillators  in  close  proximity  to  each  other  and  attached  to  a  common  base  of 
Infinite  iji9>edance.  When  the  base  experiences  random  acceleration,  each  oscillator 
will  respond  in  the  fashion  described  in  Example  1,  so  that  the  distance  between 
the  masses  will  have  a  random  fluctuation.  A  derivation  of  the  response  of  these 
two  oscillators  to  a  Gaussian  white  noise  acceleration  spectral  density  of  the  base 
is  presented  in  Reference  10  .  Only  the  resxilting  response  equations  are  presented 
and  discussed  here. 

Of  interest  are  the  relative  deflection  and  velocity  of  the  separation  distance 
between  the  two  masses.  These  are  given  respectively  by  the  equations: 

(X-?^  -  [(X-Y)2  -  2<(X-Y)  (X-Z)>]^/^ 

(Y-Z)r  -  f(X-Y)2  -  2<(X-Y)  (X-Z)>] 

These  responses  are  thus  defined  in  terms  of  the  relative  mean  square  responses 
of  each  of  the  masses  and  the  base  and  the  cross-correlation  of  these  responses. 
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The  relative  mean  square  responses  are  given  by  the  equations: 

(X-yV  =  ('2.25')  =  (ll.O 

(X-2V  “  02.25:)  »  7.71 

Qz,  Qy  -  quality  factors  for  the  two  aystems  =  !i 

fz»  ^y  ■  natural  frequencies  of  the  two  systems. 

Noting  that  (y-z)  is  the  change  in  the  separation  distance  between  the  two  masses, 
(not  the  separation  distance)  the  probability  density  that  (y-z)  is  equal  to  "a" 
is  given  by  the  e3q)ression: 


[-“I  fY-2V‘J 


The  probability  of  collision  of  the  two  masses  separated  by  distance,  a,  can  be 
determined  by  integrating  this  probability  density  function  from  (a)  to  oq  that 
is  when  the  change  in  separation  distance  exceeds  the  static  separation,  and  when 
the  masses  do  not  collide  with  the  base.  This  probability  distribution  is  given, 
by  the  equation 

p((Y-2)  e-'-P 


Values  of  this  probability  are  given  in  Table  ZHXfor  variouszmtios  of  a/y-z)r. 
The  average  nusber  of  collisions  in  time  (t)  is  given  by  equation: 


KJ  » 


^  (id)r 

Zrr  (Y-2V 


and  the  mean  time  between  two  consecutive  collisions  is: 

2n  e>‘P  (Y-e)pJ 

Such  collisions  may  occur  in  various  types  of  equipment  cooponents  and  can  result 
in  serious  malfunctions.  Relay  chatter,  collisions  between  adjacent  electron 
tubes,  resistors  and  capacitors,  circuit  boards  etc.  are  a  few  examples  of  this 
type  of  difficulty  which  may  lead  to  malfunction. 


The  above  three  ideal  systems  have  been  analyzed  and  discussed  very  briefly. 
Further  statistical  analysis  could  be  made  which  would  provide  other  detailed 
information  which  could  be  of  value  in  assessing  the  damage  potential  of  these 
systems  in  any  given  environment.  For  example  these  systems  should  also  be 
analyzed  for  shock  excitation  and  for  combined  shock  and  vibration  environments. 
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Response  to  shocks  have  not  been  discussed  for  these  systems  as  the  response  of 
simple  systems  to  shock  pulses  can  be  found  throughout  the  literature. 

Hany  other  such  ideal  models  covild  be  constructed  and  analyzed  ^ich  would  add  in 
the  overall  understanding  of  equipment  malfunctions.  When  more  accurate  results 
aire  desired  in  auiadyticailly  predicting  malfunction,  the  vaurious  statlstlcaO. 
parameters  could  be  obtained  from  more  detailed  models  tdiich  account  for  suJi 
effects  as: 

a)  Inqpedances  of  the  base  and  equipment  mounts  and  their  effects  on  shaping 
the  acceleration  spectral  density  of  the  applied  excitation. 

b)  Reshaping  of  the  spectral  accelerations  at  the  mount  points  due  to 
filtering  and  transmission  loss  effects  of  structural  load  paths  which 
carry  the  vibratory  energy  from  the  soiarce  to  the  equipment. 

c)  Influence  of  time  ten^erature  effects  on  tolerances,  spacing  and  material 
properties. 

d)  Influence  of  vibratory  energy  transfers  along  different  axes  of  vibration. 

e)  Influence  of  both  rectilinear  and  rotational  motions  on  the  fluctuations 
in  spacing  and  impact  of  nei^boring  consonants. 

f)  Nonlinearities  in  spring  constants  such  as  the  permanent  set  in  soft  wires 
and  terminals  and  the  slip  of  light  weight  components  such  as  the  movement 
of  the  pins  of  electron  tubes  within  their  sockets. 

It  is  to  be  emphasized  that  the  purpose  of  analyzing  these  Ideal  qrstems  which 
represent  potential  malfunctions  in  equipment  is  to  show  that  statistical  para¬ 
meters  are  significant  and  sensitive  in  various  case  of  equipment  malfunction.  It 
is  not  e:q>ected  that  detailed  analyses  of  any  given  piece  of  complex  equipment  will 
replace  testing  by  theoretically  predicting  malfunction.  The  analyses  may  be  used 
to  obtadn  order  of  magnitude  estimates  of  the  ssrvieeebillty  and  life  of  an  individ- 
uad  element  of  a  complex  package  during  design  aucd  installation,  but  such  analyses 
will  never  be  sufficiently  accurate  to  insure  the  necessary  reliability  of  an 
equipment  package  for  space  vehicles.  However,  it  is  necessary  at  the  present 
level  of  the  state  of  the  art  of  vibration  testing  that  some  indication  be  given 
as  to  what  statistical  parameters  are  significant  in  producing  failure.  Without 
these,  the  problem  of  developing  equivalent  simplified  laboratory  equipment  tests 
>diich  are  both  practical  and  realistic  caiuiot  proceed  except  by  expensive  trial  and 
error.  Further,  the  limits  that  must  be  imposed  on  the  use  of  any  equivalences 
in  testing  cannot  be  properly  established  without  knowledge  of  these  parameters  and 
their  associated  modes  of  failure. 
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Theoretical  analyses  of  the  response  of  individual  elements  within  equipment 
packages  (such  as  tubes,  liilre  connections,  relays,  etc.)  can  be  circumvented,  of 
course,  by  testing  of  each  type  of  such  element  to  determine  the  mods  or  modes  of 
failure  and  the  statistical  parameters  triiich  must  be  dealt  with. 

As  an  example  of  the  type  of  information  desired  here,  scmie  circuits  containing 
electron  tubes  may  be  sensitive  to  the  rms  relative  displacement  of,  say,  the 
cathode  and  plate  of  a  tube,  >Aile  other  circuits  may  be  relatively  insensitive  to 
this  ms  response  but  may  temporarily  or  pemanently  fail  when  3  (  <r  ■  ms  value) 

relative  displacements  are  experienced.  Thus  a  sinusoidal  test  of  this  circuit 
which  maintains  an  ms  response  which  is  equivalent  to  that  produced  by  the  random 
seirvice  environment  would  fail  to  disclose  the  latter  type  peak  failure.  Increasing 
the  sinusoidal  test  level  to  the  value  of  the  random  environment  might  fail 
other  circuitry  which  would  not  fail  in  service. 

Accurate  proof  testing  for  purposes  of  qualifying  electionic  and  other  equipment 
packages  is  clearly  a  difiicult  task  in  light  of  these  complexities,  and  because 
the  mechanisms  of  malfunction  are  dependent  upon  instantaneous  responses  and  not 
the  gradual  accuntulation  of  damage.  The  ideal  test  for  malfunction  consists  in 
duplicating  in  the  laboratory  the  actual  equipment  response  experienced  during 
flight.  This  generally  would  require  a  random  excitation  in  three  directions  simul¬ 
taneously,  for  the  various  excitation  levels  and  spectrum  shapes  occurring  during 
the  various  vehicle  flight  phases.  The  tests  need  not  be  conducted  for  time 
durations  corresponding  to  real  time  flight  phase  durations  since  malfunctions 
themselves  are  generally  not  dependent  upon  cumulative  deterioration  of  the  equip¬ 
ment.  It  is  important  to  note,  however,  that  malfunction  may  depend  upon  cumulative 
damage  as  the  gradual  weakening  and/or  mean  displacement  of  a  component  can  lead  to 
increased  dyzuimic  deflection  and  loss  of  spacing  tolerances.  Ultimately,  coid>ined 
fatigue  and  malfunction  tests  are  desirable  under  the  actual  shock  and.  vibration 
environments  to  ^sure  that  this  interaction  effect  is  properly  assessed. 

H.  Himelblau  (et.al.)  presents  a  conceptual  approach,  in  Reference  11  ,  to  defining 
an  ideal  laboratory  test  for  evaluating  the  equipment  failure  problem.  In  this 
report,  environmental  and  fragility  surfaces  and  blankets  are  defined^  and  examples 
of  these  are  presented  in  Figures  IW through 201.  An  environmental  surface  is  a  plot 
of  the  anqplitudes  of  excitation  versus  frequency  and  time  at  a  particular  reference 
location  on  the  structure,  such  as  a  point  at  the  base  of  the  equipment  con9)onent. 
Figure  shows  such  a  surface.  A  fragility  surface  is  4efined  as  a  plot  of  the 
an^litudes  of  excitation  at  which  a  failure  occurs  versus  the  corresponding  fre¬ 
quency  of  excitation  used  and  the  time  at  which  failure  occurs.  Such  a  surface  is 
shown  in  Figure  19ft 

Clearly  such  a  surface  can  be  defined  only  for  a  sinuosidal  excitation  of  the  equip¬ 
ment  component  at  the  same  reference  point  used  for  defining  the  environment.  If 
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multiple  sinuosoids  were  used,  such  as  would  be  desirable  to  examine  multi-mode 
failures,  or  if  a  random  excitation  were  applied,  then  it  would  be  necessaiy  to  use 
higher  dimensional  surfaces  in  order  to  show  the  coupling  effect  of  two  or  more 
frequencies.  (The  number  of  frequency  antes  would  have  to  correspond  to  the  number 
of  modes  involved.) 

If  such  sinusoidal  tests  were  conducted,  a  scatter  in  the  data  would  certainly  be 
evident  because  of  tolerances  in  materiels  atnd  workmanship.  Thus  these  surfaces 
would  show  a  thickness  due  to  the  statistical  spreaul  in  the  sinusoidal  aiqilltTides 
at  which  the  same  failures  would  occur.  The  fragility  surface  along  with  a  plot  of 
the  ai^plltude  probability  density  of  failure  occurrence  constitutes  a  fragility 
blauiket.  Figure  399 shows  such  a  fragility  blanket.  Similarly  an  environmental 
blanket  could  be  defined  since  there  exists  a  probability  of  occurrence  of  various 
amplitudes  at  each  frequency  and  time,  and  such  a  blanket  is  shown  in  Figure  200. 

The  environmental  and  fragility  blankets  for  a  given  equipment  component  are  shown 
combined  into  a  single  plot  in  Figure  201. 

If  no  statistical  scatter  existed  in  the  fragility  and  environmental  surfaces,  then 
at  evezy  point  where  the  fragility  surface  falls  below  the  actual  environmental 
surface,  failures  would  be  expected  to  occttr.  These  failures  would  include  tem¬ 
porary  malfunctions,  the  effects  of  deterioration  of  the  coiq)onents,  and  the 
cumulative  damage  fatigue  type  failures.  Because  of  the  overlapping  statistical 
environmental  and  fragility  blankets,  however,  failures  would  be  ezqpected  to  occur, 
at  various  probability  levels,  even  when  the  fragility  surface  everywhere  lies  above 
the  environmental  surface. 

The  probability  of  occurrence  of  damage  at  any  frequency  f  and  time  t  can  be  deter¬ 
mined  from  Tahls  XIV  in  terms  of  the  mean  amplitude  and  standard  deviation  of  the 
actu€d.  fragility  and  the  actvial  environment  (at  the  reference  point  described  above). 
It  is  assioaed  for  simplicity  that  the  amplitude  distributions  of  both  the  environ¬ 
ment  and  the  fragility  are  Gaussian.  If  other  distributions  were  required,  similar 
probability  data  could  be  tabultaed. 

Further  discussions  of  these  concepts  are  not  presented  here,  however.  Reference  11 
gives  a  detailed  discussion  on  how  this  method  ai^t  be  used,  various  problems 
associated  with  the  actual  laboratory  testing  (sine  and  sine  sweep  techniques)  and 
discusses  such  topics  as: 

a)  Simulated  Environment  and  Actual  Fragility 

b)  Actual  Environment  and  Acceptable  Fragility 

c)  Simulated  Environment  and  Acceptable  Fragility 

Because  random  vibration  test  equipment  are  not  readily  available  in  all  testing 


laboi-atories  (especially  for  producing  vibration  in  three  directions  simultaneously), 
and  because  random  testing  itself  is  a  complex  procedure,  various  siii$)le  excitation 
substitutes  have  been  proposed  and  are  being  used  in  present  testing  specifications. 
These  substitutes  Include: 

a)  A  set  of  constant  as^lltude  constant  frequency  sinusoids  to  be  applied 
individually  in  various  directions  and  for  predetermined  times. 

b)  A  ast  of  such  sinusoids  to  be  applied  simultaneously  in  each  of  several 
directions  (one  direction  at  a  time)  for  a  predetermined  time.  (Such  a  set 
produces  a  con^osite  wave  which  is  complex  and  periodic). 

c)  A  continuous  sinusoidal  frequency  sweep  with  either  a  constant  or  varying 
amplitude  over  the  frequency  band. 

d)  Sinusoidal  resonant  dwell  tests  at  frequencies  corresponding  to  observed 
major  resonances  in  the  equipment,  (special  case  of  (a)  above). 

e)  A  continuous  sweep  of  a  narrow  band  randcmi  excitation  with  constant  or 
varying  amplitudes  over  the  frequency  range. 

The  details  associated  with  each  of  these  techniques  is  discussed  in  Section  VII 
and  further  discussion  is  not  required  here. 

Methods  for  testing  equipment  to  shocks  were  not  included  in  this  list  of  substitutes 
as  the  latter  refer  to  steady  vibration  environments.  Shock  testing  techniques  are 
available  in  the  form  of  drop  tests  which  are  able  to  very  closely  simulate  the 
various  pulse  shapes,  time  durations,  peak  magnitudes  and  frequency  spectrums  of 
shocks  esqierienced  in  service.  The  only  problem  associated  with  actual  shock  test¬ 
ing  seems  to  be  in  measuring  and  analyzing  a  sufficient  number  of  shocks  to  vdiich 
the  equipment  will  be  subjected.  Once  these  data  are  available,  envelopes  of  the 
various  shock  characteristics  can  be  made,  and  laboratory  shocks  can  be  designed 
to  incorporate  the  desired  features  of  many  different  types  of  shocks  to  be  e^qjer- 
ienced.  A  major  problem  of  ”shock  and  vibration”  testing  does  exist,  however,  as 
the  intermixing  of  both  shocks  and  random  vibration  can  have  a  significant  effect 
on  the  fatigue  life  of  equipment  conponents  which  experience  cumulative  damage  in 
service. 

Equipment  failures  in  complex  components  may  occur  vrtien  the  rms  response  of  certain 
internal  elements  attain  a  given  level,  or  when  random  response  peaks  exceed  a 
given  magnitude.  The  probability  of  occurrence  of  equipment  failures  is  dependent 
upon  the  amplitude  distribution  of  the  response  to  the  random  vibration  excitation 
and  the  shock  excitation  transmitted  through  the  structure  suid  those  due  to  element 
impacts  described  earlier.  This  dependence  upon  distribution  is  especially  impor¬ 
tant  for  cumulative  damage  fatigue  failures.  In  addition,  two  mode  type  failures 
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may  occur  (and  are  caainon)  when  more  than  one  natural  frequency  is  excited  simul¬ 
taneously.  In  a  few  cases  these  failures  are  the  result  of  responses  in  different 
directions. 

The  above  listed  excitation  substitutes  cannot  simulate  all  of  these  statistic2il 
parameters  each  of  which  will  be  significant  for  the  general  equipment  component, 
peirticularly  electror^c  modules.  Thus  the  use  of  these  substitutes  for  qualifi¬ 
cation  testing  of  all  types  of  equipment  ccmtponents  cannot  insure  that  all  poten¬ 
tial  failures  will  be  discovered  with  a  high  degree  of  confidence.  Usually  this 
type  of  testing  actually  overtests  certain  equipment  components  by  causing  failures 
which  would  not  normally  occur  in  service,  and  undertests  other  components  %rtiich 
may  fail  in  the  actual  environment. 

It  is  not  to  be  construed  here  that  the  above  simplified  techniques  are  not  without 
merit  in  each  case.  When  the  mode  or  modes  of  failure  of  a  given  type  of  equipment 
conponent  are  well  tinderstood,  these  substitutes  may  be  judiciously  used  in  very 
controlled  tests  to  ascertain  if  failure  will  occur  in  one  or  more  of  these  known 
modes  of  failure  under  a  given  vibration  environment.  The  application  of  uni¬ 
directional  sine  and  sine  sweep  excitations  to  search  for  all  of  the  multitude  of 
potential  failures  in  all  types  of  equipment  components,  however,  does  involve  a 
risk  -  a  risk  vriiich  should  be  compatible  with  the  overaLll  preassigned  reliability 
of  the  space  vehicle  and  its  mission. 

Philosophicadly,  it  is  iji?)03rtant  to  redefine  the  problem  of  attaining  laboratory 
eqxxivalence  by  simulation.  Frequently  the  subject  of  equivalence  is  discussed  in 
terms  of  equivalent  response,  such  as  sine-random  equivalence  and  sine  sweep  - 
random  equivalence.  More  properly,  equivailence  should  be  referred  to  in  terms  of 
failure;  that  is,  laboratory  simulation  of  equivalent  failure.  Logically  there  is 
no  difference  between  the  two  statements,  but  the  connotation  of  the  latter  state¬ 
ment  is  sufficiently  strong  to  rule  out,  in  many  cases,  equivalences  based  purely 
upon  equivalence  between  one  or  two  of  the  statistical  response  parameters  for  only 
a  portion  of  the  total  excitation. 

As  discussed  in  Reference  11,  shocfc-and  vibration  environmental  testing  involves  two 
parameters:  the  environment  and  the  fragility  of  the  equipment.  Laboratory  simu¬ 
lation  involves  a  risk  in  both  of  these  parameters.  If  the  actual  environment  for 
an  equipment  con^onent  is  defined  by  a  theoretical  estimation  or  .by  a  small  number 
of  samples  of  measured  data,  there  exists  a  nonnegligible  risk  that  the  environment 
could  be  significantly  more  severe  in  ienns  of  equipment  failures.  Similarly, 
laboratory  tests  of  an  equipment  cosnponent  will  also  have  a  nonnegligible  risk 
that  potential  failures  have  not  been  discovered  if  the  tests  are  performed  with 
excitations  that  do  not  represent  the  actual  environment  with  a  high  confidence 
that  this  snvirorment  will  not  be  exceeded  in  severity.  The  risk  naturally  increases 
the  further  the  simulated  excitatj.on  departs  from  the  actual  envi  ronment. 
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The  applicability  of  any  given  excitation  substitute  should  be  determined  in  terms 
of  this  risk  for  each  essentially  different  type  of  equipment  component  tested. 
Very  limited  test  data  are  presently  available  for  evaluating  the  risk  associated 
with  any  of  the  above  substitutes  for  specific  items  of  equipment.  H.  Spence, 
Reference  12,  conducted  sine  and  random  shake  tests  on  several  missile  electronic 
packages  and  found  that  the  ratio  of  the  ms  random  acceleration  excitation  to  the 
equivalent  rms  sinusoidal  acceleration  excitation  was  2.3,  with  a  total  variation 
of  from  1.95  to  2.3.  In  these  tests,  enqphasis  was  placed  on  cumulative  fatigue 
damage.  W.D.  Trotter,  Reference  13,  tested  complex  electronic  pa  kages  with  both 
sinusoidal  and  random  excitations  to  determine  malfunctions  thresholds  for  the  two 
environments.  Two  methods  were  used  to  obtain  sine> random  equivalence.  The  first 
method  provides  for  a  sinusoidal  input  at  each  resonance  such  that  the  ms  sine 
response  in  each  resonant  mode  is  made  equal  to  the  overall  response  to  the  entire 
random  test  envelope.  The  second  method  provides  for  a  sinusoidal  input  vdiich 
duplicates  only  the  random  rms  response  of  each  Individual  resonance.  The  con¬ 
clusions  arrived  at  were  that  both  methods  were  unconservative,  and  if  suitable 
corrections  were  made  to  make  the  two  methods  conservative,  then  many  of  the 
tested  items  would  have  eiqierienced  excessively  severe  excitation.  It  is  of 
interest  to  note  that  this  experiment  showed  that  the  greatest  scatter  in  the 
results  appeared  for  malfunction  of  electronic  items  as  opposed  to  fatigue  damage. 
Also,  no  instances  of  multi-mode  maLlfunction  were  evidenced,  which  is  encoxiraging. 
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Gaussian  Probability  Distribution  Function 
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TABLE  XIII 

Probability  of  Collision  of  Two  Masses  Separated  by  Distance 
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TABLE  nV 


Probability  of  Occurrence  of  Damage  at  Any  Frequency 
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vrtiere 

M  ^F  - 

7^f2  + 

F,  E  «  mean  amplitude  of  the  actual  fragility  and  the  actual 
environment  at  frequency  f  and  time  t  respectively. 

^  F,  *^E  *«  standard  deviation  of  the  fragility  and  environment  at 
frequency  f  and  time  t  respectively. 
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Figure  195*  Idealized  Models  of  Equipoent  Packages  for  V/hich  Spacing  is  lisqportanb 


Figure  200Aotual  Fragility  Blanket 


Figure  201  Comparison  of  Actual  Environmental 

Blfi^et  with  actual  fragility  Blanket 


VII.  analytical  equivalences  for  laboratory  testing 


Tha  previous  discussions  on  laboratory  testing  for  structural  fatigue  and  equipment 
malfunctions  and  damage  have  indicated  that  the  modes  of  failiire  of  struettiral  and 
equipment  Items  are  often  quite  complex.  This  fact,  cotq>led  with  the  hi|^  relia¬ 
bility  required  for  apace  vehicle  cosponents,  generally  necessitates  careful 
laboratory  duplication  of  the  in-service  environamntal  excitation  forces  and  inpiit 
accelerations  applied  to  these  cosponents.  Iftiforttinately,  this  has  been,  aa.d  still 
is,  a  difficult  task  because: 

1.  The  in-service  environment  may  consist  of  both  acoustical  and  mechanical 
vibratory  energy,  and  these  are  difficult  to  simulate  simultaneously  in  the 
laboratory. 

2.  The  input  vibratory  energy  may  be  random  and  may  ineliide  a  broad  band  of 
frequencies. 

3.  Hij^  concentrations  of  energy  may  exist  in  one  or  ssveraJ.  narrow  frequency 
bands  causing  the  input  spectra  to  be  shaped  In  a  wide  variety  of  patterns. 

4*  The  source  random  processes  are  not  actually  stationary  processes  so  that 
spectrum  levels  and  shapes  vary  with  tins  during  fllg^. 

5.  Limited  knowledge  of  the  true  environsenb  of  each  coaponent  to  be  tested  due 
to  the  time  and  cost  associated  with  making  In^fllg^  environmental  measure¬ 
ments  and  the  associated  data  reduction  to  usable  information. 

6.  Limited  knowledge  of  the  struetwal  impedance  between  the  source  of  <9xeita- 
tlon  and  the  coaponent  to  be  tested,  thus  limiting  the  accuracy  with  which 
environmental  predictions  can  be  made. 

7*  The  vibrational  inputs  associated  with  the  environsent  are  generally  three 
dimensional. 

8,  laboratory  testing  equipment  with  capabilities  for  producing  either  random 
excitation  or  excitation  in  two  or  three  dimensions  simultaneously  are  nob 
readily  available. 


In  order  to  circumvent  some  of  these  difficulties,  and  in  order  to  simplify  labora¬ 
tory  testing,  thus  saving  time  and  money,  it  le  desirable  to  use  relatively  simple 
eubstltutes,  ^ere  possible,  for  complex  envirossmntal  inputs  to  apace  vehicle 
components.  Thess  substitutes,  ^Ich  are  often  used  whether  the  true  environment 
has  or  has  not  been  determined,  include: 

1.  Slnueoldal  acceleration  of  the  component  at  a  single  frequency  tdiere  high 
spectral  energy  concentrations  are  ejqwcted. 
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2.  Sinusoidal  acceleration  of  the  component  at  each  of  the  irolividual  natural 
frequencies  of  the  cosrponest  and  its  internal  element So 

3.  Coq>lex  acceleration  ccBqcoaed  of  several  einusoids  each  of  a  different 
frequency  and  amplitude, 

4e  Sinusoidal  sweep  in  irtileh  the  frequency  of  the  applied  sinusoidal  accelera¬ 
tion  is  swept  over  the  entire  frequency  range  of  interest. 

5.  Narrow  band  random  sweep  in  which  the  applied  acceleration  contains  all 
frequencies  in  a  narrow  frequency  band  which  is  slowly  and  continuously 
varied  over  the  entire  frequency  range  of  interest.  (The  time  history  of  a 
narrow  band  random  acceleration  appears  very  similar  to  an  amplitude  aodt>- 
lated  sine  wave  except  that  the  modulation  has  a  more  random  character  than 
a  sinusoidal  modulation.) 

In  using  these  substitutes  for  cosq^ex  random  excitation,  the  eqihasis  shifts  from 
one  of  simulating  the  true  excitation  to  one  of  simulating  certain  special  charac¬ 
teristics  of  the  structural  and  equipment  response  to  the  true  excitation.  For 
exanple,  the  response  of  a  single  degree  of  freedom  system,  having  low  danping,  to 
a  broad  band  random  excitation  is  a  nearly  sinusoidal  motion  at  the  system  natural 
frequency  with  a  relatively  low  frequency  aaplitude  modulation.  Althou^  this 
modulation  is  somewhat  random  in  nature,  it  appears  to  be  nearly  sinttsoidal,  with 
the  modulation  frequency  approximately  equal  to  the  bandwidth  of  the  system.  Such 
a  iresponse  can  be  approximated  by  a  resonant  dwell  test  (i.e.,  a  sinusoid  applied 
at  the  system  nattiral  frequency)  in  which  the  rms  response  is  dui^cated  by  the 
proper  choice  of  the  sinusoidal  input  aaplltttde.  Such  a  response  could  also  be 
approximated  by  two  sinusoidal  inputs  properly  spaced  about  the  natural  frequency. 

Since  the  bc.slc  purpose  of  qualification  testing  is  to  pz*edict  the  in-service 
damage  potential  of  the  components,  the  use  of  simple  substitutes  autosistically 
imposes  the  assumption  that  the  damage  potential  for  the  simulated  response  is  the 
same  as  that  in  the  tznie  environment.  As  discussed  in  the  previous  sections,  these 
substitutes  will  not  always  produce  a  damage  potential  equivalent  to  that  of  the 
actual  environment.  Several  factors  may  be  significant  to  the  damage  potential  of 
any  coBq)onent;  and  in  using  the  above  excitation  substitutes,  the  influence  of  all 
factors  during  laboratory  tests  cannot  be  mads  equivalent  to  their  influence  in- 
service;  e.g.,  rms  response  as^itude,  amplitude  disbribotlon,  peak  am|Aitude 
distribution,  multimode  effect. 

Hence,  it  is  important  in  the  choice  of  an  eqalvmlenb  substitute  to  eonsldcr  the 
moat  important  of  these  factors  in  order  to  adnimiae  the  error.  ]n  reference  to 
the  above  exasqilo,  it  is  true  that  the  damage  potential  for  a  ccaponaat  is  higher 
at  the  natural  frequency  than  at  any  other  fivquency,  bub  it  most  be  noted  even 
this  damage  potential  may  not  be  as  hi^  as  for  sulti^e  frequent^  inputs  such  as 
random  excitation  of  the  system. 

An  equivalence  relation  is  an  equation  nslatlng  the  excitation  paramsters  of  a 
simple  substitute  to  those  of  the  true  or  estimated  environment.  Since  the  factors 
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vdiich  Influence  damage  potential  vary  for  different  typee  of  components,  this 
relatlon^lp  will  depend  upon  the  vibration  characteristics  of  the  eon^onent,  major 
damage  factors,  type  of  environmental  excitation,  and  the  particular  type  of  sub¬ 
stitute  to  be  used.  The  number  of  such  equivalence  relations  that  might  be  con¬ 
structed  is  then  quite  large,  especially  when  multimode  systems  are  considered.  A 
few  of  the  more  weU-known  and  widelyt-used  equivalenee  relations  will  be  construc¬ 
ted  and  discussed  below.  Using  these  techniques,  many  other  and  more  refined 
equivalences  can  be  constructed  for  other  systems  and  for  inputs  other  than  those 
considered  below. 


Ideal  linear  models  of  elastic  systems  are  generally  used  to  construct  these 
relationships  as  these  are  authesMtically  tractable  as  opposed  to  systems  occurring 
in  practice  idiieh  may  contain  nonlinearities,  etc.  Although  this  approach 
restricts  the  usefulness  of  the  cquivalenco  relations,  these  ideal  relationships  do 
indicate  valuable  functional  fonas,  and  provide  a  good  base  to  which  refinements 
can  be  added  to  account  for  other  important  effects. 

Table H  lists  the  equations  for  the  root-mean- square  (rms)  response,  average  power- 
developed,  work  dissipated,  etc.,  for  a  ein^e  degree  of  freedcn  system  excited  by 
various  sinusoidal  and  stationary  random  input  forces  and  accelerations.  This 
table  is  discussed  in  detail  in  material  which  follows.  By  equating  the  appropriate 
response  quantities  in  this  table  for  sinusoidal  and  random  excitations,  nuaerous 
sine-random  equivalence  relations  can  bo  constructed  for  the  amplitude  of  the 
sinusoid  necessary  to  produce  the  same  reQ>on8e  as  for  the  random  input. 

The  single  degree  of  freedom  system  is  emphasized  here  because  the  predominant  con¬ 
tributor  to  the  response  of  most  elastic  systems  is  the  response  in  the  fundamental 
mode.  Such  systems  may  then  be  analysed  as  single-degree-of-freedom  systems. 

These  response  expressions  nay  also  be  ^>id.ied  to  linear  systems  in  which  indepen¬ 
dent  or  uncoui^ed  multimode  responee  occurs.  The  total  rms  response  of  such  systems 
is  equal  to  the  square  root  of  the  wm  of  the  msan  square  response  in  each  of  the 
independent  nodes  of  vibration. 


SmE-RAHDOH  BQUIVALEKCES 


Equating  the  rms  dlsplacsment  (velocity)  for  a  sinusoidal  force  ivqput,  F(t),  at 
the  natural  frequency,  to  the  rms  diaid.acwent  (velocity)  for  a  Gaussian  random 
force  input  with  a  constuit  power  spectrum  from  o  to  (i)»  oq  gives  the  relation: 


Fo 


In  each  case  the  base  is  hs^ld  fixed,  T(t)Bo.  Similarly,  equating  the  ms  relative 
di^laeeiBent  (velocity)  for  a  sinusoidal  bass  acceleration,  Y(t),  at  the  natural 
frequency  and  that  for  a  constairb  spectral  density  Gaussian  base  acceleration  gives 
th.  rdrtion 
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This  is  the  familiar  sine-random  equivalence  relation  which  appears  extensively  in 
the  literature.  It  is  interesting  to  note  that  in  these  two  cases,  the  above  equi¬ 
valence  relations  also  Imply  sine-random  equivalence  for  both  the  PO*nr 

developed  by  the  daaper  and  the  total  amount  of  work  done  in  time 

In  all  cases  shown  in  this  table,  equivalence  of  the  rms  relative  velocity  implies 
the  equivalence  of  the  average  power  developed  and  the  work  done,  because  of  the 
relations 

Avg.  Power  ■ 

8 

Work  »  c  • 

8 


mdan  square  relative  velocity. 


The  equations  for  the  relative  zvs  acceleration  response  to  a  Gaussian  idiite  noise 
input  are 


■  constant 


-  0 


0^ 

cOa<<^ 


>  constant 


-  0 


0<C04<^u 

a3oi< 


^u^  4  60 
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showing  that  the  relative  rms  acceleration  response  is  infinite  if  6)^  iqiproach 
infinity.  Thus,  the  above  equivalence  relations  for  dispOLaesasnt  and  velocity  do 
not  i^ily  equivalence  of  the  ms  relative  aceeleratloa  idiich  depends  iq>on  the 
\qsper  frequency  limit  of  the  excitation.  The  equivalence  relations  for  accelerar- 


tions  are: 
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Slnilarly,  eqviatlng  the  abaolube  inns  displacement,  velocity,  and  acceleration  for  r 
sinusoidal  and  Gaussian  white  noise  acceleration  input  gives  the  equivalence  rela¬ 


tions: 


equiv.  abs. 
displacement 


2Q(l-i.) 

q2 


equiv.  abs. 
velocity 


idiere  •  lower  cutoff  frequency  defined  by 

#e 

«  constant 


-  0 


0$ 


In  this  case,  only  the  absolute  rms  acceleration  z^malns  finite  for  a  coxistanb 
excitation  spectral  density  from  to  «o  totO«oo,  while  the  absolute  nu  displace^ 
oent  and  velocity  become  infinite  «dien  the  lower  cutoff  frequency  approaches  sero. 

If  it  can  be  assumed  that  for  a  hi^  Q  (i^  Q:^  10)  single  degree  of  freedois 
systems,  the  excitation  spectrum  (either  or  )  has  a  lower  and  upper  cutoff 
frequency  within  two  to  four  bandwidths  distance  (^dwldth, «  co^/^  on  either 
side  of  the  natural  frequency,  of  the  system,  then  the  major  portion  of  the 
rms  response  (either  relative  or  absolute)  will  be  due  to  excitation  frequencies 
very  near  the  natural  frequency,  say  within  a  single  bandwidth  about  <x>  .  for 
this  condition,  the  above  sine-random  equivalence  relations  reduce  to  the  foiloM^ 
ing  very  simple  approximate  forms  for  both  relative  and  absolute  dlsplacesMnt , 
velocity,  and  acceleration: 
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■  o 
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constant  I 
constant  j 


OTor  ths  slngla  dagrae 
of  fraadon  bandwidth. 


Sjjnilar  analysas  can  ba  anpllad  to  tha  casa  of  constant  valoci  7  and  constant 
displaeaaMnt  apaetral  danslty  at  tha  "basa”  or  'Votmdation"  of  tha  singla  dagraa 
of  fraadon  sTstam  shown  In  Tabla  IX.  The  resulting  a^qproadnsta  sina-randon  aquiva-^ 
lance  relations  for  both  relative  and  absolute  diaplaeaMnt,  velocitj,  and 
accaleration  response  are: 

?„  -Mm 

over  tha  single  degree 
of  fraadon  bandwidth. 


Tha  aceuraoy  of  tha  latter  aquivalanees  is  not  axpactad  to  ba  as  hi^  as  for 
and  $  Y  inputs  since,  as  the  aquations  of  'TaU.a  IX  show,  tha  effect  of  the 
ratios  of  tha  lower  and  upper  cutoff  fraqnancias  to  tha  nat\iral  fraqusnc7,4:>o,  is 
more  pronounced.  It  was  tha  alisdnation  of  tha  affect  of  these  ratios  which  paiv 
mitt  ad  tha  above  alanantsry  sina»randca  ralation^ips.  It  is  to  ba  noted  that 
these  relationships  imply  an  aquivalanea  of  power  and  work  with  the  same  acciuacy 
as  are  tha  response  aquivalanea  if  tha  test  tine  duration  is  equal  to  the  tine 
duration  of  the  randon  excitation. 

Althou^  tha  expressions  are  considerably  more  conplax,  these  sane  techniques  can 
be  applied  to  tha  datanilnatlon  of  sina-randon  aquivalanees  for.a  ccaft>inad  randon 
Gaussian  idilta  noise  input  force,  F(t),  and  foundation  notion,  T(t}  or  i(t)  or  T(t). 

Sina-randon  aquivalanees  are  not  rastrietad  to  resonant  dwell  sinusoidal  substi¬ 
tutes.  Hi^  excitation  energy  concentrations  at  frequencies  other  than  the  natural 
frequency  of  the  system  is  an  example  of  a  condition  where  sinusoids  at  other  fre¬ 
quencies  would  be  used.  The  8iaq>le  and  approximate  form  of  the  equivalence  relap* 
tions  for  a  force  input,  F(t),  also  for  a  base  acceleration  input  at  frequency  40 
are: 
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rms  velocity  equlv.^avoo  power 
equivo^work  equivo 


rms  accelo  equlVo 


The  approxiJiiatioii  la  these  eqaiv^enee  r^Latiene  Use  in  the  asraiptlon  that  the 
effect  of  the  ratios  ^Vl/^o)  aad  (^o/^L)  can  be  neglectedo  These  relatione 
show  that  except  tovoj  •  ^Op  the  zms  dlsplaceaentp  velocity  and  acceleration 
response  cannot  be  made  equivalent  simultaneously o 

The  n^er  of  response  qrcles  occurring  In  a  tiew  duration  At  for  high  Q  systems, 
say  5%  Is  given  In  Table  IZ  as  ‘^o/2Tr  o(^t)o  Hence  a  resonant  dwell  test 
produces  the  same  vambw  of  response  ^les  In  time  At  as  does  a  random  excitation 
of  a  slnjp.e  degree  of  freedcai  system  acting  for  the  sism  time  duratione  ^y  q>pll- 
cation  of  a  sinusoidal  excitation  at  a  frequen^o  where  co  >  ^o,  the  number  of 
^cles  in  time  At  increases  to  ( co/Zxr)  (  At}e  Such  inputs  may  be  used  in  order 
to  accelerate  eqiolpment  testing  in  which  caaolative  damage  depends  upon  the  number 
of  stress  reversals  such  as  fatiguse  One  disadvantage  of  this  technique  is  that 
the  peak  wplitude  (either  Fo  or  To)  of  the  substitute  sinusoid  must  be  consider¬ 
ably  greater  (possibly  by  orders  of  magnltiule)  to  produce  the  desired  equivalent 
ims  response  than  at  the  natural  frequency  ^  Oo 

The  duration  of  the  sinusoidal  test  must  depend  upon  the  type  of  damage  occurring 
in  the  component.  If  the  damage  is  of  a  malfunetlon  type,  this  duration  need  be 
no  longer  than  that  required  to  determine  if  malfunction  has  or  has  not  occurred. 

For  cumulative  type  damage,  specification  of  this  time  duration  is  considerably 
more  difficult  if  the  slmalated  damage  potential  is  to  be  equivalent  to  that  occur- 
zdng  in-service.  The  influencing  factors  for  this  problem  are  discussed  in  detail 
in  the  previous  chapters.  Continuing  with  the  ide^  linear  sin^e  degree  of  free¬ 
dom  model  hoMver,  it  might  be  assumed  that  cumulative  damage  is  proportional  to 
the  total  amount  of  work  drae  in  ensrsr  dissipation.  Considering  only  the  ease  in 
which  a  base  acceleration  Y  (t)  is  api^ed,  the  expressions  for  the  work  done  are: 
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(  random  Qaiuslan  whlto  nolae 
I  spectrum  from  <w  -o  to  n)  »  <» 

^  resonant  dnell  sinxisold 
I  sinusoid  at  frequency  co 


This  simpler  condition  was  chosen  here  since  the  total  work  dons  for  the  random 
excitation  remains  finite  for  all  random  excitation  frequencies.  The  approach 
used  in  the  following  disetmsion,  however,  applies  equally  well  to  other  more 
complex  sine-random  equivalences  for  the  sln^e  degree  of  freedom  system* 

resonant  sinusoid  to  the  wozic  for  this  random  iiqout 

.SlII  .  /IZ~ 

y  2Q  y(  ^t 

■  duration  of  the  sinusoidal  test 

■  duration  of  the  random  excitation 

If  At  ••  T,  this  reduces  to  the  usual  rms  response  equivalence* 

From  the  standpoint  of  woric  dons  on  a  SDF  eystem  the  teat  m«r  be  accelerated  by 
choosing  At  smaller  than  T  and  increasing  the  input  acceleration  according  to 
this  equation.  Thus  it  is  possible  to  have  a  woric  equivalence  without  a  response 
equivalence* 

Similarly,  equating  the  work  done  by  the  non-resonant  sinusoid  in  time  id  t  to  the 
work  done  by  the  random  input  in  time  T  gives i 

2h2  (to)  V  At  V  CO  ; 


Equating  the  woric  for  the 
gives 


At 

T 


If  ^  t  *  T,  this  reduces  to  the  ms  velocity  equivalence  at  an  azioitrazy  frequency 
CO  ,  Once  again,  if  the  work  done  is  the  only  factor  loading  to  damage,  the  sin¬ 
usoidal  test  may  be  acwlerated  by  chooaing  At  <  T  and  increasing  Vo  accordingly* 
It  is  to  be  noted  that  To  increases  with  increasing  since  H  (cJ)  decreases  faster 
with  increasing  U)  than  does  l/w  . 

As  seen  by  Table  the  prebabilAty  density  functions  for  both  the  instantaneous 
and  peak  response  amplitudes  of  ths  single  degree  of  freedom  system  are  not  at  all 
equivalent  for  alnuaoldal  and  raxtdom  excitations.  Aa  discussed  in  Section  IV 
the  distribution  of  response  peaks  has  a  significant  influence  on  the  fatigue  life 


of  etrucbural  elements  in  that  the  curve  of  stress  vs.  the  number  of  life  cycles  is 
different  for  a  sinusoidal  than  for  a  rand(XB  excitations  In  order  to  account  for 
the  influence  on  fatigue  of  the  peak  stresses  at  different  levels,  a  set  of  sin¬ 
usoids  of  different  anpUtuds  can  be  applied,  uhloh,  with  a  randcHt  sequence  of 
«q>lltude  levels  and  with  eaoh  level  ^pj^ed  for  a  duration  which  is  in  proportion 
to  the  frequency  of  ocourrenee  of  that  level  in  the  probability  density  function, 
will  produce  a  distribution  of  stress  levels  which  approxiaates  the  random  amplitude 
distributions 
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SINUSOIDAL  SWEEP  -  RANDOM  EQDnALENCES 


Sinusoidal  swsep  testa  have  several  applications.  First,  sweep  teats  na^  be  used  to 
dateraine  the  major  natural  frequencies  of  a  cosqslex  coaqponent  b7  sweeping  the  entire 
frequency  range  of  interest.  Ihese  natural  frequencies  can  be  detected  visually  or 
by  the  electrical  output  of  strain  gauges  and  acceleroswters  aounted  at  cidtlcal 
points  throughout  the  cosgMnent.  Secondly,  such  sweep  teats  may  be  used  to  deter- 
■ine  the  transsdsslbilltles  between  the  point  of  force  ur  notion  application  and 
critical  response  locations  of  the  eosaponent.  Qy  integrating  the  areas  'under  these 
transBdsslblllty  curves,  the  ms  response  to  a  random  Gaussian  white  noise  input 
force  or  motion  can  be  predicted,  as  this  area  is  theoretically  proportional  to  the 
mean  square  response.  Finally,  sinusoidal  sweep  tests  can  be  used  to  determine 
damage  potential  directly  as  a  siaqale  substitute  for  a  white  Gaussian  random  exci¬ 
tation.  The  latter  case  is  of  interest  in  this  discussion. 

The  response  of  a  single  degree  of  freedom  system  to  a  sinusoidal  excitation  in 
idiich  the  input  frequency  changes  with  time  at  some  given  sweep  rate  is  a  complex 
problem  and  will  not  be  considered  here.  It  is  sufficient  to  note  that  if  the 
sweep  rate  throu^  the  system  resonance  is  very  fast,  the  req>onse  will  not  have 
sufficient  time  to  build  up  to  the  desired  maximum  level.  It  is  assvsnd  in  the 
following  discussion  that  the  sweep  rate  is  sufficiently  slow  in  order  to  assume 
that  no  transients  exist  and  that  the  response  is  steady  state  at  each  frequency  in 
the  sweep  band. 

Present  qualification  testing  spueifleations  often  x^quire  that  the  ms  input  accel¬ 
eration  level  at  each  frequency  in  the  frequency  sweep  band  be  equal  to  the  total 
rms  input  acceleration  of  the  predicted  or  known  environment  of  the  component.  This 
is  generally  a  conservative  test  sufficient  to  uncover  the  majority  of  equipswnt 
malfunctions.  Some  difficulty  does  occxu*  at  the  various  resonances  of  an  equipment 
package,  however,  as  the  test  may  be  overeonservative,  causing  overstressing  and 
damage  >Ailch  would  not  occur  In  service. 

For  the  single  degree  of  freedom  qrstem  shown  in  Table  IX,  siaq^e  sine  sweep-random 
equivalence  relations  can  be  derived  by  equating  the  total  work  done  On  the  system 
in  the  sweep  to  the  work  done  by  the  random  excitation  of  deviation  T. 

Table  IV  gives  the  relationships  for  this  work  for  three  different  sweep  rates: 

ui  m  d,  constant  sweep  rate 

e 

<*>  »0(ti  log  sweep  rate 

•  a 

U)  mriu  log-log  sweep  rate 
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fluting  these  expressions  for  work  to  those  for  the  case  of  I'p  ■  constant  and 
$Y  ■  constant,  Table  IX,  the  following  work  equivalence  relationships  are  obtains d: 
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It  has  been  assunsd  in  the  derivation  of  these  eaqpreesione  that  the  spectra 
and  9?  are  constant  from  ^  •  0  to  ■  oq  Homever,  since  almost  all  of  the  woii: 
is  performed  in  the  vicinity  of  the  natural  freqaenqr  of  the  single  degree  of 
freedom  astern,  where  the  response  magnification  is  highest,  these  spectra  need 
be  assumed  constant  only  in  the  nelghbox4x>od  of  the  natural  frequency* 

As  with  the  sinusoidal  svbstitute  for  the  randan  excitation,  the  probability  dis- 
tributions  of  the  instantaneous  and  peak  amplitudas  of  the  response  are  not  approx¬ 
imated  by  the  distribution  produced  by  the  sine  sweep* 

Complex  equipment  components  generally  contain  many  hlg^ily  tmdasqied  and  independent 
resonant  frequencies*  During  a  sinusoidal  swsep  test,  lOLl  of  these  resonances 
having  frequencies  in  the  sweep  b«nd  will  be  excited*  Ideally,  two  conditions 
may  exist: 

1*  The  damping  in  all  frequencies  is  the  SMse}  that  is,  the  bandwidth, 

A  <o,  (■<^o/Q)  increases  in  proportion  with  the  natural  frequency* 

2,  The  bandwidth  ACk)  of  each  resonance  is  the  same;  that  is,  the 

damping  is  proportional  to  the  magnitude  of  the  natural  frequent 
giving  hlgl»r  damping  at  the  higher  natural  frequencies* 

Tliese  are  ideal  condltlois  in  that  a  cosqslex  component  will  probably  show  some 
evidence  that  neither  of  these  conditions  is  valid,  but  that  some  intermediate 
condition  exists  with  one  merely  predominating  over  the  other*  Table  XV  shows 
that: 


1*  A  constant  sweep  rate  gives  the  same  sweep  time  deviation  at 
each  resonance  for  a  constant  bandwidth  ^rstem* 

2,  A  log  sweep  rate  produces  the  same  number  of  response  ^cles 
at  each  resonance  for  a  constant  bandwidth  system,  and  allows 
for  the  same  time  deviation  at  each  resonance  for  a  constant 
0  system* 
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3e  A  log^’log  stfsep  rate  produces  the  same  nu!d)er  of  response  (grcles 
at  each  resonance  for  a  constant  Q  system  (i.e*  constant  dsRqjing 
at  d.1  freqnsneles)* 
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NARROW  BAND  RANDOM  SWEEP  EQUIVALEWCES 


When  either  the  fixed  frequency  sinusoid  or  the  sinusoidal  sweep  are  used  as  labora- 
toxT'  substitutes  for  a  wide  band  random  excitation,  the  aBq)litude  distributions  of 
the  response  cannot  be  made  equivalent  to  the  distribution  resulting  from  the 
response  to  the  latter  excitation*  A  testixsg  technique  is  presented  in  Reference  3 
by  C*  B.  Booth  in  which  a  narrow  band  random  excitation  is  applied  and  the  center 
frequency  of  the  band  is  swept  at  a  log  sweep  rate  over  the  frequency  band  of 
interest.  With  the  proper  choice  of  the  ^  parameter,  Table  XV,  it  is  possible  to 
very  closely  duplleate  the  distribution  of  peak  response  amplitudes  obtained  for  a 
wide  band  random  excitation.  This  method  is  considered  to  be  a  valuable  tool  for 
laboratory  testing  as  the  cost  of  producing  a  narrow  band  random  excitation  is  well 
below  equipment  costs  for  producing  a  wide  band  random  excitation. 

The  theoretical  aspects  of  this  method  cure  described  here  very  briefly.  The  band¬ 
width,  of  a  single  degree  of  freedom  systoa  is  defined  as 

.  ^o/Q 

Choosing  a  narrow  frequency  band  (  Aa>)  mch  MMller  than 

(AO)/  =  K«1 

and  assigning  to  each  such  band  in  the  neii^borhood  of  the  natural  frequency  a 
subscript,  J,  Figure aoe,  the  ms  response,  in  this  J-th  band  to  an  excitation 
^0  in  this  frequency  band  is  given  by  the  equation 


CTj  .  -  Tj  .  ^ 


Tj  is  the  appropriate  tranmaissibility  function,  et<*^J,  idiich  relates  the  particular 
type  of  excitation  and  msponse  psurameters  desired,  and  may  be  found  by  the  use  of 
Table  II  .  The  probability  Pj,  that  a  peak  response  in  this  narrow  band  exceeds  a 
certain  level  b  is  given  by  the  equation 


Pj 


exp 


>  1 


2  2 


The  f\inctional  fora  of  Pj  is  obtained  for  Integration  of  the  Rayleii^  probability 
density  fxmctlon  for  peak  amplitudes.  Table  IZ  >  Hence,  the  number  of  rasponse 
peaks,  Nj,  exceeding  b  for  this  frequency  band  is 


N.  -  iiil  .  At.  .  P. 
J  27r  ^  J 


idiere  «j  ■  center  band  frequency  of  the  narrow  band 
tj  «  time  duration  for  sweeping  such  a  band 

For  a  log  sweep  rate,  Atj  becomes 


A27 


K^o 
^  Qcoj 


80  that  is 


*^4 


JL^P 

2ir^Q 


i 


SoMBlng  ovar^all  (A<o)j  In  tho  ontlrs  frsqoancp  band  of  Intorast  giTse 


N  •  ^  r  pJ 

a-Tf^tQ  [  ✓  Jj 

[  -I 


N  ■  total  mudtor  of  rosponso  poaks  aboro  th*  levol  b  in  tho  ontire 
froquoncj  swoop  band. 

If  Tb  is  oeod  to  donots  tho  nupdimm  valno  of  tho  transsiissiblllty  function  T,  then 
Pj  can  bo  put  into  tho  more  convonisnt  natheoiatical  form 

-fskf] 

b 

is  a  non-dirnonsiimal  quantity,  ^y  numerical  oraluation  of  tho  above 
sinsutlmi  Z  Pj«  a  plot  sinilar  to  that  shown  in  Fignro  aCBb  can  be  constructed 
for  various  values  of  (b/Tka  CTe). 

A  sii'ilar  plot  appears  in  Figure  203a.  This  curve  is  obtained  from  tho  equation 

P  ■  C3qp  F-  i  — 1 

CTJ.  a  xvs  response  of  the  single  degree  of  freedom  system  to  random 
wide  band  excitation 

which  is  the  Integral  of  tho  Rayleigh  probability  density  function  for  the  dis¬ 
tribution  of  response  peaks  of  a  single  degree  of  freedom  systeai  to  a  wide  band 
random  Oausslan  excitation. 

In  Figure  203c  tie  above  curves  are  superiuposed  in  such  a  manner  as  to  obtain  a 
''best  fit"  of  one  curve  on  the  other.  Let  q  and  s  denote  the  proportionality 
factors  between  the  horiaontal  «id  vertical  axes  of  Figure  203e  according  to  the 
relations 
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P  ■  8  • 


Ttacr* 


Ths  M^ressloii  for  CTug  cm  bo  foond  from  TabloH  bj  ehooslng  tho  mo  rosponse 
qiiantity  for  randoa  oxeltmtlon  oorrosponding  to  tho  alnutoldal  ms  rooponoo  qoantitjr 
ehoson  abort  for  for  ttaleh  ia  tho  traxianlaalbllltjo  With  praaerlbed. 


For  tidt  baad  axeltatloOf  tha  nwbtr  of  rtaponaa  paaka,  Ryg,  oxoaadlng  a  glran 
Itral  b  in  tho  tloo  daratloo,  T,  that  tho  wldo  band  oxeltatlon  la  apiAiod,  la 


ttaaro  P  la  daflnod  aboroo  31neo  It  la  daairablo  to  haro  N  ■  Hyg,  tho  avoop  rate 
can  bo  dotoradnod  aa  foUavat 


P  ®  a 


£l!M-a21lNj^  g. 

cJoT 

(2>  - 


irtileh  la  tho  doalrod  rolatlonahlp* 

If  tho  eo^ionont  boing  toatod  oontalna  only  ona  roaonant  froqtancj,  tho  nea  oxelta- 
tlon  loTolfC**,  la  to  bo  hold  conatant  thronghoat  tho  attop  toate  Hotvrarf  aoet 
OMidox  eo^sononta  vlU  contain  a  amltltudo  of  high  Q  roaonaneoa  with  rary  narrow 
bandiddthao  Slneo  tho  O3q)ro88lon  for  tha  rma  wLda  band  randoai  raaponao  (Tug  la  a 
function  of  tha  natnral  fraquoney  and  alnco  many  natural  froqnanolta  will  be 
oneeantorod  during  tho  awaop  toatp  tha  aagnltudo  of  tho  oxeltatlon  O',  ahould  bo 
■ado  to  ‘Tary  according  to  function  fraquaney  dopondonea  of  O'  nge  For  mnplap 
Tabla  IX  ahowa  that  for  a  eonatant  apoetral  Input  foreo  to  tho  alnglo  dogroo 
of  froadon  ayaton  ahown  la 

O'*  • 


Hmeop  for  thla  caao,  whoro  Tb  •  Q, 
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and  the  me  excitation  level  Cl'e  must  increase  as  since  it  is  assimed  that  at 
each  frequency  during  the  smep  a  different  resonance  could  occur«  For  simulation 
of  other  response  quantities,  era  nay  have  a  different  variation  with  frequenqyo 


It  is  to  be  noted  that  the  analysis  presented  above  is  for  an  ideal  constant  Q 
system.  A  similar  analysis  may  be  performed  for  constant  bandwidth  systems  in 
which  2^)  ig  held  constant .  Since  this  is  but  a  minor  variation  of  the 

above  analysis,  with  the  log  sweep  rate  x*eplaced  by  the  constant  sweep  rate,  only 
a  brief  description  of  the  different  expressions  arrived  at  will  be  prosented 
below.  I 

(  K  cJq 

**  •  ■  •  o4 

Atj  -srjr 


KcOq 
o<  Q 


Hence,  Nj  becomes 


giving 


N  ■ 


Jn  this  case,  is 
compared  with  the  curve'^for 
the  equation 


2‘(t’  w.  Q  0 


P 


i 


plotted  for  various  values  of  b/T  ^e»  as  before,  and 
Fo  Then  defining  q  and  s  as  before,  substitution  into 


P 


gives 


NS? 


N  -Nwb 


s  T  Q  s  T 


which  is  the  desired  relati^iship  for  the  constant  sweep  rate 
bandwidth  A<Je 


wQSauS  o£ 


CGuSudno 


In  the  previous  constant  Q  system^  an  example  was  given  showing  that, 

cr,  -  -fl-  -  -a-  , 

•  2K  V  Q  2K 

Mid  henee,  the  nu  exeitatlon  level,  cj'^,  oust  remain  constant  during  the  narroir 
band  random  aneep  teat  with  a  constant  sweep  rate  for  all  frequencies* 

The  preceding  dlaeussions  of  sine»random,  sine  sweep-random,  and  narrow  band 
randi»  sweep-random  eqnivalonee  relationships  was  not  intended  to  be  comj^te* 
Rather,  its  purpose  was  to  indicate  the  analytical  techniqixes  whereby  eqiid.valence 
relations  my  be  eonstmeted  from  ideal  dynamical  models*  Using  those  methods, 
other  eqaivalence  relations  can  be  eonstmeted  for  other  typos  of  excitation  a^ 
for  more  eosplex  models* 

The  single  degree  of  freedom  system  has  been  used  threnghont  the  diseussien  as  such 
a  model  is  mathemableally  tractable,  and  since  this  system  gives  a  first  order 
approxlnation  of  the  type  of  system  which  occurs  frequently  in  practice* 

It  has  been  shewn  that  oven  for  this  simplest  of  systems,  the  ezaet  mathmatical 
espressions  for  eqalvalenee  relations  can  be  quite  eoa^ex  Mid  can  be  •^-pliflsd 
oidy  when  the  proper  assui^lens  have  been  imposed*  Aleo,  very  ideal  rssfiiim 
axeltationa  have  been  considered  and  these  ere  set  lihely  to  oeenr  in  practice* 
Detailed  mathomatlcal  analyses  of  the  two  degree  of  freedom  system  will  be  eon- 
slderahly  more  complex  than  that  givan  above  from  the  standpoint  of  equivalence 
zmlations*  The  use  of  IBK  digital  eoqniters  can  be  used  to  great  advantage  in 
nuswrlcally  const  meting  more  refined  equivalences* 
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VIII.  CONCLUSIONS 


1.  Judgnents  dJivolvlng  esceptable  test  procedures,  confidence  levels,  safety  margins, 
and  environmental  predictions  shoiiLd  be  made  with  cognizance  of  and  reference  to 
the  vehicle  over-all  reliability  ]:>equirements,  and  economic  aspects  of  these 
judgMnts  idiould  be  viewed  in  the  context  of  the  total  vehicle  or  program  relia¬ 
bility  requirements.  Thus,  the  cost  of  providing  vehicle  reliability  by  test 
must  be  weii^ed  against  the  cost  of  providing  insufficient  vehicle  reliability 
with  its  attendant  risk  of  mission  failure. 

2.  One  of  the  fundamental  attacks  on  the  problem  of  reliability  of  stzTieture  and 
equipment  must-  be  through  design  Innovation  which  avoids  the  problem  of  sensi¬ 
tive  items.  Miniaturizing,  transistorizing,  and  potting  of  eoiiq)onents,  are  such 
fundamental  approaches  to  the  upgrading  of  equipm^.  The  analogous  advances 
in  the  field  of  structures  may  consist  of  sandwich  structures,  the  use  of  bond¬ 
ing  in  place  of  riveting,  and  the  addition  of  damping  and  the  use  of  other 
techniques  of  vibration  control. 

3*  The  primary  trend  toward  more  severe  environments  and  the  need  for  continually 
improved  vehicle  performance  should  be  recognized.  The  fact  that  an  acoustic 
threshold  has  been  crossed  at  idiich  significant  structural  damage  begins  should 
be  considered  along  with  the  trend  of  always  more  powerful  propulsion  systems 
^ich  are  available. 

4*  Certain  questions  to  be  answered  in  choosing  sinusoidal  or  random  testing  are 
idiether  a  damaging  interaction  between  modes  be  present  and  whether  fasteners 
exist  which  are  sensitive  to  broad-band  high-frequency  excitation.  However,  the 
major  reason  for  the  need  for  random  vlbraticm  testing  is  the  additional  damage 
done  by  stress  interaction  or  intermixing  of  the  loads'. 

5.  The  test  design  proceeds  throu^  the  answers  to  those  questions:  (a)  Can  the 
test  apply  a  duplication  of  the  load  history  without  acceleration  in  level  or 
tins?  This  tTpe  of  test  may  be  especially  appropriate  for  missiles  and  space 
vehicles  because  of  the  limited  service  life.  The  margin  of  safety  may  be 
assigned  to  this  case  with  more  accuracy  than  usual,  (b)  If  not  the  test 
above,  is  there  a  way  to  accelerate  the  test  in  time  onl;^  (c)  If  neither  of 
the  above  tests  apply,  consideration  can  be  given  Jointly  to: 

a.  Is  there  an  appropriate  sinusoidal  equivalent  or  should  a  random  test  be 
used? 

b.  Is  the  part  sufficiently  linear  in  response  to  allow  acceleration  in  level? 

6.  The  various  equivalences  are  qualified  equivalences  in  every  case.  The  approxi¬ 
mations  and  assumptions  involved  will  provide  something  less  than  an  exact 
equivalence. 
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7*  The  various  equivalences  presented  have  avoided  the  use  of  a  cumulatiYe  damage 
theorjo  It  is  felt  that  no  satisfactory  cuamlatlve  damage  theory  is  available 
ehloh  Includes  the  influence  oft 

a.  Inbermlxing 

b.  The  variation  in  the  endurance  limit  dependent  on  the  degree  of  intermixing. 
c«  Stress  concentrations 

A  satisfactory  experimental  correlation  Including  these  parameters  is  also  not 
available. 

S,  An  equivalence  satisfactory  for  a  certain  problem  may  not  be  satisfactory  for 
others.  The  many  nmillnearitles  and  significant  parasHiters  must  be  given  ade¬ 
quate  eonslderationt  and  before  a  method  is  accepted,  it  should  be  experimentally 
substantiated. 

9.  The  statistical  scatter  in  the  data  and  the  required  confidence  level  should  be 
considered  in  specifying  the  margin  of  safety.  A  fundamental  reason  for  the 
margin  of  safety  is  the  inability  to  do  a  sufficient  ntmiber  of  tests  with  a 
significant  number  of  parts  to  provide  a  statistically  significant  definition 
of  the  equiimient  fragility. 
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APPBiriX  A 


SESOKiNCE  ON  RESONANCE 

The  •quatloM  of  aotlon  for  th«  conplot*  two-dogroo-of-froodoa  sjstm  shoim  in 
Figaro  121  Bay  b«  writtan  as  foUoirat 

(Al) 


(12) 


Tbs  sbrai^fomard  analysis  of  ths  physical  syst«i  dsscribsd  by  ths  aboTs  sqoo^ 
tions  mold  imrdlvs  ths  dirset  oaleolation  froa  Equations  (Al)  and  (A2)  of  the 
square  of  the  absolute  value  of  the  frequency  response  fun^ions  for^^  and  '%2* 

An  integration  of  these  functions  over  all  fremsncies  then  yields  ths  aean  square 
values  oS'^2.  ^2  ^  white  noise  iiqpub  which  has  power  qpeetral  density 

of  1.0  gVcps.  If  the  functions  are  evaluated  at  anqr  particular  frequency^  the 
values  thus  obtaiMd  are  the  twan  square  values  for  x.  and  ii2  corresponding  to  a 
sinusoidal  input  ^  ^  (having  this  frequency)  with  a  1.6  g  ms  am^tude. 

Any  of  several  methods  involving  various  combinations  of  digital  or  analog  cosqnxt- 
Ing  equipsient,  ms  voltawters  ani/or  power  speetrm  analysers  aay  be  used  to 
obtain  results  along  the  above  lines.  Althouj^  the  results  were  obtained  by  the 
above  sethcd;  they  were  independently  checked  by  another  nsthod  involving  the  use 
of  nomal  ibode  techniques.  Although  this  technique  is  not  applicable  to  cases  idiere 
QL  and  Qg  differ  appreciably^  It  gives  rapid  and  econonical  resists  ^diieh  are  such 
more  capable  of  physical  interpretation  than  results  obtained  by  the  strain- 
forward  BSthod. 

The  salient  points  of  both  of  these  methods  are  outlined  below.  Following  this 
outline,  results  are  presented  in  graphical  fom  and  interpretive  conclusions  are 
drawn. 

The  equations  of  motion  (Al)  and  (A2)  nay  be  put  in  natriz  fom  as  follows: 

A)c(t)  +  a)o»i(t)  +  tUoO)£(t)  -  D(t)  (A3) 

where  the  following  definitions  hold: 


•  j. 

CtL 


+  ^o  v. 


TT  ^ 

Q2 


^2 
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1  0 

A  ■  0  ,  B 


Ql 


1  +A(  ■ 

,  c  - 

D(t)  -  6;2-i<.^(t)  +  Xo(t)  »X  -  i  , 

Hence,  the  frequency  response  function  matrix  is 

^^(tu)  »  C  j^M>2  +  ItO  j 

f.  2 

Calculation  of)J^5Mj  i«  strai^forward  and  yields  the  dlirect,  but  sotteirtiat 
I^ically  oblique  results  mentioned  previously. 

It  may  be  readily  verified  that  if  the  matrix  2  is  defined  as  follows 

1  -  (i£i)2  1  -  r(-~)  -  i  [2 

Z  -  where . 

1.0  1.0  C-^)  -  i  [2  +>^  +  +  4/^'  ] 

V.  *"0 

then  the  matrices  Z*  AZ  ■  a'  and  Z^AZ  »  C'  have  the  following  diagonal  form  (the 
superscript  t  indicates  matrix  transposition): 


A'  .  *1  “ 

0  Sr 


%diere 

and  furthermore, 

b'  -  Z^BZ 


./  ^1  *1 


0  co^  ag 


0  .-2 

2  .  ^o 


'  -  Z^BZ  - 

ju  fni”!  D  ^  B,  f> 

J  ‘3'T.  •  *4'^ 


1  B 
“•  JL  B.  /> 

..4^ 


Th«  constants  Pn  art  aaally  dstsmined  for  any  particiilar  valus  of  ^  by  carrying 
out  the  indicatsd  matrix  multiplications.  Further  ^vestlgation  shoefs  that  far 
.7  —  Qi/Q2"  a  rapid  approximate  solution  for  x  and  ^2 
quency  response  functions  and  rats  values  for  random  and  sinusoidal  inputs)  can  be 
obtained  by  the  normal  mode  approach  outlined  below.  (This  method  is  exact  for 
Ql  ■  Q2  and  can  be  used  to  give  rou^  estimates  for  outside  the  above  range.) 

Let  the  time  dependent  normal  mode  coordinates  be  denoted  by  the  STuibol  Cj)(t)  lAiere 
the  Cjj  satisfy  the  following  equations 

•4(t)  ♦  ^  4(t)  t  a>2  c„(t)  .  U>1  (A5) 

The  above  equations  constitute  a  refonnulation  of  Equation  (A3)  in  terms  of  the 
Cn(t)  coordinates  ;diere  the  ^^(t)  coordinates  and  the  Cj)(t)  coordinates  are 
related  as  follows: 

^1  ^  +  1  -  (-— )  C2  {A6) 


(The  term  ^  Equation  (Al)  has  been  ignored  since  it  occurs  in  the 
absolute  v^ue  of  the  tranter  function  as  an  additive  term  in  and  is  thus 
negligible  for  i*eall8tlc  values  of  Q^j^).  ''' 

The  "quality  factors"  for  the  two  equivalent  Blnglo-degree«=ef=frssd<as  systsas 
described  Equation  (A4)  are  determined  fi*om  the  matrix  to  be: 


4-,  -  (fiq;^  +  PaQi^) 


^2*2 


(P3(5^  +  P^Qg-^) 


The  equivalent  acceleration  input  to  the  n^^  equivalent  single-degree-of-freedom 
systam  is  given  by  the  following  relation: 

[1  -  -  (^)2] 


“  ®n  3^0^^^ 


(AlO) 


The  power  spectzmm  of  any  function  u(t)  le  denoted  below  by  the  eymbol 
Thus,  the  power  apectra  of  ^(t)  and  denoted  by  the  eymbole 

and  respectively.  Similarly,  the  cross  spectral  density  for  the  two 

functions  ci(t)  and  cgCt)  Is  denoted  by  the  sTSibol 

It  follows  from  Equations  CA5)  and  (A?)  that 

-  [^1  -  §5.  (<*>)  +  +^6261^*^11 

(All) 


#*2(^4  -^ci(^)  +  ^C2^^^  +  ^ciC2(‘^)  + 


(A12) 


sdiere 


?CjCj(io)  .  .^.2  #x„(M)|[l  -  -  1  ^frfe^  Ijt^l 

■  S»  >.  (the  asterisk  denotes  eooplex  conjugation) 

^  L 

The  maxifflim  value  of  ^1^(co)  may  be  determined  from  a  plot  constructed  with  the 
aid  of  Equation  (A12).  rais  value  occurs  at  the  most  critical  frequency  that  can 
be  api0.ied  to  the  primary  structure  insofar  as  the  acceleration  response  of  the 
secffiiidary  structure  (or  "black  box")  to  a  discrete  input  to  the  primary  structure 
is  concerned.  If  the  secondary  stznxcture  (or  "black  box")  contains  guidance  or 
other  equ^ment  which  is  sensitive  to  some  particular  band  of  frequencies,  the 
spectrum  ^X2(0J)  may  be  used  to  determine  the  rms  response  acceleration  in  that 
band. 

For  an  input  with  a  flat  power  spectral  density  (>d>lte  noise),  the  rms  accelera¬ 
tions  of  the  primary  and  secondary  structures  may  be  determined  by  integrating  the 
associated  power  spectral  density  function  over  all  frequencies: 


i  r® 

i 


$%n(^)  ^  (w)  is  measured  in  gVeps  units) 


The  results  of  these  integrations  (vrtiich  are  readily  accomplished  by  application  of 
the  theory  of  residues  )  are  presented  on  page  445, 


( Xi  “  cOrt  §  V.  ,  ■  — “ - -  + - 2 - 


-  (g;)"?  (yg  *  _ 

-  (ff  j  *  K3ri)2] ®  *  t^|(y2  *  Kar^) 


(A13) 


k{^2/^y 


(A14) 


aCarg  +  KiTi) 


lAere 


■  dn5 


Kg  -  ^l/cp2 


-  1  - 


«n  "  [^  “  (^Vcoo)^  ^  +/^ 


It  ia  worthwhile  to  note  that  Eqaationa  (A13)  and  (A14)  can  be  uaed  to  develop 
check  data  for  digital  or  analog  coopxiter  prograiBa  idiere  accurate  results  are 
desired  for  cases  vdiere  Q1/Q2  ^  1*3  or  (^/Qo  <  •?.  Such  ocBQmting  procedure  is 
reeoB&ended  for  these  oases  since  the  analTtlcal  expressions  for  the  power  spectral 
densities  and  Bsan  square  values  of  must  be  developed  from 

Equation  (A4)— ‘are  quite  cumberscns. 

It  can  be  readll7  detenolnsd  Arom  Equation  (A3)  that  the  MMrimiim  values  of  the 
absolute  values  of  .the  transfer  functions  of  Xi  and  X2* 

-I-  1  and  y^Ti  respectiveljr.  (liilhere  x  ^  regarded  as  the  input  into  the 

“^2,  STStea  and  in  turn,  is  regarded  as  the  itoput  Into  the  system.)  Hence, 
for  this  case  the  net  transfer  function  for  x.^  (regarding  as  the  input)  is  the 

product  y  ((^  +  1)  (Qj  +  1)  which  is  the  magnification  factor  ^2nn8^  ®rma  * 
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sinuaoldal  input  at  the  resonant  fr9quenc7  cOg,  The  effect  of  niaee  ratio  (l0ii) 
on  the  magnificat iona  ^2nnr ’^Onos  *  ainuaoidal  excitation 

at  the  lower  of  the  coupled  frequencies  is  shown  byFlgures  130a  and  130b  respec¬ 
tively.  Only  excitation  at  the  lower  normal  mode  frequency  was  used— as  a  brief 
inspection  of  Equation  (ilk)  shows— the  zms  response  to  excitation  at  the  higb*i' 
frequencies  is  less  than  the  response  to  excitation  at  the  lower  frequencies.  This 
fact  is  clearly  borne  out  by  Figure  132.  Input  conditions  should  be  noted. 

The  data  for  Figures  130  and  131  were  obtained  for  the  ease  Q],  *  Q2  ■>  15  by  means 
of  the  following  equl|nsnt: 

(1)  Electronic  Associates  Inc.,  EAI  Analogue  Conputer  Group  16-31R. 

(2)  Hewlett  Packard  Low-Frequency  Generator,  Model  202-Ae 

(3)  £^sco  Digital  Voltmeter  Model  DV  803. 


Figure  130a  shows  the  expected  initial  decrease  in  ^  ^  becomes  larger 

followed  by  a  gradual  trend  toward  the  (Q^  +  1)S  asjsaptote  as  H/b  ^oproaches 

infinity.  Figure  130b  shows  the  expected  increase  of 'X2/'^o  toward  the  asymptotic 
value  (q2  4  1;  at  M/m  >  co  .  Both  asysptotes  were  cheeked  on  the  Eli  Computer  by 
zeroing  the  prteixtloBieter  governing  the^fit^  eot^ing  term  in  Equation  (Al).  A» 
M/m— ^00 ,  both  systems  approach  resonwee  with  acting  as  an  input  to  the  Ti  2 
qrstem  in  precisely  the  same  way  as  is  an  iiqnxt  to  the  ^2.  system.  For  this 
ireason,  the  situation  mij^  be  aptly  termed  as  "resonance  on  resonance." 

It  is  then  reasonable  to  ask  if  a  situation  similar  to  *h?e8onanee  on  resonance" 
occurs  for  a  random  input .  The  ^well-known  sin^e-degree-of-fnedom  ma^iif  ication 
for  a  idilte  noise  random  input  5e.o 


^«ms 

(This  relation  hold  for  ^  *  00— which  is 
equivalent  to^  ■  o— ^rtiere  Af  -  band 
width  ofXo(t)<») 

Since  X  2,  is  essentially  a  randoasly  modulated  sinusoid  with  a  base  frequency 
it  is  reasonable  to  expect  the  magnification  ^2rms^^^rm8  approach  a  value 
scanewhat  less  thanVo^  +  1  as  Vm  approaches  Infinity.  Hence,  the  oveivall  magnifi¬ 
cation  is  sometdiat  less  than  Y 0^  rou^y  of  the  order 

of  0^/^  Jki^k^f,  Data  idilch  resolve  this  question  were  determined  with  the  above 
mentioned  equipment  as  well  as  the  following  equipsMnts 
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(4)  Hu^as  KLectronie  Noiaa  Gena^etor^  Model  101,  Serial  7o 

(5)  Technical  Products  Analyssar  TP  627. 

The  power  epectrum  of  the  noiae  generator  output  obtained  by  use  of  the  TP  627 
analyser  is  ahown  in  Figure  132<,  nie  reaulta  of  the  random  noiae  investigation 
are  presented  in  Figures  131a  and  131b.  Figure  131a  idicirs  an  initial  decrease  of 

^  sinusoidal  case  where  initially 

decreased)  followed  by  a  gradual  increase  toward  ^  asjpn^ote  at  }f/m  »  00 . 


Figure  131b  shows  a  fairly  rapid  initial  increase  of  X  "vA^oA^f ' ) 

followed  by  a  leveling  off  toward  an  asynptotic  value  of  approodnately  .6  as 
IS/m  approaches  infinity. 

Hence,  in  both  the  random  and  sinusoidal  cases,  the  effect  of  mass  ratio  (l^m)  on 
the  rms  acceleration  of  the  secondary  struct 'ire  is  quite  isqiortaiit  when  the  fre¬ 
quencies  of  the  prijBary  and  secondary  stmctures  are  approximately  equal.  Conee- 
quently,  it  is  clear  that  large  and  possibly  destnuctive  responses  may  result  when 
small  pieces  of  equipownt  or  secondary  structure  are  mounted  on  relatively  large 
primary  structures. 
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APPESSIX  B 


EZAMPIZ  GF  THE  ADDITION  RULE  FOR  FSOBABIUTT  DENSITIES} 
PRQBABnJTT  DENSITY  FDNCTION  OF  GAUSSIAN  RANDOM  NOISE  AND  A  DISCRETE  SINUSOID 


A  prebLn  uhleh  la  of  Intareab  in  randoai  nolaa  analyaia  and  idiidi  providoa  a  uaafnl 
•jaapla  of  the  addition  rolas  for  probability  danalty  distribotiona  ia  tha  probloB 
of  finding  tha  raaoltatit  dlatribatione  for  a  noiaa  eonalatixig  of  nonwlly  diatribu- 
tad  randOB  oflaponanba  and  a  nuaibar  of  diaereta  fraquaney  esaqKmantSe  Ln  aueh  eaaaa, 
tha  diabribidiioei  of 'tha  anvalopa  aa  vaU  aa  tha  probability  danalty  of  tha  noiaa  ia 
of  inbaraat.  Tha  eaaa  of  a  aln^a  ainnaoid  plua  Oauaaian  randoB  noiaa  will  ba  (dioan 
In  aoBM  datall  to  iUuatrata  tha  aaaanbiala  of  tha  addition  proeaaa* 

Tha  aain  addition  rula  la  abatad  aa  foUowat 

If  Pz(^)  probability  danalty  for  a  eoablnad  random  procaas 

Z(t)  for  ahieh  N(t)  and  S(t)  ara  tha  eonabltuanb  prooaaaaa  (i*a.. 

Z(t)  -  S(t)  +  H(t)). 

than 

P2(b)  PN(b-a)  da  (Bl) 

idiara  Ps(a)  and  PN(a}  ara  tha  probability  danaiblaa  for  tha  S(t)  and  N(t)  prooaaaaa 
raapaetiraly. 

(Hastj  PfCbkb  danobaa  tha  probability  that,  for  any  randoaly  ehoaan  tlaa  ti,  f(ti) 
liaa  batman  b  and  b  4  db«) 

Anothar  way  of  abating  tha  aaaa  raault  ia  that  if  Pz(u)  ia  tha  Fonriar  tranafoTB 
cf  Pz(Z), 


Pz(u)  «  Ps(u)  F^(u)  (B2) 

idiara  PgCu)  and  ^(u)  ara  tha  Fouriar  tranaforma  of  Ps(a)  and  PN(a)  respeebiTaly. 

Thia  raault  foUowa  diraetly  from  tha  application  (to  Eqvmtion  (B2})  of  tha  Fouriar 
oonrdlublon  thaoroB  which  ababaa  that  tha  Fouriar  tranaform  of  a  eonrolubion  la 
alaply  tha  product  of  Fouriar  tranafozBa  of  tha  funotlona  which  are  eonvolutad* 

A  abatiabioal  intarprabatlvn  of  tha  abora  Fonirlar  tranaforaia  aitlaba  ainoa,  for 
Inabanea, 

PgCd)*  ^  da  ■  Ebqpaobatlon  of  a^^. 

00 


Pz(u)  ■  F,T. 


[P2(.)]  -  ( 


(BJ) 


Thttse  Fourier  transform*  are  usually  termed  characteristic  funotlone  in  statistical 
literature.  One  of  their  main  advantages  is  that,  as  shofwn  above,  the  characterise 
tic  function  for  a  combined  random  process  is  the  product  of  the  characteristic 
functions  of  the  constituent  processes, 
theorem  yields 


Then  application  of  the  Fourier  inversion 

pGO 


F.T< 


(Bt) 


The  particular  problem  at  hand  consists  of  finding  a  probability  density  function 
PgCz)  and  an  envelop*  distribution  function  Pf^CR)  for  the  coadBinsd  proeese  Z(t). 

Z(t)  -  S(t)  +  M(t) 


irtxere  S(t)  »  A  co8(a)t  -<p) 

N(t)  -  nonttally  distributed  random  noise  with  standard  deviation 

We  shall  first  find  Pg(u)  (and  incidentally  Pg(a)).  Then  Pt)(u)  will  be  detendned 
from  Pjj(a)  *  Ponnier  inversion  theorem  will  be  used  to 

obtain  the  Inverse  tranaform  of  %(u)  ^(u)  which  ia  Pz(a)  according  to  Squatlon 
(B2).  The  distribution  for  the  envelope  of  Z(t)  will  then  be  developed  and  demons 
Crated  to  reduce  the  Rayleigjh  distribution  for  the  case  A  ■>  0.  Flote  of  the 
mvelope  probability  density  are  presented  for  the  cases  A  ■  0,  2d^,  3d*',  Ad**, 

and  Sd^in  Figure  207. 

Now  choosing  tisMs  ti  at  random  from  the  range  -ooSit  ^  oo  le  statistically  the 
same  aa  fixing  t  and  choosing  the  eqnlprobalde  phases  from  the  range 
Since  the  density  in  ,  P<p  l*f)  has  the  sixople  nomallsed  f^m  i^own  in  Figure  204f 
it  le  much  easier  to  calculate  the  cheraeteristic  function  Ps(e)  ualng  the  finite 
range  phase  distribution  than  it  is  to  use  the  infinite  range  distribution  for  t. 


Angle 
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f-QO  r2'ir 

Ps(u)  =  Exp(ei’»S)  =J  Py5(^)  ei"Aco8(a>t-(p)^^„^\  ,iu  A  co8(<p ^ 

-  y_ 


-  Jq(Au) 

^sr9  th«  laet  integral  is  the  well-knovm  Integral  expression  for  the  zero  order 
Bessel  function. 

The  FoTirier  inversion  theorem  (BA)  leads  to  the  following  expression  for  tho 
probability  density  PgCa)  for  S(t)s 


- i -  for  I  a  1  <.  A 

VA2  -  .5 

for  a  i  >  A 


where  the  Integral  representation  (B5)  for  Jo(Au)  has  been  utilized  to  effect  the 
last  integration.  This  distribution  is  plotted  in  Figure  136.  However  ii^ead  of 
eonvoluting  Pg(a)  with  the  random  noise  probability  density  PuCa)  « [e"®  v  2^ 

it  is  most  convenient  to  obtain  PgCa)  as  the  inverse  Fourier  transform  of  the 
product  Ps(u)  I^(u)  tdiero 


Pn(u)  =  F.T.  e  e^“® 

UT'/piF 


i"*  00 

,iua  • 

00  ^ 


r®  - 

\  e^'"'  ! _  da 

-CD  er-  (Pn 


P„(u)  -(»-u)2/2 


^cre 


,  .  (S  -  la-u) 

dv  ■  d(^  .  & 


Then  since 


?2(u)  -  Pg(u)  '?Ji(u)  -  e"'*'^  Jjj(Au), 
it  follows  from  Equation  (04) 

’"•ArC° f  Jo(Au)du. 


jLr, 
2^  \ 
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This  iirbagral  may  b«  pub  In  a  nor*  tractable  foni  (relative  to  eaee  of  numerical 
integration)  by  making  use  of  the  integral  eapreasion  for  Jo(Au)t 

P2(a)  -  ^  ^  \  ^ 

^  _1_  r  f  1  C^,-iu(a-A  cos  ©)e-  c7-^:uV^du"l  dO 

2^  Jo\2'»^  Joo  / 


New,  according  to  Equation  (BA),  if  g  (a  -  A  cos  ©),  then 
i  r.-ixp  .  F.T.-' 

air  L  J, 


where  according  to  Equation  (B7), 

f-®- 

< 


and  where  "g"  is  the  duony  variable  of  integration  used  in  the  Fourier  integral 
which  yields  (just  as  "a**  is  the  dummy  variable  in  the  two  equations 
iflBSdiately  preceding  Equation  (B7). 


\T,  [  „  F.T.-^ip.T.  TsIL^^  ^ 

L  J  V  L 

Q^/29-  2  _  ^,-(a-A  cos  0)^/2g>-^ 


Hence 


Pz(*)  -  —-7-1 
'ITS'  /  2tr 


^-(a-A  cos  0)  /2^2 


This  reduces  to  a  Gaussian  distribution  for  A  «•  0.  Now  there  is  no  loss  in 
generality  in  any  of  the  preceding  results  in  not  taking  the  sinusoidal  portion  of 
Z(t)  as  S'(i)  cos  (oJt  - 'F)  +  y^  sin  (tut  -  v)  since 


S'(t)  ■  +  y^2  +  tan"^  Vy^  ). 


J 


Hence 


S»  (t)  -  S(t)  if  f  -tan“3-  a2  . 

In  the  following  dereloptent,  the  second  representation  for  Z(t)  will  be  aore 
convenient* 

Nov  the  envelope  of  S(t)  is  defined  as  R(t),  where 
2(t)-  R(t)  cos  (tot— r(t)). 

After  expanding,  there  r<Mnilt8 

2(t)  -  S(t)  ♦  N(t)  -  [K(t)  oosy(t)J  cos  CA>t  R(t)  ^slny  (t)J  sin  cot, 

Nov  N(t)  can  be  written  as  N(t)  9Cj.(t)  cos  a>t  -f  y^Ct)  cos  cot  idiere  it  can  be 
shown  thatXj.(t)  and  ypCt)  are  nomally  distributed  with  standard  deviation^. 

Hence 

R(t)  cos  y  (t)  -  *1  +  XpCt) 

R(t)  sin  2f  (t)  -  yi  +  yp(t) 

R^(t)  -  ^1+  7{r(t)J  ^  fji-K  yr(t)l^ 

A  ■ameat*8  reflection  shotn  that  the  value  of  R(t)  then  represents  th^jiagnitude 
of  a  vector  R(t)  •  y"^  which  is  the  sum  of  a  fixed  vector  R^  ■  y0 

and  a  random  vector  Rj.  ■  y^X* 

Thus,  the  x  density  function  P^^Cx)  for  %•  7(i*  is 

since  is  clearly  the  mean  value  of  P]^(x)* 

Similarly,  the  y  density  function  PgCy)  is 

p,(t)  *  4= 

-  tf’rsi? 

Thus  the  joint  probability  density /unction  P(x,  yX  is^ 


^54 


"  2ntt&  • 


This  aay  b«  convsnientlj  conv«rted  to  polar  coordinates  with  the  aid  of  Figure  206 . 


Figtire  206.  Relations  between  the  Coordinates 


so  that 

P(x,3r)  dx  dy  — ►  P(R,«)  R  dR  dfe 

Hence,  the  probability  I^(R)  dR  that  the  envelope  R(t)  will  lie  between  R  and 
(R  4-  dR)  for  all  6  is  obtained  It^  integrating  over  the  entire  range  of  0. 


r27r 


Pr(R)  dR 


2^0*' 


R  dR  e  2<rZ 


i-  (r2  +  Rj^2  _  2RR^  cos  0) 


dC 


■2  IT 


_  R  dR 
<r-2 


_(r2  +  R^^)/2^2  r  f  ^i(-iRRi/«r  2)  cos  © 


2ir 


Thus 


%  n  -(R^+Rl'^Vy?  RIL 


2^q  2> 


o'cTi 


(B9) 


where  IqCx)  ■  jQ(-ix)  is  the  zero  order,  modified  Bessel  function  of  the  first 
kinds  Since  lo(0)  "  Jo(0)  »  1,  F^(R}  reduces  to  the  familiar  Rayleigh  distributions 
As  mentioned  before,  I^(R)  is  plotted  (Figure  207)  for  the  cases  R;^  "  0,  <7^  2a-, 

3^,  4  O',  and  Jo"® 
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In  fact,  Pr(R)  and  Fz(a)  might  be  callecl  non-oenbral  Rayleigh  and  non-central 
nonsal.  dlstributiona. 

If  the  combined  process  S(t)  consists  of  n  discrete  sinusoidal  cotiqoonenbs  plus 
nomally  distributed  randan  noise 


(that  is,  Z(t)«  22  Ai  cos6Jit+  N(t)  where  la  irrational  for  i^j), 

*  i-l 

application  of  the  foregoing  methods  results  in  the  foUoiting  eaoiession  for  the 
probability  density  of  the  resulting  snrelopet 

n 

Pn,R(R)  ”  Rj  JoCR*-)  J!i  Jo(Ai?)e"  ^  4r 

For  the  cases  n  s  0  and  n  s  1*  the  above  expression  specialises  (after  integration) 
to  the  Raylei^  distribution  ^  the  distribution  given  by  Equation  (B9)  respectively. 
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probability  in  percent  that  R  exceeds  the  value  of  the  R  axis. 


Figure  207o  Probability  Density  of  Envelope  R  of  Z(t)  -  S(t)  +  N(t) 
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